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1. Introduction 

Kuranishi structures were introduced to symplectic topology by Fukaya and Ono 
[FO], and recently refined by Joyce Q], in order to extract homological data from 
compactified moduli spaces of holomorphic maps in cases where geometric regulariza- 
tion approaches such as perturbations of the almost complex structure do not yield 
a smooth structure on the moduli space. These geometric methods generally cannot 
handle curves that are nowhere injective. The first instance in which it was important 
to overcome these limitations was the case of nowhere injective spheres, which are then 
multiply covered and have nontrivial isotropyQ Because of this, the development of 
virtual transversality techniques in [FO], and the related work by Li and Tian [LiTJ, 
was focussed on dealing with finite isotropy groups, while some topological and analytic 
issues were not resolved 

The goal of this paper is to explain these issues and provide the beginnings of a 
framework for resolving them. To that end we focus on the most fundamental issues, 
which are already present in applying virtual transversality techniques to moduli spaces 
of holomorphic spheres without nodes or nontrivial isotropy. We give a general survey of 
regularization techniques in symplectic topology in Section [2j pointing to some general 
analytic issues in Sections |2.1| -|2.4[ and discussing the specific topological issues of 



the Kuranishi approach in Sections 2.5 and 2.6 In the main body of the paper we 
provide an abstract framework of Kuranishi structures which separates the analytic 
and topological issues as outlined in the following. 

The main analytic issue in each regularization approach is in the construction of 
transition maps for a given moduli space, where one has to deal with the lack of 
differentiability of the reparametrization action on infinite dimensional function spaces 
discussed in Section [3j When building a Kuranishi structure on a moduli space, this 
issue also appears in a sum construction for basic charts on overlaps, and has to be dealt 
with separately for each specific moduli space. We explain the construction of basic 
Kuranishi charts, their sums, and transition maps in the case of spherical Gromov- 
Witten moduli spaces in Section |4j outlining the proof of a more precise version of the 
following in Proposition |4.1.4| and Theorem |4.3.1| 

Theorem A. Let (M, uj, J) be a symplectic manifold with tame almost complex struc- 
ture, and let M(A, J) be the space of simple J -holomorphic maps S 2 — > M in class A 
with one marked point, modulo reparametrization. IfM(A,J) is compact (e.g. if A is 
"u -minimal"'), then there exists an open cover Ai(A, J) = (Ji=i n Q by 'footprints" 
of basic Kuranishi charts (Kj)j = i jy. 



This is not the case for discs. For example a disc with boundary on the equator can wrap two and 
a half times around the sphere. This holomorphic curve, called the lantern, has trivial isotropy. 
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Moreover, for any tuple (Kj)j g / of basic charts whose obstruction spaces E% satisfy 
a "transversality condition" we can construct transition data as follows. There exists a 
"sum chart" K/ with obstruction space Yli^j Ei and footprint Fj = f] ie j F{ C M(A, J), 
such that a restriction of each basic chart Kjl^ includes into K/ by a coordinate change. 



The notions of a Kuranishi chart, a restriction, and a coordinate change are defined in 
detail in Section[5] Throughout, we simplify the discussion by assuming that all isotropy 
groups are trivial. In that special case our definitions largely follow \FO\ [J] . though 
instead of working with germs, we define a Kuranishi structure as a covering family 
of basic charts together with transition data satisfying a cocycle condition involving 
an inclusion requirement on the domains of the coordinate changes. In addition to 
Theorem A, this requires the construction of further coordinate changes satisfying 
the cocycle condition. At this point one could already use ideas of [LiuTJ to reduce 
the cover and construct compatible transverse perturbations of the sections in each 
Kuranishi chart. However, there is no guarantee that the perturbed zero set modulo 
transition maps is a closed manifold, in particular Hausdorff. This is an essential 
requirement in the construction of a virtual moduli cycle (VMC for short), which, as its 
name indicates, is a cycle in an appropriate homology theory representing the virtual 
fundamental class (or VFC) [Xjr 7- of X. We remedy this situation in the main technical 
part of this paper by constructing a virtual neighbourhood of the moduli space, with 
paracompact Hausdorff topology, in which the perturbed zero set modulo transition 
is a closed subset. The construction of this virtual neighbourhood requires a further 
tameness property on the domains of the coordinate changes, in particular including a 
strong cocycle condition which requires equality of domains. However, the coordinate 
changes arising from sum constructions as in Theorem A can usually only be made to 
satisfy a weak cocycle condition on the overlap of domains. On the other hand, these 
constructions naturally provide an additivity property for the obstruction spaces. In 



Sections 6.2 and 6.4 we develop these notions, proving in Propositions 6.3.4 and 6.4.17 
that a suitable shrinking of such an additive weak Kuranishi structure induces a tame 
Kuranishi structure that is well defined up to cobordism. We can then "reduce" the 
Kuranishi structure in order to facilitate the construction of sections. As a result, in 
Section [7] we obtain a precise version of the following^] 

Theorem B. Let fC be an oriented, d- dimensional, weak, additive Kuranishi structure 
with trivial isotropy groups on a compact metrizable space X. Then fC determines a 
cobordism class of smooth, oriented, compact manifolds, and an element [X]^ in the 
Cech homology group Hd(X;Q). Both depend only on the cobordism class of /C. 

Making our constructions applicable to general holomorphic curve moduli spaces 
will require two generalizations of Theorem B, which we are working on in [McWl]. 
Firstly, a groupoid version of the theory along the lines of |FO|, lJ] will allow for nontrivial 
isotropy groups. Secondly, allowing the structure maps in the Kuranishi category to 
be stratified smooth rather than smooth permits the construction of Kuranishi charts 



2 To see why we use rational, rather than integer, Cech homology see Remark 7.5.3 
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using standard gluing analysis, as established e.g. in |McSj . With this framework in 
place, we hope to extend Theorem A to giving a completely detailed construction of a 
Kuranishi structure for spherical Gromov-Witten invariants in |McW2j . by combining 
the ideas of finite dimensional reduction in |FQJ with the explicit obstruction bundles 
in |LiT| and the analytic results in [McSJ. 

Organization: The following remarks together with Sections [2] and [3] provide a sur- 
vey of regularization techniques in symplectic topology and their pitfalls. Section [4] 
continues this discussion for the specific example of Kuranishi structures for genus zero 
Gromov-Witten moduli spaces, and also outlines an approach to proving Theorem A. 
All of these sections are essentially self-contained and can be read in any order. The 
main technical part of the paper, Sections [5j [6j and [7] are independent of the previous 
sections, but strongly build on each other towards a proof of Theorem B. 

Acknowledgements: We would like to thank Mohammed Abouzaid, Kenji Fukaya, 
Tom Mrowka, Kaoru Ono, Yongbin Ruan, Dietmar Salamon, Cliff Taubes, Gang Tian, 
and Aleksey Zinger for encouragement and enlightening discussions about this project. 
We moreover thank MSRI, IAS, and BIRS for hospitality and stimulating atmosphere 
during the initial, final, and actually final phase of writing this ever growing manuscript. 

Background and outlook: Since this project revisits fifteen year old, much used 
theories, let us explain our motivations and outlook on the further development of the 
field. In a 2009 talk at MSRI [Wj, KW posed some basic questions on the currently 
available abstract transversality approaches. DM, who had been uneasily aware for 
some time of analytic problems with the approach of Liu-Tian [LiuT] , the basis of her 
expository article |Mcl| . decided that now was the time to clarify the constructions once 
and for all. The issue here is the lack of differentiability of the reparametrization action, 
which enters if constructions are transferred between different infinite dimensional local 
slices of the action, or if a differentiable Banach manifold structure on a quotient 
space of maps by reparametrization is assumed. The same issue is present for Deligne- 
Mumford type spaces of domains and maps, and is discussed in detail in Section |3| In 
studying the construction of a virtual moduli cycle for Gromov-Witten invariants via 
a Kuranishi structure we soon encountered the same differentiability issue. 

Extrapolating remarks by Aleksey Zinger and Kenji Fukaya, we next realized that 
the geometric construction of obstruction spaces in [LiTj could be used to construct 
smoothly compatible Kuranishi charts. However, in making these constructions ex- 
plicit, we needed to resolve ambiguities in the definition of a Kuranishi structure, con- 
cerning the precise meaning of germ of coordinate changes and the cocycle condition, 



discussed in Section 2.5 More generally, we found it difficult to find a definition of 
Kuranishi structure that on the one hand clearly has a virtual fundamental class (a 
generalization of Theorem B), and on the other hand arises from fairly simple analytic 
techniques for holomorphic curves (a generalization of Theorem A). One issue that we 
will touch on only briefly in Section [2. 2| is the lack of smoothness of the standard gluing 
constructions, which affects the smoothness of the Kuranishi charts near nodal or bro- 
ken curves. A more fundamental topological issue is the necessity to ensure that the 
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zero set of a transverse perturbation is not only smooth, but also remains compact as 
well as Hausdorff, and does not acquire boundary in the regularization. These proper- 
ties, nowhere addressed in the literature as far as we are aware, are crucial for obtaining 
a global triangulation and thus a fundamental homology class. Another topological is- 
sue is the necessity of refining the cover by Kuranishi charts to a 'good cover', in which 
the unidirectional transition maps allow for an iterative construction of perturbations. 



These topological issues will be discussed in Section 2.6 



So we decided to start from the very basics and give a definition of Kuranishi struc- 
ture and a completely explicit construction of a VFC in the simplest nontrivial case. 
Based on our results in the present paper, we have a good idea of how to generalize and 
apply these constructions to all genus zero Gromov-Witten moduli spaces. We believe 
that Kuranishi structures for other moduli spaces of closed holomorphic curves can 
be constructed analogously, though each case would require a geometric construction 
of local slices as well as obstruction bundles specific to the setup, and careful gluing 
analysis. An alternative route is provided by the general construction of Kuranishi 
structures from a proper Fredholm section in a polyfold bundle, as announced in [Y] . 
In fact, this approach would induce a smooth, rather than stratified smooth Kuranishi 
structure. While finishing this manuscript we also learned that Jake Solomon |Soj has 
been developing an alternative solution of many of the problems discussed here. 

The case of moduli spaces with boundary given as the fiber product of other moduli 
spaces, as required for the construction of ^oo-structures, is beyond the scope of our 
project. It has to solve the additional task of constructing regularizations that respect 
the fiber product structure on the boundary. This issue, also known as constructing co- 
herent perturbations, has to be addressed separately in each specific geometric setting, 
and requires a hierarchy of moduli spaces which permits one to construct the regular- 
izations iteratively. In the construction of the Floer differential on a finitely generated 
complex, such an iteration can be performed using an energy filtration thanks to the 
algebraically simple gluing operation. In more 'nonlinear' algebraically settings, such 
as Aoo structures, one needs to artificially deform the gluing operation, e.g. when deal- 
ing with homotopies of data [Se]. It seems to us that in such situations, especially 
when one needs to understand the moduli space's boundary and corners, it is more 
efficient to use polyfold theory since this gives a cleaner structure. However, in the 
Gromov-Witten setting, the less technologically sophisticated approach via Kuranishi 
structures still has value for applications, specially in very geometric situations such 
as |McT| . or in situations in which the symplectic situation is very close to that in 
complex algebraic geometry such as in |Z2j or |Mc3j . 

Another fundamental issue surfaced when we tried to understand how Floer's proof 
of the Arnold conjecture is extended to general symplectic manifolds using abstract 
regularization techniques. In the language of Kuranishi structures, it argues that a 
Kuranishi space X of virtual dimension 0, on which S l acts such that the fixed points 
F C X are isolated solutions, allows for a perturbation whose zero set is given by the 
fixed points. At that abstract level, the argument in both [FO] and [LiuT] is that 
a Kuranishi structure on (X\F)/ S 1 (which has virtual dimension —1) can be pulled 
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back to a Kuranishi structure on X\F with trivial fundamental cycle. However, they 
give no details of this construction. It seems that any such pullback construction would 
require the 5' 1 -action to extend to an ambient space X\F C B such that the Kuranishi 
structure for {X\F) / S 1 has domains in the quotient space B/S 1 . It is possible that 
our construction of a virtual neighbourhood provides the beginnings of a setup in which 
this equivariant transversality issue can be approached. 

2. Regularizations of holomorphic curve moduli spaces 

One of the central technical problems in the theory of holomorphic curves, which 
provides many of the modern tools in symplectic topology, is to construct algebraic 
structures by extracting homological information from moduli spaces of holomorphic 
curves in general compact symplectic manifolds (M, u). We will refer to this technique 
as regularization and note that it requires two distinct components. On the one hand, 
some perturbation technique is used to achieve transversality, which gives the moduli 
space a smooth structure that induces a count or chain. On the other hand some 
cobordism technique is used to achieve invariance, i.e. independence of the resulting 
algebraic structure from the choices involved in achieving transversality. 

The aim of this section is to give an overview of the different regularization ap- 
proaches in the example of genus zero Gromov-Witten invariants (ctx, ■ ■ ■ £ Q. 
These are defined as a generalized count of J-holomorphic genus curves in class 
A £ H2(M;Z) that meet k representing cycles of the homology classes oti £ H*(M). 
This number should be independent of the choice of J in the contractible space of uj- 
compatible almost complex structures, and of the cycles representing ol%. For complex 
structures J one can work in the algebraic setting, in which the curves are cut out 
by holomorphic functions on M, but general symplectic manifolds do not support an 
integrable J. For non-integrable J, the approach introduced by Gromov [G] is to view 
the (pseudo-)holomorphic curves as maps to M satisfying the Cauchy-Riemann PDE, 
modulo reparametrizations by automorphisms of the complex domain. 

To construct the Gromov-Witten moduli spaces of holomorphic curves, one starts 
out with the typically noncompact quotient space 

M k (A,J) :={(/: S 2 -> M,z £ (S 2 )KA) \ f*[S 2 } = A,djf = 0}/PSL(2,C) 

of equivalence classes of tuples (/, z), where / is a J-holomorphic map, the marked 
points z = (zi, . . . Zk) are pairwise disjoint, and the equivalence relation is given by the 
reparametrization action 7- (/, z) = (/07, 7 -1 (z)) of the Mobius group PSL(2, C). This 
space is contained (but not necessarily dense) in the compact moduli space Ai k (A, J) 
formed by the equivalence classes of J-holomorphic genus stable maps / : S — > M in 
class A with k pairwise disjoint marked points. There is a natural evaluation map 

(2.0.1) ev:M k (A,J)^ M k , [£, /, ( Zl , . . . , z k )} ^ (f( Zl ), . . . , f(z k )) , 

and one expects the Gromov-Witten invariant 



(ai,...,a k ) A := ev„[A^ fc (^, J)] n (qi x . . . x a k ) 
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to be defined as intersection number of a homology class ev*[A4k(A, J)] G fl*(M;Q) 
with the class ai X . . . X a^. The construction of t his h omo logy class requires a reg- 
ularization of Aik(A, J). In the following Sections 2.1 - 2.4 we give a brief overview 
of the approaches using geometric means or an abstract polyfold setup, and review 
the fundamental ideas behind Kuranishi structures. Sections 12.51 and 12.61 then discuss 
the algebraic and topological issues in constructing a virtual fundamental class from a 
Kuranishi structure. 



2.1. Geometric regularization. 

For some special classes of symplectic manifolds, the regularization of holomorphic 
curve moduli spaces can be achieved by a choice of the almost complex structure J, 
or more generally a perturbation of the Cauchy-Riemann equation djf = that pre- 
serves the symmetry under reparametrizations, and whose Hausdorff compactification 
is given by nodal solutions. Note that these properties are generally not preserved by 
perturbations of a nonlinear Fredholm operator such as dj, so this approach requires 
a class of perturbations that preserves the geometric properties of dj. 

The construction of Gromov-Witten invariants from a regularization of Aik(A,J) 
most easily fits into this approach if A is a homology class on which co(A) > is minimal, 
since then A cannot be represented by a multiply covered or nodal holomorphic sphere. 
For short, we call such A uj-minimal. In this case Aik(A, J') is smooth for generic J' , 
and compact if k < 3. 

More generally, this approach applies to all spherical Gromov-Witten invariants in 
semipositive symplectic manifolds, since in this case it is possible to compactify the 
image ev(A4k(A, J')) by adding codimension-2 strata. Full details for this construction 
can be found in |McSj . The most general form of this geometric regularization 
approach proceeds in the following steps. 

Fredholm setup: Write the (not necessarily compact) moduli space Ai = <7 _1 (0)/Aut 
as the quotient, by an appropriate reparametrization group Aut, of an equi variant 
smooth Fredholm section a : B — > £ of a Banach vector bundle £ — >■ B. For example, 
M = Mk(A,J) is cut out from B = W m ' p (S 2 ,M) by the Cauchy-Riemann operator 
a = dj, which is equivariant with respect to Aut = PSL(2,C). 

Geometric perturbations: Find a Banach manifold V C r Aut (£) of equivariant 
sections for which the perturbed sections a + p have the same compactness properties 
as a. For example, the contractible set J of compatible C^-smooth almost complex 
structures for £ > m provides equivariant sections p = dj> — dj for all J' G . 
Moreover, J'-holomorphic curves also have a Gromov compactification Aik(A, J'). 

Sard Smale: Check transversality of the section (p, f) — > (cr + p)(f) to deduce that 
the universal moduli space 

UeevMxiv + PTHo) C VxB 



is a differentiate Banach manifold. (In the example it is C^-differentiable.) Then 
the regular values of the projection to V (guaranteed by the Sard-Smale theorem for 
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sufficiently high differentiability of the universal moduli space) provide a comeagre 
subset V res C V for which the perturbed sections a v := a + p are transverse to the 
zero section. For holomorphic curves and perturbations given by , this transversality 
holds if all holomorphic maps are somewhere injective. For w-minimal A this weak form 
of injectivity is a consequence of unique continuation (cf. |McSl Chapter 2]), but for 
general Gromov-Witten moduli spaces this step only applies to the subset Ai k (A, J) 
of simple (i.e. not multiply covered) curves. 

Quotient: For p £ 'p Te & j the perturbed zero set o-p^O) C B is a smooth manifold by 
the implicit function theorem. If, moreover, the action of Aut on <r~ 1 (0) is smooth, 
free, and properly discontinuous, then the moduli space MP := <r~ 1 (0)/Aut is a smooth 
manifold. For holomorphic curves, the smoothness of the action can be achieved if all 
solutions of dj'f = are smooth. For that purpose one can use e.g. the Taubes' trick 
to find regular perturbations given by smooth J' . 

Compactification: For Gromov-Witten moduli spaces with A w-minimal and k < 3, 
the previous steps already give Mk(A,J') the structure of a compact smooth mani- 
fold. Thus the Gromov-Witten invariants can be defined using its fundamental class 
[A4k(A, J')]. In the semipositive case, the previous steps give M* k {A,J') a smooth 
structure such that ev : M* k (A,J') — > M defines a pseudocycle. Indeed, its image is 
compact up to ev(Mk(A, J)\M k (A, J)) which is given by the images of nodal and 
multiply covered maps. Since the underlying simple curves are regular and of lower 
Fredholm index, these additional sets are smooth and of codimension at least 2. A more 
general approach for showing this pseudocycle property is to use gluing techiques, 
which also apply to moduli spaces M whose regularization is expected to have bound- 
ary. 

Generally, one obtains a compactification M p of the perturbed moduli space by 
constructing gluing maps into MP , whose images cover the complement of a compact 
set, and which are compatible on their overlaps. In the Gromov-Witten case the gluing 
construction provides local homeomorphisms 

((l,oo) xS 1 )^ xMl N (A,J') M k (A,J') 

to neighbourhoods of the strata M k N (A, J') of simple stable curves with N nodes. 
The Gromov compactification M p = Mk* (A, J') is then constructed by completing 
each cylinder to a disc ((l,oo) x S 1 ) U {oo}, where we identify the added set {oo} x 
M% N (A, J') with the stratum M* k N (A, J') C M k {A,J). Then M k {A,J) is compact 
up to stable maps containing multiply covered components. 

Invariance: To prove that invariants extracted from the perturbed moduli space A4 P 
are well defined, one chooses V to be a connected neighbourhood of the zero section 
and constructs a cobordism between M po and M P1 for any regular pair po,Pi £ V res 
by repeating the last five steps for the section [0,1] x B — )• £, (t,b) h-> (a + pt)(b) 
for any smooth path [pt)te[o,i] ^ 'P- ^ n the semipositive Gromov-Witten example, 
the same argument is applied to find a pseudochain with boundary ev(Ai k (A, Jo)) U 
ev(A4* fc (AJi)). 
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Remark 2.1.1. The main nontrivial steps in the geometric approach, which need to 
be performed in careful detail for any given moduli space, are the following. 

• Each setting requires a different, precise definition of a Banach space of pertur- 
bations. Note in particular that spaces of maps with compact support in a given 
open set are not compact. The proof of transversality of the universal section is very 
sensitive to the specific geometric setting, and in the case of varying J requires each 
holomorphic map to have suitable injectivity properties. 

• The gluing analysis is a highly nontrivial Newton iteration scheme and should have 
an abstract framework that does not seem to be available at present. In particular, 
it requires surjective linearized operators, and so only applies after perturbation. 
Moreover, gluing of noncompact spaces requires uniform quadratic estimates, which 
do not hold in general. Finally, injectivity of the gluing map does not follow from 
the Newton iteration and needs to be checked in each geometric setting. 



In general, the evaluation map (2.0.1) does not represent a well defined rational 
homology class in M k . Although M. k (A, J) is compact and has a well understood 
formal dimension d (given by the Fredholm index of dj minus the dimension of the 
automorphism group), it need not be a manifold or orbifold of dimension d for any J. 
Indeed it may contain subsets of dimension larger than d consisting of stable maps with 
a component that is a multiple cover on which ci(/*T5 2 ) is negative. In the case of 
spherical Gromov-Witten theory on manifolds with [u>] £ H 2 (M;Q), it is possible to 
avoid this problem by first finding a consistent way to "stabilize the domain" to obtain 
a global description of the moduli space that involves no reparametrizations, and then 
allowing a richer class of perturbations; c.f. [CM, I]. However, these approaches still 
only apply to specific situations and may give invariants that differ from the "standard 
ones" . 

2.2. Approaches to abstract regularization. 

In order to obtain a regularization scheme that is generally applicable to holomorphic 
curve moduli spaces, it seems to be necessary to work with abstract perturbations 
/ ^ p{f) that need not be differential operators. Thus we recast the question more 
abstractly into one of regularizing a compactification of the quotient of the zero set 
of a Fredholm operatorjj From this abstract differential geometric perspective, the 
geometric regularization scheme provides a highly nontrivial generalization of the well 
known finite dimensional regularization based on Sard's theorem, see e.g. \GP\ ch.2]. 

Finite Dimensional Regularization Theorem: Let E —> B be a finite dimensional 
vector bundle, and let s : B — > E be a smooth section such that s _1 (0) C B is compact. 
Then there exists a compactly supported, smooth perturbation section p : B — > E such 
that s+p is transverse to the zero section, and hence (s+p) _1 (0) is a smooth manifold. 
Moreover, [(s+p) _1 (0)] E H*(B,Z) is independent of the choice of such perturbations. 



^ As pointed out by Aleksey Zinger, the "Gromov compactification" of a moduli space of holomorphic 
curves in fact need not even be a compactification in the sense of containing the holomorphic curves 
with smooth domains as dense subset. For example, it could contain an isolated nodal curve. 
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Remark 2.2.1. • Using multisections, this theorem generalizes to equivariant sec- 
tions under a finite group action, yielding orbifolds as regularized spaces and thus a 
well defined rational homology class [(s + p)~ 1 (0)] G Q). 

• For nontrivial Lie groups G acting by bundle maps on E, equivariance and transver- 
sality are in general contradictory requirements on a section. Only if G acts smoothly, 
freely, and properly on B and E, can one obtain G-equivariant transverse sections 
by pulling back transverse sections of E/G — > B/G. 

• Finite dimensional regularization also holds for noncompact zero sets s -1 (0), but 
the homological invariance of the zero set fails in the simplest examples. 

• There have been several attempts to extend this theorem to the case of a Fredholm 
section s : B — > £ of a Banach (orbi)bundle. The paper by Lu-Tian |LuT] develops 
some abstract analysis, which we have not studied in detail since it does not apply to 
Gromov-Witten moduli spaces; see below. Another potentially interesting attempt 
by Chen-Tian |CT| to construct a virtual Euler class makes rather apparent topolog- 
ical mistakes. For example, they assert in Definition 5.1 that the zero set of a proper 
section in a Banach bundle is automatically compact, thus implicitly assuming that 
the base of the bundle is compact, in particular finite dimensional. Moreover, their 
virtual manifolds (unless they are actually manifolds) are constructed by a process 
of local projections which implies that they are never Hausdorff. 

Note here that no typical moduli space of holomorphic curves, nor even the moduli 
spaces in gauge theory or Morse theory, has a currently available description as the zero 
set of a Fredholm section in a Banach groupoid bundle. In the case of holomorphic 
curves or Morse trajectories, the first obstacle to such a description is the differentiabil- 
ity failure of the action of Aut on any Sobolev space of maps B explained in Section 3.1 



In gauge theory, the action of the gauge group typically is smooth, but in all theories 
the typical moduli spaces are compactified by gluing constructions, for which there is 
not even a natural description as a zero set in a topological vector bundle. 

In comparison, the geometric regularization approach works with a smooth section 
<j '. 13 — ^ £ of a Banach bundle, which has a noncompact solution set <7 -1 (0) and is 
equivariant under the action of a noncompact Lie group. From an abstract topological 
perspective, the nontrivial achievement of this approach is that it produces equivariant 
transverse perturbations and a well defined homology class by compactifying quotients 
of perturbed spaces, rather than by directly perturbing the compactified moduli space. 

Remark 2.2.2. Another notable analytic feature of the perturbations obtained by 
altering J is that they preserve the compactness and Fredholm properties of the non- 
linear differential operator, despite changing it nonlinearly in highest order. Indeed, in 
local coordinates, a = d s + Jdt is a first order operator, and changing J to J' amounts 
to adding another first order operator p = (J' — J)dt- This preserves the Fredholm 
operator since it preserves ellipticity of the symbol. In general, one retains Fredholm 
properties only with lower order perturbations, i.e. by adding a compact operator to 
the linearization. For the Cauchy-Riemann operator, that would mean an operator 
involving no derivatives, e.g. p(f) = X o / given by a vector field. Note also that the 
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compactness properties of solution sets of nonlinear operators are generally not even 
preserved under lower order perturbations that are supported in a neighbourhood of a 
compact solution set, since in the infinite dimensional setting such neighbourhoods are 
never compact. 

This discussion shows that a regularization scheme for general holomorphic curve 
moduli spaces needs to work with more abstract perturbations and directly on the 
compactified moduli space - i.e. after quotienting and taking the Gromov compactifi- 
cation. The following approaches are currently used in symplectic topology. 

The global obstruction bundle approach as in [LiuT[ IMcl| aims to extend suc- 
cessful techniques from algebraic geometry and gauge theory to the holomorphic curve 
setting, by means of a weak orbifold structure on a suitably stratified Banach space 
completion of the space of equivalence classes of smooth stable maps. 
The Kuranishi approach, introduced by Fukaya-Ono |FO] and implicitly Li-Tian 
[LiT) in the 1990s, aims to construct a virtual fundamental class from finite dimensional 
reductions of the equivariant Fredholm problem and gluing maps near nodal curves. 

The polyfold approach, developed by Hofer- Wysocki-Zehnder since 2000, aims to 
generalize the finite dimensional regularization theorem so that it applies directly to 
the compactified moduli space, by expressing it as the zero set of a smooth section. 



The first two approaches construct a virtual fundamental class [.Mfc(.A, J)] mr and 
are hence also referred to as virtual transversality. They have been used for concrete 
calculations of Gromov-Witten invariants, e.g. |McTl IMc3| IZlj by building a VMC 
using geometrically meaningful perturbations. The third approach is more functorial 
and produces a VMC with significantly more structure, e.g. as a smooth orbifold in the 
case of Gromov- Witten invariants [HWZ4J. This allows to define e.g. symplectic field 
theory (SFT) invariants on chain level. The book [FOOOj uses the Kuranishi approach 
to a similar end in the construction of chain level Lagrangian Floer theory. We will 
make no further comments on chain level theories. Instead, let us compare how the 
different approaches handle the fundamental analytic issues. 

Dividing by the automorphism group: Unlike the smooth action of the (infi- 
nite dimensional) gauge group on Sobolev spaces of connections, the reparametrization 
groups (though finite dimensional) do not act differentiably on any known Banach space 
completion of spaces of smooth maps (or pairs of domains and maps from them); see 
Section [3j In the global obstruction bundle approach this causes a significant differen- 
tiability failure in the relation between local charts in Liu-Tian |LiuT| , and hence in the 
survey article McDuff |Mclj and subsequent papers such as Lu |GL| . For more details 
of the problems here see Remark 3.1.5| This differentiability issue was not apparent in 



[FOl ILiT] . but we encounter the same obstacle in the construction of sum charts; see 



Section 4.2 In this setting, it can be overcome by working with special obstruction 



bundles, as we outline in Section 4.3 In the polyfold approach, this issue is resolved by 



replacing the notion of smoothness in Banach spaces by a notion of scale-smoothness 



12 



DUSA MCDUFF AND KATRIN WEHRHEIM 



which applies to the reparametrization action. To implement this, one must redevelop 
linear as well as nonlinear functional analysis in the scale-smooth category. 

Gromov compactification: Sequences of holomorphic maps can develop various 
kinds of singularities: bubbling (energy concentration near a point), breaking (energy 
diverging into a noncompact end of the domain - sometimes also induced by stretching 
in the domain), buildings (parts of the image diverging into a noncompact end of the 
target - sometimes also induced by stretching the domain at a hypersurface) . These 
limits are described as tuples of maps from various domains, capturing the Hausdorff 
limit of the images. In quotienting by reparametrizations, note that for the limit object 
this group is a substantially larger product of various reparametrization groups. 

In the geometric and virtual regularization approaches, charts near the singular limit 
objects are constructed by gluing analysis, which involves a pregluing construction and 
a Newton iteration. The pregluing creates from a tuple of holomorphic maps a single 
map from a nonsingular domain, which solves the Cauchy-Riemann equation up to a 
small error. The Newton iteration then requires quadratic estimates for the linearized 
Cauchy-Riemann operator to find a unique exact solution nearby. In principle, the 
construction of a continuous gluing map should always be possible along the lines 
of [McSJ, though establishing the quadratic estimates is nontrivial in each setting. 
However, additional arguments specific to each setting are needed to prove surjectivity, 
injectivity, and openness of the gluing map. Moreover, while homeomorphisms to 
their image suffice for the geometric regularization approach, the virtual regularization 
approaches all require stronger differentiability of the gluing map; e.g. smoothness in 

[FU llFUUUl lJj. 

Remark 2.2.3. None of [LrTl ILiuTl WU\ IFOOOj give all details for the construction 
of a gluing map. In particular, |FO, FOOOJ construct gluing maps with image in a 
space of maps, but give few details on the induced map to the quotient space, see 



Remark 4.1.3 For closed nodal curves, |McSl Chapter 10] constructs continuous gluing 
maps in full detail, but (at least in the first edition) does not claim that the glued 
curves depend differentiably on the gluing parameter a 6 C as a — > 0. By rescaling \a\, 
it is possible to establish more differentiability for a — > 0. For example Ruan [Rj uses 
local C 1 gluing maps. However, as pointed out by Chen-Li [CL| . this C 1 structure is 



not intrinsic, so may not be preserved under coordinate changes. 

The polyfold approach reinterprets the pregluing construction as the chart map for 
an ambient space B which contains the compactified moduli space, essentially making 
the quadratic estimates part of the definition of a Fredholm operator on this space. The 
Newton iteration is replaced by an abstract implicit function theorem for transverse 
Fredholm operators in this setting. The injectivity and surjectivity issues then only 
need to be dealt with at the level of pregluing. Here injectivity fails dramatically but 
in a way that can be reinterpreted in terms of a generalization of a Banach manifold 
chart, where the usual model domain of an open subset in a Banach space is replaced 
by a relatively open subset in the image of a scale-smooth retraction of a scale-Banach 
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space. This makes it necessary to redevelop differential geometry in the context of 
retractions and scale-smoothness. 

2.3. Regularization via polyfolds. 

In the setting of holomorphic maps with trivial isotropy (but allowing for general 
compactifications by e.g. nodal curves), the result of the entirely abstract development 
of scale-smooth nonlinear functional analysis and retraction-based differential geometry 
is the following direct generalization of the finite dimensional regularization theorem, 
sec [HWZ3, where?]. The following is the relevant version for trivial isotropy, in which 
ambient spaces have the structure of an M-polyfold — a generalization of the notion 
of Banach manifold, essentially given by charts in open subsets of images of retraction 
maps, and scale-smooth transition maps between the ambient spaces of the retractions. 

M-polyfold Regularization Theorem: Let £ —> B be a strong M-polyfold bundle, 
and let s : B — )■ £ be a scale-smooth Fredholm section such that s _1 (0) C B is compact. 
Then there exists a class of perturbation sections p : B — ^ £ supported near s _1 (0) 
such that s + p is transverse to the zero section, and hence (s + p)~ 1 (0) carries the 
structure of a smooth finite dimensional manifold. Moreover, [(s+p) _1 (0)] G fl*(/3,Z) 
is independent of the choice of such perturbations. 

For dealing with nontrivial, finite isotropies, [HWZ3] transfers this theory to a 
groupoid setting to obtain a direct generalization of the orbifold version of the finite 
dimensional regularization theorem. It is these groupoid-type ambient spaces B, whose 
object and morphism spaces are M-polyfolds, that are called polyfolds. These abstract 
regularization theorems should be compared with the definition of Kuranishi structure 
and the abstract construction of a virtual fundamental class for any Kuranishi structure 
that will be outlined in the following sections. While the language of polyfolds and the 
proof of the regularization theorems in [HWZ1, HWZ2, HWZ3J is highly involved, it 
seems to be developed in full detail and is readily quotable. 

Just as in the construction of a Kuranishi structure for a given holomorphic curve 
moduli space discussed in Section|4]below, the application of the polyfold regularization 
approach still requires a description of the compactified moduli space as the zero set of 
a Fredholm section in a polyfold bundle. It is here that the polyfold approach promises 
the most revolutionary advance in regularization techniques. Firstly, fiber products 
of moduli spaces with polyfold descriptions are naturally described as zero sets of a 
Fredholm section over a product of polyfolds. For example, one can obtain a polyfold 
setup for the PSS morphism by combining the polyfold setup for SFT with a smooth 
structure on Morse trajectory spaces, see jAFW]. Secondly, Hofer-Wysocki-Zehnder 
are currently working on formalizing a "modular" approach to the polyfold axioms 
in such a way that the analytic setup can be given locally in domain and target for 
every singularity type. With that, the polyfold setup for a new moduli space that 
combines previously treated singularities in a different way would merely require a 
Deligne-Mumford type theory for the underlying spaces of domains and targets. 



11 



DUSA MCDUFF AND KATRIN WEHRHEIM 



Remark 2.3.1. While the polyfold framework is a very powerful method for construct- 
ing algebraic invariants from holomorphic curve moduli spaces, it also has some pitfalls 
in geometric applications. 

• Some caution is required with arguments involving the geometric properties of solu- 
tions after regularization. The reason for this is that the perturbed solutions do not 
solve a PDE but an abstract compact perturbation of the Cauchy-Riemann equa- 
tion. Essentially, one can only work with the fact that the perturbed solutions can 
be made to lie arbitrarily close to the unperturbed solutions in any metric that is 
compatible with the scale-topology (e.g. any C fc -metric in the case of closed curves). 

• Despite reparametrizations acting scale-smoothly on spaces of maps, the question 
of equivariant regularization for smooth, free, proper actions remains nontrivial due 
to the interaction with retractions, i.e. gluing constructions. In the example of the 
S^-action on spaces of Floer trajectories for an autonomous Hamiltonian, the un- 
regularized compactified Floer trajectory spaces of virtual dimension may contain 
broken trajectories. The corresponding stratum of the quotient space, 

Mip-^/S 1 D \J q {M(p-,q)xM(q,p+))/S l , 

is an 5 1 -bundle over the fiber product Ai{p-, q)/S 1 xAi(q,p + )/S 1 of quotient spaces, 
rather than the fiber product itself. Due to these difficulties, as yet, there is no 
quotient theorem for polyfolds, and hence no understanding of when a description 
of Ai as zero set of an S^-equivariant Fredholm section would induce a description 
of Ai /S 1 as zero set of a Fredholm section with smaller Fredholm index. Moreover, 
such a quotient would not even immediately induce an equivariant regularization of 
the Floer trajectory spaces compatible with gluing. 

2.4. Regularization via Kuranishi structures. 

Continuing the notation of Section |2.1[ the basic idea of regularization via Kuranishi 
structures is to describe the compactified moduli space Ai by local finite dimensional 
reductions of the Aut-equivariant section a : B — > £, and by gluing maps near the 
nodal curves. This Kuranishi structure approach proceeds in the following steps. 

Compactness: Equip the compactified moduli space Ai with a compact, metrizable 
topology; namely as Gromov compactification of Ai = cr _1 (0)/Aut. 

Equivariant Fredholm setup: As in the geometric approach, a significant subset 
Ai C Ai of the compactified moduli space is given as the zero set of a Fredholm section 
modulo a finite dimensional Lie group, ^ 

Aut 



Aut 



Aut C 



a 



B 



One can now relax the assumption of Aut acting freely to the requirement that the 
isotropy subgroup := {7 G Aut | 7 • / = /} be finite for every solution / G cr _1 (0). 
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Finite dimensional reduction: Construct basic Kuranishi charts for every [/] G M, 



which depend on a choic^Jof representative /, and consist of the following data: 

• the domain Uf is a finite dimensional smooth manifold (constructed from a local 
slice of the Aut-action on a thickened solution space {g \ djg G Ef}); 

• the obstruction bundle Ef = Ef\u f — > Uf, a finite rank vector bundle (con- 
structed from the cokernel of the linearized Cauchy-Riemann operator at /), 
which is isomorphic Ef = Uf x Ef to a trivial bundle, whose fiber Ef we call 
the obstruction space; 

• the section Sf : Uf —> Ef (constructed from g i— > djg), which induces a smooth 
map Sf : Ut — >■ Ef in the trivialization; 

• the isotropy group Tf acting on Uf and Ef such that Sf is equivariant; 

• the footprint map tfif : sj (0)/Tf —> M, a homeomorphism to a neighbourhood 
of [/] E M. (constructed from {g \ djg = 0} 3 g h- >• [<?]). 



(See Section 4.1 for a detailed outline of this construction for VWi(>l, J) with Tj = {id}.) 



Gluing: Construct basic Kuranishi charts covering M\M by combining finite dimen- 
sional reductions with gluing analysis similar to the geometric approach. 

Compatibility: Given a finite cover of M by the footprints of basic Kuranishi charts 
(Kj = (Ui, Ei,Ti, Si,ipi)) i=1 N , construct transition data satisfying suitable compat- 
ibility conditions. In the case of trivial isotropies Ti = {id}, any notion of com- 
patibility will have to induce the following minimal transition data for any element 
[g] G im^j H imipj C M in an overlap of two footprints: 

• a transition Kuranishi chart Kg = (Ug J ,E l g , Sg ,ip l g) whose footprint imip l g C 
im ipi n im tpj is a neighbourhood of [g] G Ai; 

• coordinate changes Qg 1 - 1 : Kj -4 K % g and 3>g lJ : K, — > Kg consisting of embed- 
dings and linear injections 



l 



o'; IJ : U. D Vg'M ^ r;/. o'g' 1 : E m ^ E» for . i.j 

which extend ^s'^l^-i^m^j^ = (V'g 7 ) -1 ° ip» to open subsets V g '' lJ C U, such that 

s 9 0( t > '/ j = &g ij ° s » for« = i,i- 
In practice the Kuranishi data will be constructed from many choices, including that of a repre- 



sentative. So we try to avoid false impressions by using the subscript / rather than [/]. 
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(Further requirements on the domains, an index or "tangent bundle" condition, co- 
ordinate changes between multiple overlaps, and cocycle conditions are discussed in 



Section 2.6 



Abstract Regularization: For suitable transition data, (multivalued) perturbations 
s'j : Uf —7- Ef of the sections in the Kuranishi charts (both basic charts and the 
transition charts) should yield the following regularization theorem: 

Any Kuranishi structure \fC\ on a compact space M. induces a virtual funda- 
mental class [Ai]™ ■ 

Invariance: Prove that is independent of the different choices in the previous 

steps, in particular the choice of local slices and obstruction bundles. This involves the 
construction of a Kuranishi structure for Ai x [0, 1] that restricts to two given choices 
K° on A4 x {0} and /C 1 on Ai x {1}. Then an abstract cobordism theory for Kuranishi 
structures should imply [M]Jy = [M]Jii- 

The construction of a Kuranishi structure for a given holomorphic curve moduli space 
is explained in more detail in Section [4j The rest of the paper (Sections [5j [6] and [7]) 
then discusses the abstract regularization theorem underlying this approach. For that 
purpose we restrict to the case of trivial isotropy groups = {id} in all Kuranishi 
charts. This simplifies constructions in two ways. First, it guarantees the existence 
of restrictions of Kuranishi charts to any open subset of the footprint. (In general, 
restrictions of Kuranishi charts with nontrivial isotropy will only exist as generalized 
Kuranishi charts whose domain is a groupoid.) Second, for trivial isotropy one can 
construct the virtual fundamental class from the zero sets of perturbed sections Sf + 
Uf ~ Sf that are transverse, Sf + vt fti 0, rather than replacing each r^-equi variant 
section sj with a transverse multisection. 

2.5. Algebraic issues in the use of germs for Kuranishi structures. 

A natural approach, adopted in [FO|. [J] for formalizing the compatibility of Kuranishi 
charts is to work with germs of charts and coordinate changes. Recent discussions have 
led to an agreement that this approach has serious algebraic issues in making sense of a 
cocycle condition for germs of coordinate changes, which we explain here. This issue is 
rooted in the fact that only the footprints of Kuranishi charts have invariant meaning, 
so that the coordinate changes between Kuranishi charts are fixed by the charts only on 
the zero sets. Thus in the definition of a germ of charts the traditional equivalence of 
maps with common restriction to a smaller domain is extended by equivalence of maps 
that are intertwined by a diffeomorphism of the domains. This leads to an ambiguity 
in the definition of germs of coordinate changes between germs of charts. As a result, 
germs of coordinate changes are defined as conjugacy classes of coordinate changes with 
respect to diffeomorphisms of the domains that fix the zero sets. However, in this setting 
the composition of germs is ill defined, so there is no meaningful cocycle condition. 
Alternatively, one might want to view (charts, coordinate changes, equivalences of 
coordinate changes) as a 2-category with ill-defined 2-composition. Either way, there 
is no general procedure for extracting the data necessary for a construction of a VFC: 
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a finite set of charts and coordinate changes that satisfy the cocycle condition. In the 
following, we spell out in complete detail the usual definitions of germs and point out 
the algebraic issues that arise from the equivalence under conjugation. 

To simplify notation let us (falsely) pretend that all obstruction spaces are finite 
rank subspaces Et C £ of the same space and the linear maps (j) in the coordinate 
changes are restrictions of the identity. We moreover assume that all isotropy groups 
are trivial = {id} and only consider germs of charts and coordinate changes at a 
fixed point pGM. In the following all neighbourhoods are required to be open. 

To the best of our understanding, |FO[ [J] define a germ of Kuranishi chart as follows. 

• A Kuranishi chart consists of a neighbourhood U C M fc of for some k G N, a map 
s : U — > E C £ with s(0) = 0, and an embedding ip : s -1 (0) — > Ai with ip(0) = p, 

M ^ s -1 (0) C U ^ E. 

• Two Kuranishi charts (U±, s±, ipi), (U2, S2,ip2) are equivalent if the transition map 

V^oVi: 8^(0) D ^(imfa) — > ^(im^i) C sJ^O) 

extends to a diffeomorphism 9 : U[ — > U' 2 between neighbourhoods U[ C U of that 
intertwines the sections si|^ = s 2 1 c/g ^' 

• A germ of Kuranishi chart at p is an equivalence class of Kuranishi charts. 

A Note that s\ = S2 o 6 does not necessarily determine the diffeomorphism except 
on the (usually singular and not dense) zero set. Hence there may exist auto- 
equivalences, i.e. a nontrivial diffeomorphism 8 : U[ — )■ U 2 between restrictions 
U[, U' 2 C U of the same Kuranishi chart (U, . . .), satisfying 0| s -i(o) = id and s = so6. 

Next, one needs to define the notion of a coordinate change between two germs 
of Kuranishi charts [Uj,si,i(jj] and [Uj, sj, if)j]r\ It is here that ambiguities in the 
compatibility conditions appear, so we give what seems like the most natural definition, 
which is at least closely related to \FO\ [J] . 

• A coordinate change (Uij,4>ij) '■ (Ui, sj, — > (Uj,sj,ipj) between Kuranishi 
charts consists of a neighbourhood Uu C Uj of and an embedding (f>jj : Ujj <^-» Uj 
that extends the natural transition map and intertwines the sections, 

• Let (Ui tl ,s It i,i(p It i) ~ (t// ;2 ,s/,2,^/,2) and {Uj^sj^ijijj) ~ (Uj^sj^ipj^) be two 
pairs of equivalent Kuranishi charts. Then two coordinate changes 

and (Uu,2, <Pu,z) ■ (#/,2, s/,2, ^7,2) -> (Uj, 2 , sj >2 , $3,2) 

^ In the notation of the previous section, an example of a required coordinate change is one for 
index sets I = {i}, J = {i, j}, where [Ui, . . .] denotes the germ at [/] induced by (Ui, . . .), and [Uj, . . .] 
denotes the germ at [/] induced by (UV , . . .). 
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are equivalent if there exist diffeomorphisms 9j : U'j x — > U'j 2 and 0j : Uj± U J2 
between smaller neighbourhoods of as in the definition of equivalence of Kuranishi 
charts (i.e. sj^ |j7> = si^\u' I2 $f an d sj.ilt/^ = sj^lt/^ ° &j) that intertwine the 
coordinate changes on a neighbourhood of 0, 

• A germ of coordinate changes between germs of Kuranishi structures at p is an 
equivalence class of coordinate changes. 

A As a special case, two coordinate changes (pu, cfi'jj : (ZTj, ...)—)■ (Uj, . . .) between the 
same Kuranishi charts are equivalent if there exist auto-equivalences 9j : U'j 1 —> U'j 2 
and \j : U'j 1 — > U'j 2 such that #j o <^jj = <fi'jj o 0j. 

A Given a germ of coordinate change [Uu,(f>ij] : [£//,...] — )• [Uj,...] and choices 
of representatives (U'j, . . .), (C/j, . . .) of the germs of charts, a representative of the 
coordinate change now only exists between suitable restrictions (U" C U'j, . . .), (U'J C 
U'j, . . .), and even with fixed choice of restrictions may not be uniquely determined. 

Finally, it remains to make sense of the cocycle condition for germs of coordinate 
changes. At this point [FOt [J] simply write equations such as o [<&jj] = [<&ik] on 

the level of conjugacy classes of maps, which do not make strict sense. The following is 
an attempt to phrase the cocycle condition on the level of germs, but we will see that 
it falls short of implying the existence of compatible choices of representatives that is 
required for the construction of a VMC. 

• Let [Ui, sj,^i], [Uj, sj, i/jj], and [Uk, sr, be germs of Kuranishi charts. Then 
we say that a triple of germs of coordinate changes [Uu, 4>u], [Ujk, 4>.Jk\, [Uik, 4>ik] 
satisfies the cocycle condition if there exist representatives of the coordinate changes 
between representatives (U[, . . .), (Uj, . . .), (Uk, . . .) of the charts, 



(C//,sj,Vj) -> (Uj,sj,ipj), 
(Uj,sj,ipj) -> (U k ,s k ,^k) 
(Ui,si,i/ji) -> (U K ,s K ,ip 



K 



(UijAij) 
(UjkAjk) 
(UikAik) 

such that on a neighbourhood of we have 
(2.5.1) 4> JK o 4>ij = <I>ik- 

A Note that the above cocycle condition for some choice of representatives does not im- 
ply a cocycle condition for different choices of representatives. For example, suppose 
that 4>ij,4>,jki4>ik satisfy (2.5.1), and consider other representatives 

(ft'u = 6j° <j>u ° Oj 1 , <P'jk = @K° 4>JK ° ©j 1 
given by auto-equivalences 9i,6j, 0j, Qk- Then these fit into a cocycle condition 

<t>'jK ° </>'lJ = (®K <t>JK ° &J 1 ) ° (0J ° 4>IJ GJ 1 ) = 4>IK G [<t>IK] 

only if ©j = 6 j and <p' IK = Qk 4>ik ° &J 1 ■ That is, the choice of one representative 
in the cocycle condition between three germs of coordinate changes essentially fixes 
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the choice of the other two representatives. This causes problems as soon as one 
considers the compatibility of four or more coordinate changes. 

Now suppose that a Kuranishi structure on Ai is given by germs of charts at each 
point and germs of coordinate changes between each suitably close pair of points, sat- 
isfying a cocycle condition. Then the fundamentally important first step towards the 
construction of a VMC is the claim of \FO\ Lemma 6.3] that any such Kuranishi struc- 
ture has a "good coordinate system" . The latter, though the definitions in |FQl lF D OOj 
are slightly ambiguous, is a finite cover of Ai by partially ordered charts (where two 
charts should be comparable iff the footprints intersect) with coordinate changes ac- 
cording to the partial order, and satisfying a weak cocycle condition. In order to extract 
such a finite cover from a tuple of germs of charts and germs of coordinate changes, 
one makes a choice of representative in each equivalence class of charts and picks a fi- 
nite subcover. The first nontrivial step is to make sure that these representatives were 
chosen sufficiently small for coordinate changes between them to exist in the given 
germs of coordinate changes. The second crucial step is to make specific choices of 
representatives of the coordinate changes such that the cocycle condition is satisfied. 
However, [FOl (6.19.4)] does not address the need to choose specific, rather than just 
sufficiently small, representatives. In order to reduce the number of constraints, this 
would require a rather special structure of the overlaps of charts. In general, the choice 
of a representative for [4>ab] would affect the choice of representatives for [<Pca] or 
[4>ac] for all C with dim Uc < dimC/^, and for [c^bc] or [4>cb] when dim Uc > dimf/^- 
These are algebraic issues, governed by the intersection pattern of the charts. 

One approach to solving these algebraic issues could be to replace the definition 
of Kuranishi structure by that of a good coordinate system. However, we know of 
no direct way to construct such ordered covers and explicit cocycle conditions for a 
given moduli space Ai. We solve both problems by defining the notion of Kuranishi 
structure as a weaker version of a good coordinate system — without a partial ordering 
on the charts, but satisfying an explicit cocycle condition — that can in practice be 
constructed. We then construct a good coordinate system in Proposition 7.1.15| by an 
abstract refinement of the Kuranishi structure. 

Remark 2.5.1. One attraction of the notion of germs of Kuranishi charts is that for 
moduli spaces Ai arising from a Fredholm problem, there could be the notion of a 
"natural germ" of charts at a point [/] € Ai given by the finite dimensional reductions 
at any representative /. However, the present definition of germ does not provide a 
notion of equivalence between finite dimensional reductions with obstruction spaces of 
different dimension. So the only natural choice would be to require obstruction spaces 
to have minimal rank at /. But with such a choice it is not clear how to make compatible 
choices of the needed coordinate changes. As we will see, given two different charts at 
[/] there is usually no natural choice of a coordinate change from one to another; the 
natural maps arise by including each of them into a bigger chart (called their sum). 
Such a construction takes one quickly out of the class of minimal germs. 
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2.6. Topological issues in the construction of a virtual fundamental class. 

After one has solved the analytic iss ues i nvolved in constructing compatible ba- 



sic Kuranishi charts as defined in Section 2.4 for a given moduli space Ai, the further 
difficulties in constructing the virtual fundamental class [.A/f] virt are all essentially topo- 
logical, though their solution will impose further requirements on the construction of 
a Kuranishi structure. The basic idea for constructing a VMC is to make transverse 
perturbations Sj + Vi ~ Si of the section in each basic chart, such that the smooth zero 
sets modulo a relation given by the transition maps provide a regularization of the 
moduli space 

X7".= U (s 4 + ^)~ 1 (o)/ 

i=l,...,N I ~ 

There are various notions of regularizations; the common features (in the case of trivial 
isotropy and empty boundary) are that M u should be a CW complex with a dis- 
tinguished homology class [A4 U ] (e.g. arising from an orientation and triangulation) , 
and that in some sense this class should be independent of the choice of perturba- 
tion v. For example, [FOL I 'OOO require that for any CW complex Y and continuous 
map / : At — > Y that extends compatibly to the Kuranishi charts, the induced map 
/ : M v — ¥ Y is a cycle, whose homology class is independent of the choice of v and 
extension of /. The basic issues in any regularization are that we need to make sense of 
the equivalence relation and ensure that the zero set of a transverse perturbation is not 
just locally smooth (and hence can be triangulated locally), but also that the transition 
data glues these local charts to a compact Hausdorff space without boundary. These 
properties are crucial for obtaining a global triangulation and thus well defined cycles. 
For simplicity we aim here for the strongest version of regularization, giving Ai v the 
structure of an oriented, compact, smooth manifold, which is unique up to cobordism. 
That is, we wish to realize M v as an abstract compact manifold as follows. In the next 
part of the discussion we ignore all questions of orientations. 

Definition 2.6.1. An abstract compact smooth manifold of dimension d consists of 

(charts) a finite disjoint union jj Vi of open subsets Vi C W 1 , 

i=l,...,N 

(transition data) for every pair i,j G {1, . . . , N} an open subset Vij C Vi and a 
smooth embedding cpij : Vij Vj such that Vji = 4>ij(Vij) and Va = Vi, 
satisfying the cocycle condition 

4>jk ° 4>ij = 4>ik on fii/iVjk) C Vk Vi, j, k G {1, . . . , N}, 

and such that the induced topological space 

(2.6.1) i=^.., N Vi /~ mth x^y :^ 3i,j :y = ( /) lj {x) 

is Hausdorff and compact. 

Note here that it is easy to construct examples of charts and transition data that 
satisfy the cocycle condition but fail to induce a Hausdorff space, e.g. V% = V% = (0, 2) 
with V\2 = V%\ = (0,1) and ^12(2;) = 4>2\{x) = x does not separate the points 1 G 
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V\ and 1 G V2. However, if we rephrase the data of charts and transition maps in 
terms of groupoids, then, as we now show, the Hausdorff property of the quotient is 
simply equivalent to a properness condition. In this paper we take a groupoid to be 
a topological category whose morphisms are invertible, whose spaces of objects and 
morphisms are smooth manifolds, and whose structure maps (encoding source, target, 
composition, identity, and inverse) are local diffeomorphisms. Such groupoids are often 
called etale. For further details see e.g. \Mo\ IMc2] . 

Remark 2.6.2. Any collection of charts and transition data satisfying the cocycle 



condition as in Definition |2.6.1| induces a topological groupoid G, that is a category 
with 

• the topological space of objects Obj = Obj G = |J V{ induced by the charts, 

i=l,...,JV 

• the topological space of morphisms Mor = More = LI V%j induced by the 

i,j=l,...,N 

transition domains, with 

- source map s : Mor — > Obj, (x G Vij) 1— > (x G Vi), and target map t : Mor — >• 
Obj, (x G Vij) h-> {4>ij(x) G Vj) induced by the transition maps, 

- composition Mor t x s Mor — > Mor, Ux G Vij), (y G Vjk)) >->■ (x G Vik) if 4>ij(x) = 
y, which is well defined by the cocycle condition, 

- identities Obj — > Mor, x 1— > x G Vu = Vi, and inverses Mor — > Mor, (x G Vij) 1— > 
(4>ij(x) G Vji), again well defined by the cocycle condition. 

Moreover, G has the following properties, 
(nonsingular) For every x G Obj the isotropy group Mor(x, x) = {id x } is trivial, 
(smooth) The object and morphism spaces Obj and Mor are smooth manifolds, 
(etale) All structure maps are local diffeomorphisms. 



The quotient space (2.6.1) is now given as the realization of the groupoid G, that is 

|G|:=Obj G /~ with x ~ y O Mor(x, y) / 0. 
This realization is a compact manifold iff G has the following additional properties, 
(proper) The product of the source and target map s x t : Mor — > Obj x Obj is 
proper, i.e. preimages of compact sets are compact, 
(compact) |G| is compact. 

Note: The following material may move into an introduction to Sections 5—7 since it focusscs more on our approach 
to achieving Hausdorff and compactness properties, than on a general discussion of these issues. 



Now let (Kj = (Ui, Ei, s^, V J i))i=i,...,iV be a cover of M. by basic Kuranishi charts 
with footprints Fi := tfji(s^ 1 (0)) C X. Our guiding idea is to make from these charts 
two categories, the base category called B/c, formed from the domains, and the other 
Eye formed from the obstruction bundles. There should be a projection functor tt : 
E/c — > B/c, and a section functor s : B/c — > E^;. Moreover, we want to be able 
to perturb s to a functor s + v that, when transverse to 0, has a zero set with the 
structure of a groupoid Z. This groupoid structure should be induced from a natural 
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inclusion Z — > B^- We now explain conditions on the base category B^: that make 
such a construction possible. First of all, note that each chart Kj should have the same 
dimension d := dimC/j — dimE^, the dimension of the zero set of any section Sj + ui 
that is transverse to 0. 

Now suppose we have a transverse perturbation in each basic chart, 

v = (u i : Ui ->■ Ei)i=i t ... t isr with Si + v \ rh Vi = 1, . . . , iV. 

The corresponding family (sj + fj) _1 (0) of open sets should be included into Obj(Z). 

Compatibility: In order to obtain well defined transition maps, i.e. a space of mor- 
phisms in Z with well defined composition, the perturbations z/j clearly need to be 
compatible. Since (sj + fj) _1 (0) and (sj + ia,-) _1 (0) are not naturally identified via 
ipj 1 o ipi for v ^ 0, this requires that one include in B^ the choice of specific transition 

data between the basic charts. Next, since the intersection of the embeddings (f>y 3 and 
cj) 3 ^ 3 in the "transition chart" is not controlled (where we use the notation of { 2.4 in 
which [/] G X), the direct transition map (^PJ 13 ) o^ %3 may not have a smooth exten- 
sion that is defined on an open set. Therefore, we do not want to consider such maps 
to be morphisms in B^ since that would violate the etale property. Instead, we include 
into the set of charts, and ask that the pushforward of each perturbation i/j, vj ex- 
tend to to a perturbation vj . But now one must consider triple composites, and so on. 
The upshot is that, as well as the system of basic charts Kj, i = 1, . . . , N with footprints 
{Fi}, one is led to consider a full collection of transition charts K/,/ C {1, ... ,N}, 
with footprints Fj := Rig/i^. To make a category, each of these "sum charts" should 
have a chosen domain Uj, which is a smooth manifold, and the objects in B/c should be 
Uj£/j. Further the morphisms in the category should come from the coordinate changes 
<j>U between these charts. Thus the space MorB K will be the disjoint union over all 
relevant pairs J, J of the domains Ujj of these coordinate changes. For this to form 
a category, all composites must exist. Therefore we require that the cocycle condition 



hold. See Definitions 6.1.3 and 6.1.5 for a detailed definition of the categories B^ and 
Eye along these lines. It is worth noting here that we do not require that the domain of 
each chart is an open subset of Euclidean space. We could do this for the basic charts, 
since these can be as small as we want, but it is not clear that we can do this for the 



transition charts, even when there is no isotropy; cf. Theorem 4.3.1 Note that B^; 
satisfies all the conditions of a nonsingular groupoid except that: 

- we do not assume that inverses exist; 

- the etale condition is relaxed to require that the structure maps are smooth 



embeddings (as spelled out in Definition 5.1.3) rather than diffeomorphisms. 

We write |/C| for the realization Obj(Byc)/~ of B^, where ~ is the equivalence relation 
generated by the morphisms, and denote by tt/c : Obj(B^) — > |/C| the projection. 



We show in Lemma 6.1.10 that there is a natural inclusion t£ : X — > \JC\ that is a 
homeomorphism to its image. Therefore we think of \fC\ as a virtual neighbourhood of 
X. 
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Hausdorff property: For a category such as B/c, it is no longer true that the proper- 



ness of s x t implies that its realization \ JC\ is Hausdorff; cf. Example 6.1.13. Therefore, 
the easiest way to ensure that |Z| is Hausdorff is to make \K\ Hausdorff, and then check 
that the inclusion |Z| —> \JC\ is a homeomorphism onto its image. Most of the hard work 
in Section [6] is devoted to finding a way to prune the charts in /C to ensure that |/C| is 
Hausdorff. To this end we introduce the notion of tameness in Definition 16.2.71 This is 
a very strong form of the cocycle condition that gives great control on the morphisms 



in B^: (cf. Lemma 6.2.12), but is only satisfied when /C is additive, i.e. the obstruction 



spaces E{ of the basic charts are suitably independent. We show in Proposition 6.2.13 
that the realization of a tame Kuranishi structure is not only Hausdorff, but also has 
the property that for each / the natural map Ui — >• \JC\ is a homeomorphism onto its 
image. This means that we can construct a perturbation v over |/C| by working with 
its pullbacks to each chart. 

Compactness: Unfortunately, even when we can make \K\ Hausdorff, it is almost 
never locally compact or metrizable. In fact, a typical local model is the subset S of R 2 
formed by the union of the line y = with the half plane x > 0, with tjc(X) = {y = 0}, 
but given the topology as a quotient of the disjoint union {y = 0} U {x > 0}. As we 



show in detail in Example 6.1.14, the quotient topology on S is not metrizable, and 
even in the weaker subspace topology from M 2 the zero set ijc{X) does not have a locally 
compact neighbourhood in \IC\. Therefore to ensure that |Z| is compact (assuming that 
X is), the challenge is to find subsets of |/C| containing l/c(X) that are compact, and 
are also large enough to contain the zero sets of small perturbed sections s + v. I n §7.1| 



we define precompact subsets ttk,(C) of |/C| with these properties; cf. Proposition 7.2.7 
In fact, we consider nested pairs C C V C Obj(K/c) of such subsets, where (for reasons 
we explain below) the perturbation v is defined over V while the realization of its zero 
set is contained in ^(C). One can think of 71*; (C) as a kind of neighbourhood of i^[X\ 
but, even though C is an open subset of Obj(K), the image 7ryc(C) is not open in |/C| 
because the different components of Obj(K) have different dimensions. For example, 
if |/C| = S as above then ttic{C) could be the union of {y = 0, x < 2} with the set 
{x > 1, \y\ < 1}. (Of course in this example, since X is not compact, we lose the 
precompact property of iTfc(C).) These topological complexities are directly caused by 
the fact that, in contrast with the case of an etale groupoid, the domains in K. have 
different dimensions. 

Construction of sections: We aim to construct the perturbation v by finding a 
compatible family of local perturbations z// in each chart K/ of fC. Thus, if Ui and Uj 
have nontrivial overlap and we start by defining vi in Ui, the most naive approach is 
to try to extend the partially defined perturbation (</>y*"')~ 1 ° 4> 3 j 13 ° v% over Uj. But, 
as we explained above, this may not be possible since we do not have enough control 
over the composite of a coordinate change with an inverse change. Since (j) 1 ^ 3 and (jP^ 13 
have overlapping images in f7« it does not help to rephrase this in terms of finding 
an extension of the pushforwards of these sections to Uij. This is where we need the 
notion of a "good coordinate system" on X as in |FO| . or in our language a reduction 
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V of /C; cf. Definition |7.1.2 The footprints Zj of the sets in V form an open cover 



{Zj}i£z of X where I is partially ordered in such a way that ZjUZj ^ implies I < J 



or J < I. Lemma 7.1.7 shows that the footprint cover always has a subcover by sets 

so that 



7.1.11 



Zi C Fi with this property. We construct V = Li/ex*; ^ * n P ro P os ition 
the images %k.(Yi) of the sets V/ in |/C| have the analogous intersection property. Then 
we may construct the section, first in the domains of those charts K)f with minimal / 
(which are disjoint), then extend to domains at the next level, and so on. This approach 



makes the construction of v possible. As is shown by the proof of Proposition 7.3.5 
it is still very delicate and requires great control over the behaviour of v, since, as 
explained above, to ensure compactness of the zero set we must construct it so that 
tt/c((s + f) _1 (0)) lies in the precompact set tt)c(C). Here it is helpful to assume the 
existence of a suitable metric on cf. Definition |6.2.4 



Smoothness: Another essential requirement is that our constructions yield a zero 
set that is a smooth manifold. For this, it is crucial that when extending the section 
(0Jj)*(sj + vi) from 4>u(Uij) to the rest of Uj we control its behavior in directions 
normal to the submanifold im</>/j. Since we want zeros of sj + vj : f/j —> Ej that 
are transverse in Uu to remain transverse zeros of sj + vj : Uj —> Ej the derivative 
d(sj + uj) must induce a surjective map from the normal bundle of (pu(Ujj) in Uj 
to Ej/(j)ijEj; moreover for the zero set to be well defined up to cobordism we must 
fix the homotopy class of this induced map. This requirement was first understood 
by Joyce [J], and then adopted in [FOOUj . To satisfy it, one must formulate some 
version of the index condition (called the tangent bundle condition in [FOOGJ \J\) 
which controls the derivative dsj of the canonical section along this normal bundle, 
and then require that dvj = on this normal bundle; cf. the definition of admissible 
sections in Definition 17.2.11 

Uniqueness up to cobordism: The next requirement is to show that this manifold 
is unique modulo cobordism. This requires considerable effort. §6.4| explains the basic 
definitions and results; large parts of ^7] are occupied by further necessary details. 

Orientability: The dimension condition dim Ui — dim Ej = dim[/j — dim Ej =: d 
together with the fact that each si + vj is transverse to implies that the zero sets of 
si + i>i and sj + vj both have dimension d, so that the embedding 0/j does restrict to 
a local diffeomorphism between these local zero sets. Thus if all the above conditions 
hold they do form a groupoid Z. However, to get a well defined cycle we need to 
have a way to orient them compatibly. Each is oriented by considering their tangent 
bundle to be the kernel of the map d(sj + uj) : TUi — > TEj = Ei and considering the 
corresponding orientation line bundle A rf (ker d(sj + vi)\ . When we pass to a new chart 
via the inclusion <j)jj : Ujj —> Uj, we must identify this with the corresponding line 
bundle formed from kernel of d(sj + vj) : TUj —> TEj. It turns out that the index 



condition guarantees a well defined identification, and we show in Proposition 7.4.8 that 
\1C\ supports a well defined determinant line bundle det(sfc). If this has a nonvanishing 
section we say that K, is oriented. We show in Proposition |7.4. 13 that the zero set then 
inherits a well defined orientation. 
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Putting everything together, we finally conclude in Theorem 7.5.1 that every oriented 
weak additive d-dimensional Kuranishi structure fC determines a unique cobordism class 
of oriented d-dimensional compact manifolds, that is represented by the zero sets of 



a suitable class of admissible sections. Theorem 7.5.4 interprets this result in more 
intrinsic terms, defining a particular homology class on X called the VMC. 

Our definition of a Kuranishi structure is designed to make it possible both to con- 
struct them in interesting cases (such as for Gromov-Witten moduli spaces) and to 
prove that they have all the properties mentioned above. It is very similar to def- 
initions in [FO|. [jj IFOOQj . but has some essential differences. We discuss these in 
Remark 16.1.161 

Remark 2.6.3. This paper makes rather few references to [LiT] because that deals 
mostly with gluing and isotropy; in other respects it is very sketchy. For example, it 
does not mention any of the analytic details in £j4] below. Its Theorem 1.1 constructs 
the oriented Euler class of a "generalized Fredholm bundle" [s : B — > £], avoiding the 
Hausdorff question by assuming that there is a global finite dimensional bundle B x F 
that maps onto the local approximations. However, in the Gromov-Witten situation 
this is essentially never the case (even if there is no gluing) since B is a quotient of the 
form B/G. Therefore, we must work in the situation described in |LiTl Remark 3], and 
here they just say that the extension to this case is easy, without further comment. 
Also, the proof that the structure described in Remark 3 actually exists in the simple 
Gromov-Witten case that we consider in ^4] lacks almost all detail. The only reference 
to this question is on page 79. Here they do define F\ but fail to say what E% is for any 
I > 1. Their idea is to build a global object from a covering family of basic charts using 
sum charts (see condition (iv) on page 49) and partitions of unity to extend sections. 
This might be possible, but they do not carry out the construction. The paper |LiuT| 
explains this idea with much more clarity, but unfortunately, because it does not pass 



to finite dimensional reductions, it makes serious analytic errors; cf. Remark 3.1.5 



3. Differentiability issues in abstract regularization approaches 

Any abstract regularization procedure for holomorphic curve moduli spaces needs 
to deal with the fundamental analytic difficulty of the reparametrization action, which 



has been often overlooked in symplectic topology. We thus explain in Section 3.1 
the relevant differentiability issues in the example of spherical curves with unstable 
domain. In a nutshell, the reparametrization / 4/ 07 with a fixed diffeomorphism 
7 is smooth on infinite dimensional function spaces, but the action (7, /) 1— > f o 7 
of any nondiscrete family of diffeomorphisms fails even to be differentiable in any 
standard Banach space topology. In geometric regularization techniques, this difficulty 
is overcome by regularizing the space of parametrized holomorphic maps in such a 
way that it remains invariant under reparametrizations. Then the reparametrization 
action only needs to be considered on a finite dimensional manifold, where it is smooth. 
It has been the common understanding that by stabilizing the domain or working in 
finite dimensional reductions one can overcome this differentiability failure in more 
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general situations. We will explain in Section 3.2 that reparametrizations nevertheless 
need to be dealt with in establishing compatibility of constructions in local slices, 
in particular between charts near nodal curves and local slices of regular curves. In 
particular, we will show the difficulties in the global obstruction bundle approach in 



Section 3.1, and for the Kuranishi structure approach will see explicitly in Section |4~2 
that the action on infinite dimensional function spaces needs to be dealt with when 
establishing compatibility of local finite dimensional reductions. Finally, Section 3.3 
explains additional smoothness issues in dealing with evaluation maps. 



3.1. Differentiability issues arising from reparametrizations. 

The purpose of this section is to explain the implications of the fact that the action 
of a nondiscrete automorphism group Aut(E) on a space of maps {/:£—)• M} by 
reparametrization is not continuously differentiable in any known Banach metric. In 
particular, the space 

{/:£^M|/*[£] ^0}/Aut(S), 

of equivalence classes of (nonconstant) smooth maps from a fixed domain modulo 
reparametrization of the domain, has no known completion with differentiable Ba- 
nach orbifold structure. We discuss the issue in the concrete case of the moduli space 
M\{A,J) of J-holomorphic spheres with one marked point j^] For the sake of simplicity 
let us assume that the nonzero class A 6 H2(M) is such that it excludes bubbling and 
multiply covered curves a priori, so that no nodal solutions are involved and all isotropy 
groups are trivial. In that case one can describe the moduli space 

Mi{A,J) := eS 2 x C°°(S 2 ,M) | f4S 2 } = A,djf = 0}/PSL(2,C) 

= {/ e C°°(5 2 ,M) I MS 2 ] =A,d J f = 0}/G oo 

as the zero set of the section / h-> djf in an appropriate bundle over the quotient 

B/Goo of B:={f €C°°{S 2 ,M)\f4S 2 }=A} 

by the reparametrization action / i— > f o 7 of 

Goo := {7 G PSL(2,C) I 7(00) = 00}. 

The quotient space B/Goo inherits the structure of a Frechet manifold, but note that 
the action on any Sobolev completion 

(3.1.1) 9: Goo xW k >P(S 2 ,M)^W k *(S 2 ,M), ( 7j /)^/o 7 



In order to understand how any given abstract regularization technique deals with the differentia- 
bility issues caused by reparametrizations, one can test it on the example of spheres with one marked 
point. This is a realistic test case since since sphere bubbles will generally appear in any compactified 
moduli space (before regularization). 



SMOOTH KURANISHI STRUCTURES WITH TRIVIAL ISOTROPY 



27 



does not even have directional derivatives at maps /o G W k ' p (S 2 , M)\W k+1 ' p (S 2 , M) 
since the differential 

(3.1.2) D0(Id,/ o ) : T ]d G M x 1F^(S 2 , / *TM) — ► W k > p (S 2 J£TM) 

is well defined only if d/o is of class VF fc,p . 



Remark 3.1.1. To the best of our knowledge, the differentiability failure of (3.1.1) 
persists in all other completions of C°°(S 2 , M) to a Banach manifold - e.g. using Holder 



spaces. The restriction of (3.1.1) to C°°(S , M) does have directional derivatives, and 



the differential is continuous in the C°° topology. Hence one could try to deal with 



(3.1.1) as a smooth action on a Frechet manifold. Alternatively, one could equip 



C°°(S 2 , M) with a (noncomplete) Banach metric. Then 

G : Goo xC°°(5 2 ,M) ^C°°(S 2 ,M) 

has a bounded differential operator 

DG( 7 , /) : T 7 Goo x C°°{S 2 , f*TM) C°°{S 2 , 7 7*TM). 

However, the differential fails to be continuous with respect to / S C°°(S 2 ,M) in the 
Banach metric. Now continuous differentiability could be achieved by restricting to a 
submanifold C C C°°(S 2 , M) on which the map f i — y dy is continuous. However, in e.g. 
a Sobolev or Holder metric, the identity operator TC —> TC would then be compact, 
so that C would have to be finite dimensional. 

Finally, one could observe that the action (3.1.1) is in fact C^ when considered as 



a map (?„ x W k+e ' p (S 2 , M) -> W k ' p (S 2 , M). This might be useful for fixing the 
differentiability issues in the virtual regularization approaches with additional analytic 
arguments. In fact, this is essentially the definition of scale-smoothness developed in 
[HWZlj to deal with reparametrizations directly in the infinite dimensional setting. 

It has been the common understanding that virtual regularization techniques deal 
with the differentiability failure of the reparametrization action by working in finite 
dimensional reductions, in which the action is smooth. We will explain below for the 



global obstruction bundle approach, and in Section 4.2 for the Kuranishi structure 
approach, that the action on infinite dimensional spaces nevertheless needs to be dealt 
with in establishing compatibility of the local finite dimensional reductions. In fact, 
as we show in Section [4j the existence of a consistent set of such finite dimensional 
reductions with finite isotropy groups for a Fredholm section that is equivariant under a 
nondifferentiable group action is highly nontrivial. For most holomorphic curve moduli 
spaces, even the existence of not necessarily compatible reductions relies heavily on 
the fact that, despite the differentiability failure, the action of the reparametrization 
groups generally do have local slices. However, these do not result from a general slice 

Here the tangent space to the automorphism group TidGoo C T(TS 2 ) is the finite dimensional 
space of holomorphic (and hence smooth) vector fields X : S 2 —¥ TS 2 that vanish at oo G S 2 . 
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construction for Lie group actions on a Banach manifold, but from an explicit geometric 
construction using transverse slicing conditions. 

We now explain this construction, and subsequently show that it only defers the 



differentiability failure to the transition maps (3.1.5) between different local slices. 

In order to construct local slices for the action of Goo on a Sobolev completion of B, 

B k >P := {/ e W k ' p (S 2 ,M) | f*[S 2 ] = A}, 

we will assume (Jfe - l)p > 2 so that W k ' p (S 2 ) C C^S 2 ). Then any element olB^/G^ 
can be represented as [fo], where the parametrization /q G W k,p (S 2 , M) is chosen 
so that d/o(i) is injective for t = 0, 1 G S 2 = C U {oo}. With such a choice, a 
neighbourhood of [fo] G B k,p /G O0 can be parametrized by [exp* (£)], for £ in a small 
ball in the subspace 

{£ G W k *(£P,fiTM) | £(t) G imd/oW^ for t = 0,1}. 

Moreover, the map £ i— )■ [expj (£)] is injective up to an action of the finite isotropy 
group 

G fo = {7G Goo | /o °7 = /o}- 
In other words, for sufficiently small e > 0, a G/ -quotient of 

(3.1.3) B /o := {/ G B k *\d wk , P (f,fo) < ej(0) G Q%,f(l) G Q} } 

is a local slice for the action of Goo, where for some 6 > 

(3-1.4) Q% = {exp /o(t) (0 I £ G imd/ (t)\ IC| < *} C M 

are codimension 2 submanifolds transverse to the image of /o in two extra marked 
points t = 0, 1. For simplicity we will in the following assume that the isotropy group 
Gf = {id} is trivial, and that the submanifolds Q 1 ^ can be chosen so that /o~ 1 (Q/ ) 
is unique for t = 0,1. Then, for sufficiently small e > 0, the intersections im/ ftl Qj q 
are unique and transverse for all elements of Bf . This proves that Bf is a local slice 
to the action of Goo in the following sense. 

Lemma 3.1.2. For every fo G B k ' p such that d/o(t) is injective for t = 0, 1 and 
Gf = {id}, £/iere exisi s, 5 > suc/j i/iat S/ — >■ B k,p /Goo, f [/] «s a homeomorphism 
to its image. 

Remark 3.1.3. If /o is pseudoholomorphic with closed domain, then trivial isotropy 
implies somewhere injectivity, sec [McS, Chapter 2.5]; however this is not true for 
general smooth maps or other domains. Thus to prove Lemma 3.1.2 for general fo 



with trivial isotropy, we must deal with the case of non- unique intersections. In that 
case one obtains unique transverse intersections for / ~ fo in a neighbourhood of 
the chosen points in fo 1 (Q t f ) and can prove the same result. We defer the details 



to |McW2j . where we also prove an orbifold version of Lemma 3.1.2 in the case of 



nontrivial isotropy. In that case, one must define the local action of the isotropy group 



with some care. However, it is always defined by a formula such as (3.1.5), and so in 



general is no more differentiable than the transition maps (3.1.5) below. 
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The topological embeddings Bf — > B k ' p /Goo of the local slices provide a cover of 
B k ' p /Goo by Banach manifold charts. The transition map between two such Banach 
manifold charts centered at fo and f\ is given in terms of the local slices by 



(3.1.5) 



/o,/i : B /o,/i : = 13 fo n GocB h — ► B h , f i— ► / o 7/ , 

where 7/ G Goo is uniquely determined by 7/(i) G f for t = 0, 1 by our choice 

of Bf L . Here the differentiability of the map 

(3.1.6) W k > p (S 2 ,M)^G 00 , /^7/ 

is determined by that of the intersection points with the slicing conditions for t 



B f0 n Goo% 



B, 



f 



0,1, 



W k > p (S 2 ,M)^S 2 , f^f-\Qt fi ). 



By the implicit function theorem, these maps are C^-differentiable if k > £ + 2/p such 
that W k ' p (S 2 ) C C e (S 2 ). However, the transition map also involves the action (13.1.11), 
and thus is non-differentiable at some simple examples of / G W k,p \W k+1,p , no matter 
how we pick k,p. 

Lemma 3.1.4. Let B C Bf be a finite dimensional submanifold ofBf with the W k ' p - 
topology, and assume that it lies in the subset of smooth maps, B C C°°(S 2 , M) f)Bf . 
Then the transition map (3.1.5) restricts to a smooth map 



B n Goo% 



/ ■— > r /«,/i(/) = f°v- 



Proof. Since B is finite dimensional, all norms on TB are equivalent. In particular, 
we equip B with the VF fc,p -topology in which it is a submanifold of Bf . Then the 
embeddings B — > C^^S 2 , M) for all £ G N are continuous and hence the above discussion 
shows that the map B — > G^, f 1— > ~ff given by restriction of (3.1.6) is smooth. To 
prove smoothness of T^j^ \Br\G 00 Bf 1 it remains to establish smoothness of the restriction 
of the action in (3.1.1) to 



G m xB 



W k > p (S\M), (7,/) 



/°7- 



For that purpose first note that continuity in / G B is elementary since, after embedding 
M ^ R N , this is a linear map in /. Continuity in 7 for fixed / G C°°(S 2 ,M) follows 
from uniform bounds on the derivatives of / (and could also be extended to infinite 
dimensional subspaces of W k ' p (S 2 , M) by density of the smooth maps). This proves 
continuity of Ob ■ 

Generalizing fl3.1.2[ ), with T^G^ C T^TS 2 ) the space of holomorphic (and hence 
smooth) sections X : S 2 — > 'JqTS 2 that vanish at 00 G 5 2 , the differential of 0^ is 

> W k ' p (S 2 ,f^TM) 



De B ( 7o ,/o) : T^Goo x T fQ B 



£ 7o + d/ o X. 



It exists and is a bounded operator at all (70, fo) G G^ x B since by assumption fo is 
smooth, so it remains to analyze the regularity of this operator family under variations 
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in Goo x B. Denoting by L(E,F) the space of bounded linear operators E — > F, the 
second term, 

B ->• L(T 70 G oo ,W fc ' p (S' 2 ,/ *TiW)), /o ^ (d/„). given by (d/ )*X = d/ o X, 

is smooth on the finite dimensional submanifold B because C e (S 2 , IR ) — >• W fe ' p (TiS 2 , 1R") 
/o i-> d/o is a bounded linear map for sufficiently large £, and the C^-norm on B C 
C°°(S 2 ,R N ) is equivalent to the W k >P -norm. The first term, 

(3.1.7) Goo -»• L(T /(I B,^(5 2 ,/ *TM)), 7o m- 7o given by 7o (£) = £ o 7o , 

is of the same type as 6b, hence continuous by the above arguments. 

This proves continuous differentiability of @b- Then continuous differentiability of 
the first term (3.1.7) follows from the same general statement about differentiability 
of reparametrization by Goo, and thus implies continuous differentiability of D0#. 
Iterating this argument, we see that all derivatives of 0^ are continuous, and hence 
@B is smooth, as claimed. Note however that this argument crucially depends on the 
finite dimensionality of B to obtain continuity for the second term of T)&b- □ 

An important observation here is that the Cauchy-Riemann operator 

dj: B k * — ► S :=[] fe§Kp W k -^{S\K Q ' l rTM) 

restricts to a smooth section dj : Bf i — > £\Bf. i n each local slice. The bundle map 

F/o,/i : £\B/o, fl — > £\B fl , £f 3 V •— »■ ijodjj 1 G Sfojf, 
intertwines the Cauchy-Riemann operators in different local slices, 

^fo,h°dj = djoT foJl . 

However, general perturbations of the form dj + v : Bf 1 — > £\t3 fi , where v is a C 1 section 
of the bundle S\b s > are not pulled back to C 1 sections of £|b /o fl by Tj j 1 since 

(3.1.8) Fj* fi ovo r /o>/l : / 1— > v{J o 7/ ) o d-fj 1 

does not depend differentiably on the points / in the base Bf . In equations (4.3.3) and 
(4.3.4) we give a geometric construction of a special class of sections v that do behave 
well under this pullback. 



Remark 3.1.5. The lack of differentiability in (3.1.5) and (3.1.8) poses a significant 
problem in the global obstruction bundle approach to regularizing holomorphic curve 
moduli spaces. This approach views the Cauchy-Riemann operator dj : B — > £ as a 
section of a topological vector bundle over an ambient space B of stable W k ' p -m.&~ps 
modulo reparametrization, with a VF fc,p -version of Gromov's topology. It requires a 
"partially smooth structure" on this space, in particular a smooth structure on each 
stratum. For example, the open stratum in the present Gromov-Witten example is 
B k,p /Goo C B, for which smooth orbifold charts, isotropy actions, and transition maps 
are explicitly claimed in [GI4 Proposition 2.15] and implicitly in [LiuTj . The latter pa- 
per does not even prove continuity of isotropy and transition maps, though an argument 
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was supplied by Liu for the 2003 revision of |Mcl4 §6]. However, continuity does not 
suffice to preserve the differentiability of perturbation sections in local trivializations 
of 8 — > B under pullback by isotropy or transition maps. 

Another serious problem with this approach is its use of cutoff functions to extend 
sections defined on infinite dimensional local slices such as Bf to other local slices. 
Since these cutoff sections are still intended to give Fredholm perturbations of dj, the 
cutoff functions must be C 1 and remain so under coordinate changes. The paper |LiuT| 
gives no details here. A construction is given in |LuTl Appendix D], but this paper 
implicitly assumes an invariant notion of smoothness on the strata of B. It is possible 
that one can avoid these problems by first passing to a finite dimensional reduction 
as in |LiT| . However, as far as we are aware, details of such an approach have not 
been worked out. If they were to be worked out, we would consider them more as an 
approach of Kuranishi type than an approach using a global obstruction bundle. 

The global obstruction bundle approach requires a smooth structure on the ambient 
infinite dimensional spaces such as B k ' p /Goo. One way to resolve this issue would 
be to use the scale calculus of polyfold theory, in which the action (3.1.1) and the 
coordinate changes (3.1.5) are scale-smooth, hence B k,p /Goc has the structure of a 
scale-Banach manifold - the simplest nontrivial example of a polyfold. It is conceivable 
that the constructions of l.iuTl IMcl] can be made rigorous by replacing Banach spaces 
with scale-Banach spaces, smoothness with scale-smoothness, and all standard calculus 
results (e.g. chain rule and implicit function theorem) with their correlates in scale 
calculus. It is however also conceivable that the construction of a global obstruction 
bundle near nodal holomorphic curves requires a compatibility of strata-wise smooth 
structures, along the lines of a polyfold structure on B. 

Siebert [511 Theorem 5.1] also claims a Banach orbifold structure on a space of 
equivalence classes of holomorphic maps. However, his notion is that of topological 
orbifold, i.e. with continuous transition maps. Indeed, his construction of local slices 
uses an averaged version of the slicing condition in (3.1.3); thus the transition maps 
have the same form as (3.1.5), and hence fail differentiability. 

3.2. Differentiability issues in general holomorphic curve moduli spaces. 

The purpose of this section is to explain that the differentiability issues discussed in 
the previous section pertain to any holomorphic curve moduli space for which regular- 
ization is a nontrivial question. The only exception to the differentiability issues are 
compactified moduli spaces that can be expressed as subspace of tuples of maps and 
complex structures on a fixed domain, 

(3.2.1) M = {(/, j) G C°°(S,M) x £ S | dj,jf = 0}, 

where £s is a compact manifold of complex structures on a fixed smooth surface S. In 
particular, this does not allow one to divide out by any equivalence relation of the type 

(3.2.2) (/,j)~(/°<M*j) V0GDiff(S). 

For moduli spaces of this form, regularization can be achieved by the simplest geometric 
approach; namely choosing a generic domain-dependent almost complex structure J : 
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S —> J^(M, oj), with no further quotient or compactification needed. One rare example 
of this setting is the 3-pointed spherical Gromov-Witten moduli space M.3(A, J) for a 
class A which excludes bubbling by energy arguments, since the parametrization can 
be fixed by putting the marked points at 0, 1, oo G C U {oo} = S 2 , thus setting S = S 2 



and = {i} in (3.2.1). A similar setup exists for tori with 1 or disks with 3 marked 
points in the absence of bubbling, but we are not aware of further meaningful examples. 
Generally, the compactified holomorphic curve moduli spaces are of the form 

{(£, z, /) | (S, z) G £K, / : £ -> M,djf = 0}/ ~ 

with 

(E,z,/) ~ (S',0- 1 (z),/o0) V0:S'^S. 

Here D\ is some space of Riemann surfaces £ with a fixed number k G No of pairwise 
distinct marked points z G £ fc , which contains regular as well as broken or nodal 
surfaces. In important examples (Floer differentials and one point Gromov-Witten 
invariants arising from disks or spheres) all domains (£, z) are unstable, i.e. have infinite 
automorphism groups. If the regular domains are stable, unless bubbling is a priori 
excluded, 9t/ ~ is still not a Deligne-Mumford space since one has to allow nodal 
domains (£, z) with unstable components to describe sphere or disk bubbles. 

On the complement of nodal surfaces, these moduli spaces have local slices of the 



form (3.2.1 ) with additional marked points z G E \A. In the case of unstable domains, 
the slices are constructed by stabilizing the domain with additional marked points given 
by intersections of the map with auxiliary hyper surf aces. In the case of stable domains, 
the slices are constructed by pullback of the complex structures to a fixed domain £, or 
fixing some of the marked points. In fact, stable spheres, tori, and disks have a single 
slice covering the interior of the Deligne-Mumford space {(£,z) regular, stable}/ ~ 
given by fixing the surface and letting all but 3 resp. 1 marked point vary. Using such 
slices, the differentiability issue of reparametrizations still appears in many guises: 

(i) The transition maps between different local slices - arising from different 
choices of fixed marked points or auxiliary hypersurfaces - are reparametriza- 
tions by biholomorphisms that vary with the marked points or the maps. The 
same holds for local slices arising from different reference surfaces, unless the 
two families of diffeomorphisms to the reference surface are related by a fixed 
diffeomorphism, and thus fit into a single slice. 

(ii) A local chart for 91 near a nodal domain is constructed by gluing the compo- 
nents of the nodal domain to obtain regular domains. Transferring maps from 
the nodal domain to the nearby regular domains involves reparametrizations 
of the maps that vary with the gluing parameters. 

(iii) The transition map between a local chart near a nodal domain and a local 
slice of regular domains is given by varying reparametrizations. This happens 
because the local chart produces a family of Riemann surfaces that varies with 
gluing parameters, whereas the local slice has a fixed reference surface. 

(iv) Infinite automorphism groups act on unstable components of nodal domains. 
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The geometric regularization approach deals with issues (i), (iii), and (iv) by deal- 
ing with the biholomorphisms between domains only after equivariant transversality 
is achieved. This is possible only in restricted geometric settings; in particular it fails 
unless multiply covered spheres can be excluded in (iv). Similarly, the geometric ap- 
proach deals with issue (ii) by making gluing constructions only on finite dimensional 



spaces of smooth solutions that are cut out transversely. We show in Remark 3.1.5 and 



Section [42] that these issues are highly nontrivial to deal with in abstract regularization 



approaches. In the polyfold approach described in Section 2^3 it is solved by introduc- 
ing the notion of scale-smoothness for maps between scale-Banach spaces, in which the 
reparametrization action is smooth. The other approaches have no systematic way of 
dealing with a symmetry group that acts nondifferentiably. 

Remark 3.2.1. One notable partial solution of the differentiability issues is the con- 
struction of Cieliebak-Mohnke |CMj for Gromov-Witten moduli spaces in integral sym- 
plectic manifolds They use a fixed set of symplectic hypersurfaces to construct a global 



slice to the equivalence relation (3.2.2). This reduces the differentiability issues to the 
gluing analysis near nodal curves, where the construction of a pseudocycle does not 
require differentiability. This method fits into the geometric approach as described in 



Section 2.1 by working with a larger set of perturbations. The existence of suitable 
hypersurfaces is a special geometric property of the symplectic manifold and the type 
of curves considered. 

3.3. Smoothness issues arising from evaluation maps. 

Another less dramatic differentiability issue in the regularization of holomorphic 
curve moduli spaces arises from evaluating maps at varying marked points. This con- 
cerns evaluation maps of the form 

ev;: {(S,z = (z u ...,z k ),f) | ...}/ ► M, [S,z,/] .— > f( Zi ) 

in situations when they need to be regularized while the moduli space is being con- 
structed, e.g. if they need to be transverse to submanifolds of M or are involved in its 
definition via fiber products. In those cases, the evaluation map needs to be included 
in the setup of a Fredholm section. However, on infinite dimensional function spaces 
its regularity depends on the Banach norm on the function space. As a representative 
example, the map 

(3.3.1) ev: S 2 xC°°(S 2 ,M) — > M, (z,f) .— ► f(z) 

is C with respect to a Banach norm on C°°(S 2 , M) only if the corresponding Banach 
space of functions, e.g. C k (S 2 ) or W k ' p (S 2 ), embeds continuously to C £ (S 2 ), e.g. if k > £ 
resp. (k — £)p > 2. This can be seen from the explicit form of the differential 

D (Wo) ev: T Z0 S 2 xC°°(S 2 ,f^M) — > T fo(zo) M, {Z,£) — ► df (Z) + £(zo), 

whose regularity is ruled by the regularity of d/o. We will encounter this issue in 



the construction of a smooth domain for a Kuranishi chart in Section 4.3 where the 



Ionel lays the foundations for a related approach in [J. 
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evaluation maps are used to express the slicing conditions that provide local slices to 
the reparametrization group. There we are able to deal with the lack of smoothness of 
(3.3.1) by first constructing a "thickened solution space", which is a finite dimensional 
manifold consisting of smooth maps and marked points that do not satisfy the slicing 
condition yet. Then the slicing conditions can be phrased in terms of the evaluation 
restricted to a finite dimensional submanifold of C°°(S 2 , M). This operator is smooth, 
but now it is nontrivial to establish its transversality. 

Lemma 3.3.1. Let B C W k,p (S 2 , M) be a finite dimensional submanifold, and assume 
that it lies in the subset of smooth maps, BcC°°(S 2 ,M). Then the evaluation map 
(3.3.1) restricts to a smooth map 

ev B : S 2 xB — > M, (zj) .— > f(z). 



Proof. We will prove this by an iteration similar to the proof of Lemma 3.1.4, with 
Step k asserting that maps of the type 

(3.3.2) Ev : CxC k (C,R n ) — ► R n , (zj) \—> f(z) 



are C k . In Step this proves continuity of the evaluation A3. 3.1ft on Sobolev spaces 
W k > p (S 2 , M) that continuously embed to C°(S 2 ,M). In Step k this proves that ev B 
is C k if we can check that the inclusion B ^ C k (S 2 ,M) is smooth if B is equipped 
with the W fc ' p -topology. Indeed, embedding M K , this is the restriction of a linear 
map, which is bounded (and hence smooth) since B is finite dimensional. Hence to 
prove smoothness of ev# it remains to perform the iteration. 
Continuity in Step holds since we can estimate, given e > 0, 

\f(z)-f(z')\ < 2\\f-g\\ c0 + \g(z)-g(z')\ + \f(z')-f'(z')\ 

< i e+ [|d^|| 00 |2 ! -/| + ||/-/ / [| c o < e, 

where we pick g E C 1 (C,R n ) sufficiently close to /, and then obtain the e-estimate for 
(f',z') sufficiently close to (f,z). 

To see that Step k implies Step k + 1 we express the differential D( ZQ j Q \ Ev : (Z,£) h- > 
£(zo) + d zo fo(Z) as sum of two operator families. The first family, 

C — ► L(C k+1 (C,R n ),R n ), z i—> Ev(-,z ), 

can be written as composition of C — > L(C fc (C, M n ), M n ) , zq h- > Ev(-,^o)j which is C k 
by Step k, and the bounded linear operator L(C k (C,R n ),R n ) -> L(C k+1 {C, R n ), R n ) . 
The second family, 

CxC w (C,l n ) — > L(C,R N ), (z ,fo) •— »• d z J , 

can be written as composition of the linear map 

(3.3.3) CxC w (C,r) — ► CxC fe (C,(C,L(C,M n )), (z ,f ) •— > (z ,df ), 
which is a bounded linear operator hence smooth, and the evaluation map 
CxC k (C,{C,L(C,R n )) — > L(C,R n ), (z , V ) ^ r,(z ), 
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which is of the type (3.3.2) dealt with in Step k, hence also C k by iteration assumption. 
This proves that the differential of evaluation maps of type Ev : C x C k+1 (C, W 1 ) — > M 71 
is C k , i.e. th emaps are C k+1 , which finishes the iteration step and hence proof of 
smoothness of ev#. 

Again note that this argument makes crucial use of the finite dimensionality of B to 
obtain continuity of the embeddings B > C k (S 2 , M) to prove that ev# is C k . Here the 



increase in differentiability index k is necessary to obtain boundedness of (3.3.3) in the 



iteration step. □ 

4. ON THE CONSTRUCTION OF COMPATIBLE FINITE DIMENSIONAL REDUCTIONS 

This section gives a general outline of the construction of a Kuranishi structure on 
a given moduli space of holomorphic curves, concentrating on the issues of dividing by 
the reparametrization action and making charts compatible. We thus use the example 
of the Gromov-Witten moduli space Ai±(A, J) of J-holomorphic curves of genus 
with one marked point, and assume that the nonzero class A £ H2(M) is such that it 
excludes bubbling and multiply covered curves a priori. (For example, A could be uj- 



minimal as assumed in \ 2.1 ) This allows us to use the framework of smooth Kuranishi 
structures with trivial isotropy, that is developed in Sections [5|-[7] of this paper. The 
additional difficulties of finite isotropy groups and nodal curves require a stratified 
smooth groupoid setting and will be developed in |McWH IMcW2j . We do not claim 
that this is a general procedure for regularizing other moduli spaces of holomorphic 
curves, but it does provide a guideline for similar constructions. 

Recall that in this simplified setting the compactified Gomov-Witten moduli space 

Mi(A, J) := {(>! = oo,/) G S 2 x C°°(S 2 ,M) | f,[S 2 } = A,djf = Oj/G^ 

is the solution space of the Cauchy-Riemann equation modulo reparametrization by 

Goo := {7 G PSL(2, C) | 7(00) = 00}. 

We begin by discussing the construction of basic Kuranishi charts for A4i(A, J) in 
Section [4.1[ where we find that an abstract approach runs into differentiability issues 
in reducing to a local slice of the action of Goo. However, this can be overcome by using 



the infinite dimensional local slices that are constructed geometrically in Section 3.1 



In Section 4.2 we discuss the compatibility of a pair of basic Kuranishi charts, showing 
again that a sum chart and coordinate changes cannot be constructed abstractly (e.g. 
from the given basic charts), but require specifically constructed obstruction bundles, 
which transfer well under the action of Goo ■ Finally in Section |4.3| we give an outline 
of the construction of a full Kuranishi structure for M.\(A, J). 

4.1. Construction of basic Kuranishi charts. 

The construction of basic Kuranishi charts for the Gromov-Witten moduli space 
A4\(A, J) requires local finite dimensional reductions of the Cauchy-Riemann operator 

(4.1.1) 8j: B k ' p = W k ' p (S 2 ,M) — ► £:=\J fe g hit W k - 1 ' p (S 2 ,A ' 1 f*TAf}, 
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and simultaneously a reduction of the noncompact Lie group Goo to a finite isotropy 
group; namely the trivial group in the case considered here. We begin by giving an 
abstract construction of a finite dimensional reduction for an abstract equivariant Fred- 
holm section. Note that by the previous discussion, holomorphic curve moduli spaces 
do not exactly fall into this abstract setting. However, our purpose is to demonstrate 
the need to deal with the reparametrization group in infinite dimensional settings. 

Remark 4.1.1. To simplify the reading of the following sections, let us explain our 
notational philosophy. We use curly letters for locally noncompact spaces and roman 
letters for finite dimensional spaces. We also use the hat superscript to denote spaces 
on which an automorphism group acts, or the slicing conditions are not (yet) applied. 
For example, Bf C B k ' p is an infinite dimensional local slice in a Banach manifold B k,p 
of maps, the local thickened solution space U is a finite dimensional submanifold of B, 
and U C U is the subset satisfying a slicing condition. 

For bundles we again use curly letters if the fibers are infinite dimensional and roman 
letters if they are finite dimensional, with hats indicating that the base is infinite 
dimensional and tildes indicating that it is finite dimensional. For example, £ — > B k,p 
is a bundle with infinite dimensional fibers over a Banach manifold, while E C £\g 
has finite dimensional fibers E\f over points / G B in an open subset B C B k > p . We 
will always write the fiber at a point as a restriction E\f, since we require subscripts 
for other purposes. Namely, when constructing a finite dimensional reduction near a 
point /o, we use /o as subscript for the domains Uf and restrictions of the bundles 
Ef = E\u f . Moreover, we denote by Ef a finite dimensional vector space isomorphic 

to the fibers (Ef )\f of Ef Q . 

Finally, the symbol ~ is used to mean "sufficiently close to" . Thus for 7 6 Gqo , the 
set {7 « id} is a neighbourhood of the identity. 

Lemma 4.1.2. Suppose that a : B — > £ is a smooth Fredholm section that is equivariant 
under the smooth, free, proper action of a finite dimensional Lie group G. For any f £ 
c _1 (0) let Ef C £ \f be a finite rank complement ofimDja C £ \f, and let Tf(Gf) 1 - C 
kerD/d be a complement of the tangent space of the G-orbit inside the kernel. There 
exists a smooth map sj : Wj — > Ef on a neighbourhood Wf C Tj(Gf)- L of and a 
homeomorphism ipf : sJ^O) — > a~ 1 (0)/G to a neighbourhood of [/]. 

Proof. Let E C £\y be the trivial extension of Ef C £\f given by a local trivialization 
£\~ = V x £\f over an open neighbourhood V C B of /. Then II o a : V — >■ £y/E is a 
smooth Fredholm operator that is transverse to the zero section. Thus by the implicit 
function theorem the thickened solution space 



U f :={ge V\a(g) e E} cB 
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is a submanifold of finite dimension indD^cr + rkE'j. In particular, for small V, there 
is an exponential map TfUf D Wf — > Uf. More precisely, this is a diffeomorphism 

expj : kerD/cr D W/ ^> { # G V | cr(#) G E } = [// 

from a neighbourhood C kerDjcr of with expj(O) = / and doexpj : kerDjcr — > 
TfB the inclusion. Note here that we chose the minimal obstruction space Ef so that 

T f Uf = (Dfa^iEf) = kerD/^ocr) = kerD/cr. 

Via this exponential map we then obtain maps 

s: W f ^exp}E, £ ^ <7(ex P/ (£)), 

$ : ^\o)^ a -^o)/G 7 e->[exp/(0] 

such that the section s is smooth and ip is continuous with image [V Pi (7 _1 (0)]. Re- 
stricting to the complement of the infinitesimal action, Wf := Wf n Tf(Gf)~ L , and 
trivializing expj E = Wf x Ef we obtain a smooth map Sf and a continuous map ipf, 

s f : = SIt^g/J-l : W f -> £7/, 
V'/:=^/It / (G/)^ = ^W^a-^OVG. 

We need to check that V/ is injective i.e. that every orbit of G in Wf intersects 
expf(sj 1 (0)) at most once. We claim that this holds for V sufficiently small. By 
contradiction suppose sj 1 (0) 3 — ^ 0, 7« G G\{id} satisfy ji ■ expj(£j) = expj(^). 
By continuity of exp^ this implies (7, • expj(^j), expj(^)) — > (/,/), and properness of 
the action implies 7$ — > 700 G G for a subsequence. Since the action is also free, we 
have 700 = id. This will constitute a contradiction once we have proven that the "local 
action" {7 ~ id} x Wf — > a~ 1 (0)/G is injective on a sufficiently small neighbourhood 
of (id, 0). So far we have only used the differentiability of the G-action at a fixed point 
/ G B to define Tf(Gf). However, the proof of injectivity of the local action as well 
as local surjectivity of ipf will rely heavily on the continuous differentiability of the 
G-action G x B —> B. (Intuitively, the problem is that our slice is given by a condition 
involving a derivative of the G action at /, and so is well behaved only if this derivative 
varies continuously with /.) 

To finish the proof of the homeomorphism property of i/jf we pick V sufficiently small 
such that Uf is covered by a single submanifold chart (i.e. a chart for B in a Banach 
space, within which Uf is mapped to a finite dimensional subspace). Then we can 
extend expj to an exponential map on the ambient space, i.e. a diffeomorphism from 

a neighbourhood Wf C TfB of Wf, 

Exp f : W f ^ V with Exp / |^ = exp / , doExpj = id Tf g. 
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Note that the existence of such an extension at least requires continuous differentiability 
of Uf resp. expj. Next, we also crucially use the continuous differentiability of the action 
G x B — > B to deduce that, for V sufficiently small, by the implicit function theorem 

(4.1.2) {7 e G I 7 « id} x (W f n Tf(Gf) ± ) — >• B, (7, •— ► 7 • Ex P/ (£) 

is a diffeomorphism to a neighbourhood of f £ B. The injectivity of ( 4.1.2[ ) then implies 



that 7, • expj(^j) 7^ expj(^) for 7, 7^ id, which finishes the proof of injectivity of ipf. 
More generally, the local diffeomorphism ( |4.1,2 ) implies that 



¥ : W f n Tf(Gf) ± -»• B/G, £ -> [Ex P/ (0] 

is a homeomorphism to a neighbourhood W C ,6/Gr of [/] (which in general is a proper 
subset of [V]). In particular, its image contains ^(^(OjjnW = [o- _1 (0)] nU, and by 
construction 

^(W/nT/fG/) 1 ) n $ f @j\o)) = $ f (w f nT / (G/) ± nS7 1 (o)) = M^o)). 

This finally implies that the restriction = ^| s -i( ) ^ s a homeomorphism from (0) 
to the neighbourhood D [cj _1 (0)] C a~ 1 (0)/G of [/], which completes the proof. □ 
Remark 4.1.3. The above proof translates the construction of basic Kuranishi charts 



in (EQ 



^]in the absence of nodes and Deligne-Mumford parameters into a formal setup. 



In [FOl 12.23] this construction is described in the presence of nodes, in which case the 
construction of expj involves gluing analysis rather than just an exponential map. Then 
the injectivity of tpf is analogous to the claim of \FO\ 12.24], where an argument is only 
given in the case of nontrivial Deligne-Mumford parameters. In the case of a remaining 
nondiscrete automorphism group such as Goo, one would want to use an argument 



along the lines of Lemma 4.1.2 However, the map (7,^) 1— > 7 • exp^(^) is continuously 
differentiable only if exp^ is C 1 (which excludes most current gluing constructions) 

and has image in the smooth maps (which requires a very special construction of E). 
Moreover, one would at least need imdo expj(Tj(G 0O /)- L ) + Tf(G 00 .f) to have maximal 
rank. This is not necessarily satisfied even for smooth gluing constructions of expj since 
e.g. doexpj could have nontrivial kernel. (In fact, one obvious method for making the 
gluing map smooth is to scale the gluing parameter such that do exp * vanishes in that 
direction at the node.) But note that this maximal rank does not seem to be sufficient 
to achieve the homeomorphism property of ipf. 

Even in the absence of nodes, |FUj construct the maps s" and ifi on a "thickened 
Kuranishi domain" analogous to Wf and thus need to make the same restriction to 



an "infinitesimal local slice" as in Lemma 4.1.2 Again, the argument for injectivity 



of ipf given in Lemma 4.1.2 does not apply due to the differentiability failure of the 



® During discussions of a preliminary version, the authors pointed us to [FO| [Lemma 13.18], in which 
a domain is stabilized by adding marked points. It is unclear to us how this affects the construction. 
Our interpretation is based on the simplifying assumption that Vdcform and K cso i vc on FO [p. 981] are 
trivial, so that V^ ap C VJn ap seems to be the analogue of T(G/) X C kerDa in the Lemma above. 
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reparametrization action of G = Goo discussed in Section[37T| One could apply the same 



argument to the embedding obtained by restricting (4.1.2) to the finite dimensional 
subspace Wf, as long as Uf is contained in the smooth maps - where Goo does act 
differentiably on finite dimensional submanifolds. However, this embedding does not 
prove local surjectivity of ipj. 

The claim that tpf has open image in o~ l {fy/G is analogous to \FO\ 12.25], which 
seems to assume that Uf is invariant under Goo to assert u 4>('s~ 1 (0) n expf(Wf)) = 
tp(s- 1 (0)Y. However, G oo-invariance of Uf requires Goo -equi variance of E, i.e. an equi- 
variant extension of Ef to the infinite dimensional domain V. A general construction 
of such extensions does not exist due to the differentiability failure of the Goo-action. 



And again, the arguments of Lemma 4.1. 2| do not apply since they use a local diffeo- 



morphism to the infinite dimensional quotient space B/G. Now a finite dimensional 
version of these arguments would require an embedding of a finite dimensional slice 
into a Goo-invariant, smooth target space that contains a neighbourhood of / in the 
solution set <t _1 (0). But there is no suitable candidate for such a space. The unper- 
turbed solution space cr _1 (0) is G-invariant, so contains {7 « id} • expf(sj 1 (0)), but 

may be highly singular, while the thickened solution space Uf is smooth but generally 
not invariant under Gqo, and so does not contain {7 « id} • expf(Wf). 

Finally, the continuity of t/^ 1 is not mentioned in |FO| . and in Lemma 
requires differentiability of the G-action on B. 



4.1.2 



also 



The differentiability issues in the above abstract construction of Kuranishi charts 
can be resolved, by using a geometrically explicit local slice Bf C B k,p as in (3.1.3). 



(This is mentioned in various places throughout the literature, e.g. |FUt Appendix], but 
we could not find the analytic details discussed here.) More precisely, the construction 
of a Kuranishi chart near [/q] £ M.\(A, J) will depend on the choice of 

• a representative /o G [/o]; 

• hypersurfaces Q° := Q°f Q} Q l := Q\ C M as in (3.1.4), and Ef > inducing a 



local slice 

Bf Q :={fEB k ^\d wk<P (fJo)<Sf J(0)EQ%,f(l)EQ} } c B^ p - 

an obstruction space Ef C £ |/ that covers the cokernel of the linearization 



at /o of the Cauchy-Riemann section (4.1.1), that is imDj (9j + Ef = 



• an extension of Ef to a trivialized finite rank obstruction bundle V/ x Ef = 
Ef Q C £|-p^ over a neighbourhood Vf C B k > p of the slice Bf . 

With that we can construct the Kuranishi chart as a local finite dimensional reduc- 
tion of the Cauchy-Riemann operator dj : Bf —> £\i3f m the slice to the action of Gqo- 
Note in the following that this construction requires the extension of the obstruction 
bundle Ef to an open set of B k,p . 
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Proposition 4.1.4. For a sufficiently small slice Bf , the subspace of generalized holo- 
morphic maps with respect to the obstruction bundle Ef is a finite dimensional mani- 
fold 

(4.1.3) U fo :={feB fo \djfeE fo }. 

Moreover, Ef := Ef Q \uj = Uf x Ef forms the bundle of a Kuranishi chart, whose 
smooth section and footprint map (a homeomorphism to a neighbourhood of [fo]) are 

ffo : u fo ~> Efo\u fo , f^djf, 
: sJ o \0) = {feB fo \djf = 0} -> MM, J), f^[f}. 

Proof. We combine the local slice conditions and the perturbed Cauchy-Riemann equa- 
tion to express U f as the zero set of 

B k * D {f\d wk Af,fo)<e fo } — ► (S/E f0 )x(T M0) qP) ± x(T Ml) Q 1 ) ± , 

f ^([djf],n^(f(o)),n^(f(i))), 

with projections ni t near fo(t) along Q l to Tf ^{Q t ) 1 -. Since the choice of £?j guaran- 
tees that the linearized Cauchy-Riemann operator Dy<9j maps onto £f/Ef for / = fo, 
and thus for nearby / ~ /o, we obtain transversality of the full operator for sufficiently 
small £f > if the linearized operator at fo maps the kernel of Dj <9j onto the second 
and third factor. That is, we claim surjectivity of the map 

R fo : kerB fo dj B 5f^(dU^ (df(0)),dU^(5f(l))). 

To check this, we can use the inclusion Tj (Goo • fo) C kerDj 9j of a tangent space to 
the orbit together with the surjectivity of the infinitesimal action on two points, 

T^ -> T S 2 xT t S 2 , £ m- (£(0),£(1))- 

Combining these facts with (T f Q u-jQ t ) 1 - = imd/o(i) we obtain transversality from 

%(T A (Goo • f )) = (dnj () x dn^)(imd/ (0) x imd/ (l)). 

This approach circumvents the differentiability failure of the Goo-action by working 
with the explicit local slice Bf , which is analytically better behaved. Moreover, the 
homeomorphism ip t is given by restriction of the local homeomorphism B f — y j^^:P j 
from Lemma 3.1.2 Finally, we need to find a trivialization of the obstruction bundle 
Ef := Ef \u fo = Uf x Ef . For that purpose we choose e/ > even smaller. The 

effect of this on the bundle Ef is a restriction to smaller neighbourhoods of fo. Thus for 
sufficiently small Ef > the bundle over a smaller domain Uj can be trivialized. □ 

A Kuranishi^ chart in the exact sense of Definition 15.1.11 can be obtained from the 
trivialization Ef = Ut Q x Ef . However, to emphasize the geometric meaning of our 



constructions we continue to use the notation for Kuranishi charts given in Section 2.4 
in terms of a bundle Et —> Uf with section s. 
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4.2. Compatibility of Kuranishi charts. 



As in Section 2.4 we oversimplify the formalism by saying that basic Kuranishi charts 

( 3f t ■■ U fi -»• E fi , ^ : §7/(0) ^ M t (A, J) ) for i = 0, 1, 

as constructed in the previous section from obstruction bundles E i := Ef. over neigh- 
bourhoods of local slices Bf il are compatible if the following transition data exists for 
every element in the overlap [<?oi] £ hnVVo Him^ C Aii(A, J): 

(i) a Kuranishi chart ( s goi : U goi -)■ E gol , ip m : s go \(0) ^ M\(A, J) ) 

whose footprint imijj gQ1 C im^^nim if)f 1 is a neighbourhood of [goi] £ Ai\(A, J); 

(ii) for i = 0, 1 the transition map arising from the footprints, 

extends to a coordinate change consisting of an open neighbourhood Vi C Uf. 
of ipj 1 (irmlj goi ) and an embedding and linear injection in the trivialization 

Ef- = Uf. x Ef- that intertwine the sections s», 

<t> : 17/, D C/ 901 , : ^ — > S goi . 

For notational convenience we will continue to construct the Kuranishi charts such 
that the domains have a canonical embedding U B k,p /G oa (given by / i— > [/] from 
a local slice B C B k)P ) which identifies the homeomorphism if) : s _1 (0) M\(A, J) 
with the identity on Aii(A, J) C B k,p /G O0 . However, we will not use this ambient 
space for other purposes, since it has no direct generalization in the case of nodal 
curves. In particular, the new domain U goi cannot be constructed as an overlap of 
the domains U f. since only the intersection of the possibly highly singular footprints 
ivatf)f nim^/j C A4i(A, J) has invariant meaning. Indeed, because the bundles E°, E 1 
may be quite different, the intersection [Uf ] D [J7/ x ] C B k,p /Goo may only contain the 
intersection of footprints. Moreover, the domains Uf ,Uf x C B k,p have no relation to 
each other beyond the fact that they are both spaces of perturbed solutions of the 
Cauchy-Riemann equation in a local slice. Hence the Kuranishi chart (i) cannot be 
abstractly induced from the basic Kuranishi charts but needs to be constructed as 
another finite dimensional reduction of the Cauchy-Riemann operator. With such a 
chart given, the transition map ip~^ o iftf. between the zero sets is well defined, but its 
extension to a neighbourhood of if)~^ l {\mif) goi ) C s^. (0) in the domain Uf i also needs 
to be constructed. In fact, the need for this extension guides the construction of the 
chart. 

For the rest of this section we will assume that the Kuranishi chart required in (i) can 



be constructed in the same way as the basic charts in Section 4.1, and explain which 
extra requirements are necessary to guarantee the existence of a coordinate change (ii) . 
The chart (i) will be determined by the following data: 

• a representative goi £ boi]; 

• hypersurfaces Q goi , Q l goi C M and e goi > inducing a local slice B goi C B k ' p ; 
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finite rank subspace E goi C £\ goi such that imD 901 <9j + E goi = £ 



SOU 



• an extension to a trivialized finite rank subbundle V goi x E goi = E 01 := E goi C 
£\y over a neighbourhood V goi C B k,p of B goi . 

The coordinate change (ii) requires the construction of the following for i = 0, 1 

• open neighbourhoods K C !//, of ipj. (imtp goi ); 

• embeddings : M- C/ Soi = C/ S01 and a bundle map (pi : -E/Jv-i — > E goi 
covering (pi and constant on the fibers in a trivialization, such that 

0i o s/. = s 901 o 4j ^. = ^ goi o <Pi. 

In the explicit construction, we have Vi C Ufa C B/ 4 and C/ Soi C i3 goi both identified 
with subsets of B k ' p /G oa , and in this identification the embedding ^ : Vi •— >■ C7 S01 is 
required to restrict to the identity on im ■0 goi C imtpf.. So the natural extension of (pi 
to a neighbourhood of ipT (im.ip gQ1 ) C Ufa should lift the identity on B k,p /Goo- That 
is, with the domains Vi C Ufa still to be determined, we fix (pi to be the transition map 
(3.1.5) between the local slices, 

& := r fi,g i\vi ■ Vi -> ^ 5 oi > / ^ / ° 7/\ 

where 7^ G is determined by /°7? G S 901 . Now in order for (fo(Vi) to take values 
in U goi we must have 

(4.2.1) djf G ^ 9j/ o d 7 ° 1 G ^ O1 | /O7 oi V / G 
In particular for all g G s~ * (0) we must have 

(4.2.2) E°\ goi o o (d^y 1 + E\ oll o (dT, 1 )- 1 C E 01 \ g , 

where 7* G Goo is determined by g o 7* G Bfa and E % C £\y f is the obstruction bundle 

extending Efa. Note here that we at least have to construct E 01 — > B goi as a smooth ob- 
struction bundle over an infinite dimensional slice, since this induces the smooth struc 
ture on the domain U goi = {g G B goi \ djg G E 01 }. (In fact, the proof of Lemma 



4.1.3 



uses the obstruction bundle over an open set in B k ' p .) However, we encounter several 
obstacles in constructing E 01 such that (4.2.2) is satisfied near goi G B goi . 



1.) The left hand side of (4.2.2) involves the pullbacks of (0, l)-forms by the transition 
map T goit fa : B goi — > Bfa between local slices. In fact, it is no surprise that the 
reparametrizations enter crucially, since E° and E 1 are bundles over neighbourhoods 
of the local slices Bf and Bfa respectively, which may have no intersection in B k,p 
at all, although they do have an open intersection in the quotient B k ' p /G 00 . Since 
the transition maps are not continuously differentiable, the pullback bundles 

n**® .= u, eBg01 ^i 9 o 7 jo(d 7 p- 1 

will not be differentiable in general. Thus we must find a special class of obstruction 
bundles, on which the pullback by reparametrizations acts smoothly. 
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2.) Even if the pullback bundles T* f E° and T* f E 1 are differentiate, their fibers 

' v goi Jo 9oi, h ' 

can have wildly varying intersections over B goi . Here the diameter of the local slice 
can be chosen arbitrarily small, but it will always be locally noncompact. So it is 
unclear whether there even exists a finite rank subbundle of £\n that contains 
both pullback bundles. To ensure this we must assume transversality at goi , 

(Ao^)- 1 ° d7 t) n (^Lio^)- Hoi) = {°}- 

If the requirements in 1.) and 2.) are satisfied, then the sum of obstruction bundles 

= U fl6Sff01 K o (d^gr 1 + J o ^r 1 | z/ g E\ olf } 

is a smooth, finite rank sub bundle of £ over a local slice B goi of sufficiently small 
diameter e goi > 0. Under these assumptions, the constructions of Section 4.1 provide 
a Kuranishi chart for a neighbourhood of [goi] G Aii(A, J), which we also call sum 
chart since it is given by a sum of obstruction bundles. Its domain and section are 

%n : ^901 : = {9 S B goi | djg G E 01 } -> E°\ g^ djg, 

and the embedding B goi — > B k,p / Goo of the local slice restricts to a homeomorphism 
into the moduli space, 

^901 : ^(0) -+Mi(A, J), g^[g\. 

Moreover, we already fixed the embeddings 4>i = Ff ugoi and can read off from (4.2.1) 
the corresponding embedding of obstruction bundles 

4>i : E l \f ->■ E 01 \f OJf , i/H-i/od7/. 

Since this should be a constant linear map E^ — > E goi in some trivialization E 01 = 
U goi x E®^, the trivialization map T 01 (g) : E 01 \ g E goi must be given by 

T m (g) : yu^idjl)- 1 ^ y(T\g 01 o 7 iJ^T i (go 7 i)Ao(df q 



/ j v^igi V 901 9 / '901-' 

i=0,l i=0,l 

in terms of the trivializations T l (f) : E l \f ^ Ef. of its factors. In fact, this shows 
exactly what it means for the sum bundle E 01 = T* f E° © F* f E 1 to be smooth. 

J 901,70 ^ 901,71 

We now summarize the preceding discussion in the context of a tuple of N charts 
(Kj = (U f i7 E f., s f^if) jj) i=1 N . Generalizing conditions (i) and (ii) at the beginning 

of this section, we find that if these arise from obstruction bundles E % — > Vf i over 
neighbourhoods of local slices B^, the minimally necessary compatibility conditions 
require us to construct for every index subset I C { 1 , . . . , N} and every element [go] £ 
(~} i&I im ipi C Aii(A, J) in the overlap of footprints 

(i) a sum chart K/ i90 with obstruction space Ej^ go = Y\ iGl Ef { , whose footprint 
im^/ i90 C P| ig/ im?/>/ t is a neighbourhood of [go]; 

(ii) coordinate changes (Kj — > K/ j9o ) . g/ that extend the transition maps V'Zgo ^/*" 
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The construction of a virtual fundamental class [.Mi (.A, J)] vir from a cover by compat- 
ible basic Kuranishi charts (Kj) ._, N in addition requires fixed choices of the above 
transition data, and further coordinate changes K/ j9o — > Kj^ satisfying a cocycle 



condition; see Section 2.6 The main difficulty is to ensure that the sum charts are 
well defined. The details of their construction are dictated by the existence of coordi- 
nate changes from the basic charts. This construction is so canonical that coordinate 
changes between different sum charts exist essentially automatically, and satisfy the 
weak cocycle condition. By the discussion in the case of two charts, the following con- 
ditions on the choice of basic Kuranishi charts (Kj = {U 'f., E 'f i , s /J) N ensure 
the existence of the sum charts (i) and transition maps (ii). 

Sum Condition I: For every i G {1, . . . , TV} let T l {f) : E l \f ^ Ef i be induced by the 
trivialization of the obstruction bundle. Then for every [go] 6 im^ n flj^i im-0j and 
representative go with sufficiently small local slice B go , the map 

Bgo x Eh — > £ 
(g,Ui) (T i ( 5 o 7 p I / i )o(d 7 *r 1 

is required to be smooth, despite the differentiability failure of g \— > g o 7 * . 
An approach for satisfying this condition will be given in the next section. 

Sum Condition II: For every I C {1, . . . ,N} and [g] E f] ieI imijji we must ensure 
transversality of the vector spaces E^| ff0 ( 7 i\-i o d 7 * = (T l (go ( r y t g )~ 1 )~ 1 Ef.) o d 7 * for 
i G /. That is, their sum needs to be a direct sum, 

E^V(7j)- lod 7g = ©£i S o( 7 i)-i°d 7 * C S\g. 

This means that, no matter how the obstruction bundles are constructed for each 
chart, the choices for a tuple need to be made "transverse to each other" along the 
entire intersection of the footprints before transition data can be constructed. 

4.3. Sum construction for genus zero Gromov Witten moduli spaces. 

The purpose of this section is to explain the basic ideas of our project |McW2] of 
constructing a Kuranishi structure for the genus zero Gromov-Witten moduli spaces 
by combining the geometric perturbations of |LiT| with the gluing analysis of [McSJ. 
A natural idea (suggested to us by e.g. Kenji Fukaya, see |FUl Appendix], and Cliff 
Taubes) for dealing with the failure of differentiability in the pullback construction 
for obstruction bundles is to introduce varying marked points so that the pullback by 
^901 J 1 no longer depends on the infinite dimensional space of maps, instead depending 
on a finite number of parameters. For the sum construction of two Kuranishi charts 
(£//;,-• .)»=Q)i arising from finite rank bundles E % — > V/ 4 over neighbourhoods of local 
slices 13^, let us for simplicity of notation work in a slice B goi C B/ so that 7 ° = id. 
Thus we construct the domain of the sum chart as 

U goi = {{g,w) e B goi x (S 2 f\djg G E° + T^E\w = (w ,w r ) e D 01 ,g(w t ) eQ%}. 
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Here Dqi C (S 2 ) 2 is a neighbourhood of w 01 := (w^, Wq±) with w l m = g Q1 (Q^), and 
T w : (7 1— )• g o 7^ is the reparametrization with 

(4.3.1) TujGGoo given by -fj^t) = w l fori = 0,1. 

Observe that, with varying marked points, the map (g,w) 1— > g(w) still only has the 
regularity of g, see Section 3.3 So the above U goi is not cut out by a single smooth 
Fredholm section. However, we may now consider the intermediate thickened solution 
space 

U 901 = {(g,w) G B gol x D Q1 I djg e E° + T^E 1 } c B fo x (S 2 ) 2 , 
where we have not yet imposed the slicing conditions at the points w. Then the domain 
U goi = ev~ 1 (Qj 1 x Qfo) is cut out by the slicing conditions, which use the evaluation 
map on the finite dimensional thickened solution space: 

ev : U goi -> (S 2 ) 2 , {g,w\w l ) ^ (g(w°), giw 1 )). 

To check that this map is transverse to x Q 1 ^ at (#oii ^oi> ^oi)' no ^ e that {^} x 
(TS 2 ) 2 is tangent to the thickened solution space at this point (crucially using the fact 
that the solution space {g \ djg = 0} is Goo-invariant so that there is an infinitesimal 
action at 501)- Moreover, at every point in the local slice g G Bf 1 we have imdtg iti 
T g{ t)Q l h , in particular at 501 lw 01 with imd^^oi lw 01 ) = imd^goi- Moreover, the 
evaluation map is smooth if we can ensure that the thickened solution space U goi C 
C°°{S 2 ,M) x (S 2 ) 2 contains only smooth functions. Continuing the list of conditions 
on the choice of summable obstruction bundles from the previous section, this adds the 
following regularity requirement. 

Sum Condition III: The obstruction bundles E % C £|-p need to satisfy regularity, 

djge^KE 1 => geC°°(S 2 ,M). 
By elliptic regularity for dj, this holds if E l \ wi)Pr ^ j G W £ ' p n £ for all I G N, or 
in terms of the trivializations T l (f) : E\ — > Ef i if the elements of Ej i are smooth 
1-forms in £\f i and 

/ G W l ' p => imf(/) C W £ ' p . 

This means that sections of E l are lower order, compact perturbations for dj, i.e. 
they are sc + in the language of scale calculus [HWZlJ. 

Finally, we need to ensure smoothness of the thickened solution space U goi , which can 
be viewed as the zero set of the section 

B goi x Ah — »• £/{E° + Y*E l ), (g,w) .— ► djg. 

Here the form of the summed obstruction bundle, 

r*^ 1 = u KE 1 — > B goi x D 01 , 

w&(S 2 ) 2 

(r*^ 1 )!^) = {vod 1 ^\ 1 jt) = w \v £E l \ goiyL ), 
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is dictated by fixing the natural embedding <f>\ : Ufa n G OQ U goi — > U goi given by / h-> 
(/ ° 7/ 1 >7/(°),7/( 1 ))) where / o 7J 1 G B goi . Its inverse map is (g,w) i-> 5 o 7^, which 
maps to a neighbourhood of jB^. While the extension of E 1 to a neighbourhood of 
Bft C B k,p so far was mostly for convenience in the proof of Lemma 



4.1.3 



it now 

becomes crucial for the construction of this "decoupled sum bundle". In fact, as in 
that lemma, we will also extend E goi = E° + r*^ 1 to a neighbourhood V goi of B goi 
to induce the smooth structure on U goi . With this setup, Sum Condition I becomes 
smoothness of the map involving the trivialization T' 1 (/) : E l (f) — > Efa, 

(4.3.2) V gol x D 01 x E fl — > 8, (g,w, v) .— ► (T\g o 7^) „) o d 7 ^. 

This still involves reparametrizations (g,j w ) ^ g 7«o which are not differentiable in 
any Sobolev topology on V 501 , since w G -D01 and thus 7^ is allowed to vary. Thus the 
compatibility of Kuranishi structures requires a very special form of the trivialization 
T , i.e. very special obstruction bundles E l . 

Geometric construction of obstruction bundles: To solve the remaining differ- 
entiability issue, we now follow the more geometric approach of |LiTj and construct 
obstruction bundles by pulling back finite rank subspaces 

(4.3.3) E? C C^Hom^S 2 , M)) 

of the space of smooth sections of the bundle over S 2 x M of (j, J)-antilinear maps 
TS 2 — > TM. Given such a subspace and a neighbourhood V/ 4 of a local slice, we hope 
to obtain an obstruction bundle 

(4-3.4) E? := U/^.-Mgraph/ \ueE i } C 8]^ 

by restriction to the graphs H graph / G 8 \f = W k ~ ltP (S 2 , A ' 1 f*TM) given by 

digraph f(z) = U(z,f(z)) G HoiUj' 1 (T^S* 2 , TftyM) . 

The disadvantage of this construction is that we need to assume injectivity of the map 

E % 3 V H> ^|g r aph/ G S\f 

for each / G Vf i to obtain fibers of constant rank. On the other hand, the inverse 
trivialization of the obstruction bundle 

graph / 

is now a smooth map, satisfying the regularity requirement in Sum Condition III, since 
on the finite dimensional space E l consisting of smooth sections the composition on the 
domain with / G V/. C W k < p (S 2 ,M) is s mooth. In fact, the pullback T*^ 1 in flUOj ) 
now takes the special form, with j w from ( 4.3. 1| ) , 

(g,W,u) !->■ 7* ^Igraphg, 7>( Z ' x ) = ^W^) ^^ 
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This eliminates composition on the domain of infinite dimensional function spaces. 
Indeed, we now have 

7>lgraphg(z) = I/fr" 1 (z) , g( Z ) ) o d^" 1 , 



whose derivatives in the directions of g and w take forms that, unlike (3.1.2), do not 
involve derivatives of g. Moreover, we will later make use of the special transformation 
of these obstruction bundles under the action of 7 G Goo, 

(4.3.5) 7>lgraph 9 °d7 = ^(7«; 1 °7(-) 5 5 ro 7(-)) °d7^ lo d7 = (7 _1 o Ty;)* H graph 3 o 7 - 

Thus we have replaced Sum Conditions I— III, including the highly nontrivial smoothness 
requirement in the previous section, by the following requirement for the compatibility 
of the geometrically constructed obstruction bundles. 

Sum Condition I': For every i G {1, . . . ,N} the obstruction bundle E l C £\y f *s 
given by (4.3.4) from a subspace E % C C°°(H.omj (S 2 , M)) such that 

E l ->■ £\f, v (->■ ^|g m ph / is injective V / G V/ 4 . 

Sum Condition II': For every I C {1,...,N}, [g] G f] ieI imipi with representative 
g G Bf t for some i$ 6 I, and marked points G Di i C (S 2 ) 2 in neighbourhoods 
of (g -1 (Qj .))t=o,i resp. Di i = {(0,1)}, we must ensure linear independence of 
{iw- ui I graph g \ v% G -E*} for i E I. That is, their sum must be a direct sum 

^{7;/lgra P h s I V 1 G E'} = 0{7;^igra P h 9 | ^ G &} C S\ g . 
iei iel 

Satisfying these two conditions always requires making the choices of the obstruction 
spaces E % "suitably generic" . If they are satisfied, then they provide a construction of 
sum charts and coordinate changes as we will state next. At this point, we can also 
incorporate a further requirement from Section 2.6 into the compatibility condition 
(i) for a tuple of charts (Kj)j = i v .. i Ar by constructing a single sum chart K/ iSo = K/ 
for each / C {1, . . . ,N}, whose footprint is the entire overlap of footprints Fj := 
imipj = f] i&I iim/ji. Moreover, we construct coordinate changes between any pair of 
tuples I, J C {1, . . . , iV} with nonempty overlap F/ n Fj 7^ that are, up to a choice 
of domains, directly induced from the basic charts. Thus our construction naturally 



satisfies the weak cocycle condition, i.e. equality on overlap of domains as in Section 2.6 



Note here that J C {1, . . . , iV} has a very different meaning from the almost complex 
structure which determines the Gromov-Witten moduli space Aii(A, J). To avoid 
confusion, we will sometimes abbreviate d := dj. 

For the construction of sum charts, we will moreover make the following simplifying 
assumption that all intersections with the slicing hypersurfaces are unique. This can 
be achieved in sufficiently small neighbourhoods of any holomorphic sphere with trivial 
isotropy, see Remark 3.1.3| 

Sum Condition IV': For every i G {1, . . . ,N} we assume that the representative [fi], 
slicing conditions Q l f., size e > of local slice Bf i} and its neighbourhood Vf i C B k,p 
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are chosen such that for all g G Vf i and t = 0, 1 the intersection g~ 1 (Q t j-.) ='■ {wj{g)} 
is a unique point and transverse, i.e. imd w t^g rti T^t^Qj. . 

Then the same holds for g G G OQ Vf i . Hence for any i$ G / C {1, . . . , N} the local 
slice Bf iQ embeds topologically (as a homeomorphism to its image, with inverse given 

by the projection Bf iQ x (5 2 ) 2 ' / ' — > Bf iQ ) into a space of maps and marked points by 
(4.3.6) ko>I : B fiQ — ► fl** x (S 2 ) 2 I'I 

<? ^ wfo) := (»~ 1 (0/ i )) ie /,t=o J i- 

Note that the elements of imtj 0j _r have the form (g,w(g) = (Wi)iel) with w iQ = (0, 1). 
In the following we denote by w = (w.i)iei £ (S" 2 ) 2 ' 7 ' any tuple of = (w®,w}) G 
S 2 x S* 2 , even if it is not determined by a map g. Then "Vi,i" will be shorthand for 
"Vi G J,t G {0,1}". 

Theorem 4.3.1. Suppose that the tuple of basic Kuranishi charts 

(Ki = (U fi ,E fit s fv 1> fi )) i=1 ^ N 
is constructed as in Proposition 4-l-4\ f rom local slices Bj i and sub spaces 

that induce obstruction bundles E l over neighbourhoods Vr d C B k ' p of Bf.. Assume 
moreover that this data satisfies Sum Conditions I', II', and IV'. Then for every index 
subset I C {1, . . . , N} with nonempty overlap of footprints 

F, := a e /imVi + 
we obtain the following transition data. 

(i) Corresponding to each choice of iq £ I and sufficiently small open set 

m >i0 c (B k * x (SY 11 ) n {(g,w) \w i0 = (0,1)} 

that covers a neighbourhood of the footprint Fj in the sense that 
{(g,w) G m, i0 \djg = 0, g( W j) G Q%, Vi,t} = ^/(^(Fr)) 

there is a sum chart K/ := K/ ; j u>zi/i 

• domain 

Uj := {{g,W_) G VW /)i0 \djg G Efc/^^, <?K*) G Q%, Vi,i}, 

• obstruction space Ej := Hie/^*' 

• section si : Uj — )• F/, (<?,u0 h-» given by 

9jg = Eie/ 7^ digraph 9 , 

• footprint map ipi : sj 1 ^) ^ Fj, (g,w) h-» [5]. 

(ii) For every I C J and choice of iq G /, jo & J as above, a coordinate change 

: K/ — > Kj is given by 
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(4.3.7) 



• a choice of domain Vjj C\Uj such that 

V IJ n S J 1 (0)=^J 1 (Fj), Vjj C L l(hI (T fjoJio U 



.10 



with the embeddings (4.3.6) and the reparametrizationT f J0 j iQ '■ £>/ j( 
as in (3.1.5), 

embedding faj := i jo>J o T fio j n o t~ l I; that is^' 



B 



: V, 



U 



j, (g,w)^(r fioJjo (g),(g l (Q%)) jeJ ,t=o,i) , 



• linear embedding 4>u : Ej » Ej given by the natural inclusion. 
Moreover, any choice of io G I and open sets Wi i for each Fj ^ 0, and domains 
Vjj for each Fj n Fj ^ forms a weak Kuranishi structure (Kj, in t/ie sense of 
Definition 6.2.1: in particular satisfying the weak cocycle condition 

4>JK ° <fiu = 4*1 K on Vj K n 4>j}(Vj K )- 



Proof. The sum charts K/ will be constructed as in Proposition 4.1.4 In fact, let us 
begin by showing that the necessary choices of neighbourhoods in (i) always exist. Since 
Fj C Mi (A, J) is open and ipi is a homeomorphism to sjr (0) C Ui cS/. , there exists 
an open set B I;io C Bf iQ such that B Ijio n s^(0) = {g G B/ )iQ | djg = 0} = ip~^(Fi). 
Next, since i/^ is an embedding to £> fe ' p x {(wj G (S 2 ) 2 ' 7 ' | = (0, 1)}, it contains 

an open set W/,i such that Wj,i n imt/^ = Li 0i i(Bi^ ). Together, this implies the 
requirement in (i). Note moreover that elements (g,w) G imij 0j / satisfy g{w\) G Q l j. 

and hence W/^g can be chosen such that g{w\) lies in a given neighbourhood of the 
hypersurface Q^. near fi{t) for any (g,w) G Wj,^. 

Next, note that Sum Condition II' is assumed to be satisfied for g G if>^ (Fj) C Bf { , 
and hence continues to hold for (g, (u^)) G Wi,i in a sufficiently small neighbourhood 
of ti 0j j(ip~ 1 (Fj)). Thus we obtain a well defined bundle 



(4.3.8) 



c £\ 



9- 



In order to construct a Kuranishi chart Kj with footprint i*j from Ej along the lines 
of Proposition 4.1.4 we need to express the domain Uj as t he zero set of a smooth 

that C°°{S 2 ,M) x S 2 B 



3.3 



transverse Fredholm operator. Recall here from Section 

(g,wj) 1 — y g( w l) G M is not smooth in any standard Banach norm. Hence we first 
construct the thickened solution space 

Uj := {(g,w) G Wi, io j djg G 
which is the zero set of the smooth Fredholm operator 



m,i 



u 

(9,m) 



Ei\{ g ,wy 



{g,w) 



djg}. 



10 



This map also equals (f>u (g, («4)is/,t=o,i) = (ff°7:(7 1 («4))ie/,t=o,iU(5' 1 (Q/ 3 )) J GJv/,t=o,i ), 



where 7 = 7t» — 7g G Goo is determined by Ff io ,ff (g) — 9 7s or equivalently 73^ (i) = u>j Vt. 
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We can achieve transversality of this operator by choosing Wn to be a sufficiently small 
neighbourhood of ^/(^^(-F/)), since dj is transverse to £/E l ° over ^^(Fj) C V/ iQ , 
and for (g,w) G H ,i{^{Fi)) we have E l °\ g C Ej\ 

Finally, the domain Ui C Uj is the zero set of the map 

(4-3.9) Uj n((T /l( o)Q /! ) ± x(T /i{1) Q}j^), 

16/ 

(<?,™) — ► nKo^.n^gK 1 ))), 

iel >i 

which is well defined for sufficiently small choice of W/ 5 i , such that the g(wj) lie 
in the domain of definition of the projections ni t . Moreover, this map is smooth, 

since by the regularity in Sum Condition III (which is satisfied by construction) we 
have Uj C C°°{S 2 ,M). To see that it is transverse, it suffices to consider any given 
point (g,w) G ij 0i /(^~ 1 (i ? /)), since transversality at these points persists in an open 

neighbourhood, and then Wj,i can be chosen sufficiently small to achieve transversality 
on all of Ui. At these points we understand some parts of the tangent space T( 9/lu )[/j 
because {(/, v) G VVi,i | djf = 0} is a subset of Ui which contains H ,i{'4 ! ^'{Fi)). 
Hence we have {6g,{5wi)i^i) G T( 9/lu )C7/ for any 5g G kerD 9 <9j and Swi G T^S* 2 ) 2 
with 5wi = 0. In particular, we have Tg^G^g) x {0} C T^ g w ^Ui since {(/, v) G 
Wi,io I ®jf = 0} is invariant under the action 7 : (f,v) (f 7, v) of {7 sa id} C Goo, 
unlike the thickened solution space Uj itself. (Neither space is invariant under the 
more natural action (f,v) 1— > (/°7,7 _1 (^)) that will be important below, since at the 
moment w_ i(j is fixed.) 



Now the io component of the linearized operator of (4.3.9) at any point simplifies, 
since the marked points w\ = t are fixed, to 

(4.3.10) T{ g ,w)Ui 9 [6g,(S Wi ) iEl ) ^ [dnL ^(0),dIT^ 5g(l)). 

At points with djg = 0, its restriction to Tg^Goog) x {0} C Tr gtW \Ui is surjective by 
the same argument as in Proposition 4.1. 4[ which uses the fact that \mdtg projects 
onto (Tf io (^Q^. ) ± by the construction of the local slice Bf iQ at g « fi . Next, the 

j G J\{io} component of the linearized operator for fixed 5g is 



(4.3.11) T (Sj ^C/ 7 B [Sg,(Swi) ieI ) ^ (dn^ (6g(wt) + d w tg(6w_ 



t=o,i 



We claim that this is surjective for any given 5g C T g (G OQ g) (given by the surjectivity 
requirements for io), just by variation of Swj. Indeed, for (g,w) G Li (h j (Fj)) we 
have (dg,(Swi)i e i) G T( g ,w)Ui for any Sg C TglG^g) and 5wi G T Wt (S 2 ) 2 . Moreover, 
we have imd^tf? = imdt(<jf 07^), which projects onto (T f.^Q^,) 1 - by the construction 
of the local slice Bf. at go j w ~ fj. This proves surjectivity of ( |4.3.11 ) for j ^ io by 
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variation of Swj, and together with the surjectivity of(4.3.10) by variation of 5g proves 
transversality of (4.3.9) for sufficiently small Wi,i - 

Now that the domain J7j is equipped with a smooth structure, we can construct a 
Kuranishi structure K/ as in Proposition 4.1.4| by pulling back the smooth section 

sr.Ui -> Ei\uj, (g,w) i-> djg 

to the trivialization Ej\u I = Uj x Ej given by construction of the sum bundle. The 
induced homeomorphism 

V>j: sj\0) A Fj C Mi(A,J), (g,w) t-> [g] 

maps sj 1 ^) C imz.j 0i 7- to the desired footprint since we chose the neighbourhoods W/,^ 
and Bi ;io := t~*/(>Vj,i ) C B/^ such that 

^/(^(O)) = pr^^-^O))) = P r(^ / (W / , )n5 J " 1 (0)) = pr^F/)) = Fj, 

where pr : — )• B k ' p /G OQ denotes the quotient. This finishes the construction for (i). 

To construct the coordinate changes, we can now forget the marked points, which 
were only a technical means to obtaining smooth sum charts. For that purpose fix a 
pair iq G / and note that the forgetful map 11/ : B k,p x (S 2 ) 2 ' 7 ' — > B k,p is a left inverse 
to the embedding tj 0> j : Bf iQ £> fe,p x (S" 2 ) 2 ' 7 ' from ( |4.3.6 ), whose image contains the 

smooth finite dimensional domain Uj C C°°(S 2 ,M) x (S 2 ) 2 ^'. Hence it restricts to a 
topological embedding to a space of perturbed holomorphic maps in the slice, 

(4.3.12) n z | % : £// — ► B />i0 := {g G H /iQ | 3 M G (S 2 ) 2 !'! : (<?,u,) G Uj] 

= {d £ &i,i | ^JS' e ^/l{s,j«(a))}- 
In fact, this is a smooth embedding since the forgetful map is smooth and we can check 
that the differential of the forgetful map 11/ 1^ is injective. Indeed, its kernel at (g,w) 
is the vertical part of the tangent space Ti gjW \Ui n ({0} x T^(5' 2 ) 2 I / I) , which in terms 
of the linearized operators (4.3.11) is given by the kernel of 

T W (SY 11 3 (5wt) ieI ,t=o,i —> k K) n^ (d w tg(6wf))) . G n '^tfi- 

\ i/l % J W f .\ , / y ie /,t=0,l ie /, t = ,l 

This operator is injective (and hence surjective) since by Sum Condition IV' 

(imd w tg) rti (T^tQ}.) =kerd ff( t) n^ t 

Thus Li i : Bj t i — >• C/j is a diffeomorphism, and since it also intertwines the Cauchy- 
Riemann operator on the domains and the projection to Ai\(A, J), this forms a map 

U I)io := (H/I^.id^) : K/ — ► Kf , 

from the sum chart K/ = ( Ui , U( ff ,«,)s!7j > Si(g,w) = djg , ipi(g,w) = [g] ) to 

the Kuranishi chart 

Kf := (B IAo , UgeBj^EihgMg)) ' = , V>(sO = [#])• 
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(Here we indicated the obstruction bundles before trivialization to Ej.) The inverse 
map n7i := { L io,h^Ez) is also a map between Kuranishi charts, and both are coor- 
dinate changes since the index condition is automatically satisfied when (ftjj and <f>u 
are both diffeomorphisms. Indeed, in this case, both target and domain in the tangent 
bundle condition (5.2.1) are trivial. 

Next, we will obtain further coordinate changes $f wo : (-B/,i > • • •) — ^ (Bi,j , • • •) for 
different choices of index io,Jo S I. Here the choices of neighbourhoods W/,, induce 
neighbourhoods in the local slices Bj : , C Bf m such that Bj , := {g G Bf m | djg G 
EA 

(g,w{g)) } • These domains are intertwined by the transition map bet ween lo cal slices 
Tf- o j jo . Indeed, using the Goo-equivariance of the obstruction bundles (4.3.5), we have 

dj9 = Eiei 74(a) digraph S 9j(g 07) = £\ g/ 7^(307) digraph 307, 

where 7" 1 o 7^. = 7*^(307) since 7~ 1 (7w i ( i )) = 7 _1 ( w i) = w \{9 7)- Thus we obtain 
a well defined map Tf iQ j. Q : Bf^ Q n GocBij — > -B/ j0 . It is a topological embedding 
with open image, since its inverse is T j jn j t \ Bj jn nG ^Br^. ■ I n fact, it is a local diffeo- 
morphism since both maps are smooth by Lemma 3 .1A\ The above also shows that 
this diffeomorphism intertwines the sections, given by the Cauchy-Riemann opera- 
tor, and the footprint maps, given by the projection g \-t [g] G A4i(A, J). Since the 
index condition is automatic as above, we obtain the required coordinate change by 

®iojo := ( T fi >fio ' idE i ) with domain B I,io n G ooB IJo C B I>io . 

With these preparations, a natural coordinate change for / C J and any choice 
of iq G /, jo G J arises from the composition of the above coordinate changes (all 
of which are local diffeomorphisms on the domains) with another natural coordinate 
change : (Bij , ...)—> (B j J0 , . . .) given by the inclusion 

4°J :=ic K : B lM r\B JJo ^ B JJo . 
Again, this naturally intertwines the sections and footprint maps with 

s j\o)nB l!:io nBjj = ^j\Fj). 

To check the index condition for this embedding together with the linear embedding 
4> J j°j := id-Ej ■ Ej Ej we express the tangent spaces to both domains in terms of 
the linearization of the Cauchy-Riemann operator on the local slice d : Bj —> £|,Bj - 
Comparing 

as subsets of r ^ g Bf J , we can identify 



to see that the linearized section (given by the linearized Cauchy Riemann operator 
together with the trivialization of obstruction bundles) satisfies the tangent bundle 
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condition (15.2.1 ) 



{ T 9 B I,jo) 



9 



^1(9,(^(9))^./) 



E l\(9,(v>ii9))iei)' 



Finally, we can compose the coordinate changes to 



By Lemma 5.2.4 this defines a coordinate change with the maximal domain 

which we can restrict to any smaller choice of Vjj containing i^J 1 (Fj). The linear 
embedding, after the fixed trivialization of the bundle, is the trivial embedding <pjj : 
Ei Ej, whereas the nonlinear embedding <pu := o r f iQ ,f jo tj ,j ■ Vu — >• Uj of 
domains is given by the restriction to Vu of the composition 



r> r-, n n L fi O' f io , n ^ k> "^P n N 



Ui < — 5 B/^g n GooBjjq — - — > Bij n Bjj = — > Bjj ^—^ Uj. 

This completes the proof of (ii) . Finally, the cocycle condition on the level of the linear 
embeddings 4>u holds trivially, whereas the weak cocycle condition for the embeddings 
between the domains follows, since iJ Q j o Lj 0i j = id^^ from the cocycle property of 
the local slices, 



This completes the proof of Theorem 4.3.1 □ 



Note that we crucially use the triviality of the isotropy groups, in particular in the 
proof of the cocycle condition. Nontrivial isotropy groups cause additional indeter- 
minacy, which has to be dealt with in the abstract notion of Kuranishi structures. 
The construction of Kuranishi structures with nontrivial isotropy groups for Gromov- 
Witten moduli spaces will in fact require a sum construction already for the basic 



Kuranishi charts. We will give a more detailed proof of Theorem 4.3.1 in [McW2] 



where we will also treat nodal curves and deal with the case of isotropy or, more gen- 
erally, nonunique intersections with the hypersurfaces Q^. . Further, we will show that 
Sum Conditions I' and II' can always be satisfied by perturbing and shrinking a given 



set of basic charts. Finally, in the language of Section 2.6, note that the Kuranishi 
charts and transition data that we construct only satisfy the weak cocycle condition. 
However, our obstruction bundles are naturally additive. Therefore we obtain an ad- 



ditive weak Kuranishi structure. As we show in Theorem 6.2.6| and Section [7j this is 



precisely what we need to define the virtual fundamental class [.Mi (.A, J)] 



virt 



Remark 4.3.2. (i) The actual idea behind the choice of local slice conditions and 
the introduction of further marked points is of course a stabilization of the domain in 
order to obtain a theory over the Deligne-Mumford moduli space of stable genus zero 



51 



DUSA MCDUFF AND KATRIN WEHRHEIM 



Riemann surfaces with marked points. So one might want to rewrite this approach in- 
variantly and, when summing two charts for example, work over the Deligne-Mumford 
moduli space with five marked points instead of taking the points (oo, 0, 1, w®, wj). 
When properly handled, this approach does give a good framework for discussing co- 
ordinate changes. However one does need to take care not to obscure the analytic 
problems by introducing these further abstractions and notations. Moreover, this ab- 
straction does not yield another approach to constructing the coordinate changes. If 
there is a rigorous approach using the Deligne-Mumford formalism, then in a local 
model near (oo, 0, 1, w^, w^), it would take exactly the form discussed above. 

(ii) The abstraction to equivalence classes of maps and marked points modulo auto- 
morphisms becomes crucial when one wants to extend the above approach to construct 
finite dimensional reductions near nodal curves, because the Gromov compactification 
exactly mirrors the construction of Deligne-Mumford space. While we will defer the de- 
tails of this construction to [McW2] . let us note that the genus zero Deligne-Mumford 
spaces are defined by equivalence classes of pairwise distinct marked points on the 
sphere. Hence we will need to make sure that the marked points w ,?!) 1 G S 2 that 
we read off from intersection with the hypersurfaces , are disjoint from each 
other and from oo,0, 1. Thus, in order to be summable near nodal curves, the basic 
Kuranishi charts must be constructed from local slices with pairwise disjoint slicing 
conditions Q*.. 

(iii) In view of Sum Condition II' and the previous remark, one cannot expect any 
two given basic Kuranishi charts to have summable obstruction bundles and hence 
be compatible. This requires a perturbation of the basic Kuranishi charts, which is 
possible only when dealing with a compactified solution space, since each perturbation 
may shrink the image of a chart. 

(iv) This discussion also shows that even a simple moduli space such as M\ (A, J) does 
not have a canonical Kuranishi structure. Hence the construction of invariants from 
this space also involves constructing a Kuranishi structure on the product cobordism 
Mi(A, J) x [0, 1] intertwining any two Kuranishi structures for A4\(A, J) arising from 
different choices of basic charts and transition data. Note here that one could construct 
basic charts of the "wrong dimension" by simply adding trivial finite dimensional factors 
to the abstract domains or obstruction spaces. A natural and necessary condition for 
constructing a well defined cobordism class of Kuranishi structures with the "expected 
dimension" for j\Ai(A, J) is the following Fredholm index condition for charts 
pointed out to us by Dietmar Salamon: 

Each Kuranishi chart must in some sense identify the kernel kerds^ and cokernel 
(imds/J -1 " of the finite dimensional reduction with the kernel modulo the infinitesimal 
action kev df t d j /Tf-iGoofi) and cokernel (im.df .dj) 1 - of the Cauchy-Riemann operator. 

In fact, one might argue that this identification should be part of a Kuranishi struc- 
ture on a moduli space. However, this would require giving the abstract footprint of 
a Kuranishi structure more structure than that of a compact metrizable topological 
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space, in order to keep track of the kernel and cokernel of the Fredholm operator that 
arises by linearization from the PDE that defines the moduli space. Whether the in- 
dex condition picks out a unique cobordism class of Kuranishi structures on X is an 
interesting open question. 

(v) The Fredholm index condition for Kuranishi charts, once rigorously formulated, 
should imply that any map between charts which satisfy the index condition should also 



satisfy the index condition for coordinate changes in Definition 5,2.l| (a reformulation 
of the tangent bundle condition introduced by Joyce). Conversely, a map between 
charts that satisfies the index condition for coordinate changes should also preserve 
the Fredholm index condition for charts. More precisely, if $jj : K/ — > Kj is a map 
satisfying the index condition, and one of the charts K/ or Kj satisfies the Fredholm 
index condition, then both charts satisfy the Fredholm index condition (pending a 
rigorous definition of the latter) . 

5. Kuranishi charts and coordinate changes with trivial isotropy 

Throughout this chapter, X is assumed to be a compact and metrizable space. This 
section defines Kuranishi charts with trivial isotropy for X and coordinate changes 
between them. The case of nontrivial isotropy is a fairly straightforward generalization 
using the language of groupoids, but the purpose of this paper is to clarify fundamental 
topological issues in the simplest example. Hence we assume throughout that the charts 
have trivial isotropy and drop this qualifier from the wording. Our definitions are 
motivated by Fukaya-Ono |FO| . An additional reference is Joyce [3J. Differing from 
both approaches, we work exclusively with charts whose domain and section are fixed, 
rather than with germs of charts as discussed in Section |2.5| We moreover restrict 
our attention to charts without boundaries or corners. Fukaya-Oh-Ohta-Ono |FOOQl 
App. A] also dispenses with germs and uses essentially the same basic definitions. 
However, our interpretation in terms of categories and insistence on specifying the 
domain is new, as are our notion of Kuranishi structure in Section [6] and construction 
of the virtual fundamental class in Section 

5.1. Charts, maps, and restrictions. 

Definition 5.1.1. Let F C X be a nonempty open subset. A Kuranishi chart for X 

with footprint F is a tuple K = (U, E, s,ip) consisting of 

• the domain U , which is an open smooth k- dimensional manifold; 

• the obstruction space E, which is a finite dimensional real vector space; 

• the section U — ^ U xE,i 4 (x,s(x)) which is given by a smooth map s : 
U ->• E; 

• the footprint map tp : s _1 (0) — > X, which is a homeomorphism to the foot- 
print ijj(s~ 1 (0)) = F. 

The dimension o/K is dimK := dim £7 — dvaiE. 

More generally, one could work with an obstruction bundle over the domain, but 
this complicates the notation and, by not fixing the trivialization, makes coordinate 



56 



DUSA MCDUFF AND KATRIN WEHRHEIM 



changes less unique. In the application to holomorphic curve moduli spaces, there 
are natural choices of trivialized obstruction bundles. The section s is then given 
by the generalized Cauchy-Riemann operator, and elements in the footprint are J- 
holomorphic maps modulo reparametrization. 



We can also think of a basic Kuranishi chart in terms of groupoids, cf. Section 2.6 
Although it may seem unnecessary here, the language of categories and functors will 
be useful when we come to define Kuranishi structures. It is also a natural setting in 
which to consider isotropy. We use it throughout to guide our choice of definitions. 

Definition 5.1.2. Given a Kuranishi chart K = (U, E, s, tp) for X, we define the 
domain groupoid U to have space of objects Obju := U and only identity morphisms, 
i.e. Moru := U. Similarly, we define the obstruction groupoid XJ x E to have space 
of objects U x E and only identity morphisms. 

The rest of the structure in a Kuranishi chart can be interpreted in terms of this 
categorical language as follows. 

• We may view s : U — > E as a section of the bundle U x E — > U, i.e. a functor 
U — > U x E which acts by smooth maps on the spaces of objects and morphisms, 
and whose composite with the projection pr : U x E — > U is the identity. 

• We may consider tp : s _1 (0) ->Iasa functor from the full subcategory of U with 
objects s _1 (0) to the topological category X, which has X as its space of objects 
and only identity morphisms. 

Since we aim to define a regularization of X, the most important datum of a Kuranishi 
chart is its footprint. So, as long as the footprint is unchanged, we can vary the 
domain U and section s without changing the chart in any important way. Nevertheless, 
we will always work with charts that have a fixed domain and section. In fact, our 
definition of a map between Kuranishi charts crucially involves these domains. The 
following definition is very general (and works equally well for charts with isotropy); 
the actual coordinate changes involved in a Kuranishi structure will be a combination 
of a restriction, as defined below, and a map that satisfies an extra index condition. 

Definition 5.1.3. Let K and K' be Kuranishi charts for X . A map $ : K — > K' 

is a faithful functor <I> : U x E — > U' x E' with image a full subcategory and of the 
form $ = $ x </i, where (j) : E — >■ E' is a linear map and $ : U — > JJ' is a functor that 
on objects is a smooth embedding] on morphisms. Moreover the following diagrams 
commute. 

Ux£ A UxE s-^O) A s'-^O) 

(5.1.1) t* f s ' IV IV>' 

u A u' x A x 



11 In our context, an embedding will always be a smooth injective map (j> from one open subset 
V C U in a manifold to another not necessarily open subset (fi(V) C U' in a manifold of possibly larger 
dimension. In particular, <f>(V) is a smooth submanifold of U' with tangent and normal bundles, and 
cp' 1 : 4>{V) — > V is smooth. 
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Lemma 5.1.4. A map : K — > K' between Kuranishi charts is uniquely determined 
by an embedding cj) : U —> U' and a linear injection (j) ■ E —> E' such that 

(i) the embedding restricts to 0| s -i(o) = ip'~ 1 otp : s -1 (Q) — > s (0), the transition 
map induced from the footprints in X ; 

(ii) the embedding intertwines the sections, s' o <f> = <j)o s, on the entire domain U . 

Proof. This holds because the only morphisms are identity morphisms. □ 

The dimension of the obstruction space E typically varies as the footprint F C X 
changes. Indeed, the maps (j), <p need not be surjective. However, as we will see in 



Definition 5.2.1, the maps allowed as coordinate changes are carefully controlled in 
the normal direction. Since we only defined maps of Kuranishi charts that induce an 
inclusion of footprints, we now need to define a notion of restriction of a Kuranishi 
chart to a smaller subset of its footprint. 

Definition 5.1.5. Let K be a Kuranishi chart and F' C F an open subset of the 
footprint. A restriction of K to F' is a Kuranishi chart of the form 

K' = K\u< := [U' , E' = E , s' = s\ v > , tp' = ^L'-i(o) ) 

given by a choice of open subset U' C U of the domain such that [7'ns~ 1 (0) = ip~ 1 (F'). 
In particular, K' has footprint ^'(s'" 1 ^)) = F' . 

A pruning of K is a restriction to F' = F, that is a Kuranishi chart K' = K|[// 
given by a choice of neighbourhood U' C U of s _1 (0). 

The following lemma shows that we may easily restrict to any open subset of the 
footprint. At this point, the theory of Kuranishi structures with nontrivial isotropy 
becomes considerably more complicated and requires the notion of charts whose do- 
mains are groupoids, rather than global quotients. Hence we deferred these notions 
to |McWl| . Here we moreover provide a tool for restricting to precompact domains, 



which we require for refinements of Kuranishi structures in Sections 6.3 and 7.1 Here 
and throughout we will use the notation V' C V to mean that the inclusion V' V 
is precompact. That is, cly(V) is compact, where ch/(V) denotes the closure of V' 
in the relative topology of V. If both V' and V are contained in a compact space X, 
then V' C V is equivalent to the inclusion V := clx(V') C V of the closure of V' with 
respect to the ambient topology. 

Lemma 5.1.6. Let K be a Kuranishi chart. Then for any open subset F' C F there 
exists a restriction K' to F' whose domain U' is such that U' fl s _1 (0) = ip^ 1 (F'). If 
moreover F' C F is precompact, then U' can be chosen to be precompact. 

Proof. Since F' C F is open and ip : s" 1 ^) ~> F 

is a homeomorphism in the relative 
topology of s _1 (0) C U, there exists an open set V C U such that ip~ 1 (F') = [7'ns _1 (0). 
If F' C F then we claim that U' C V can be chosen so that in addition its closure 
intersects s -1 (0) in tp~ 1 (F'). To arrange this we define 

U' := {x <EV\d(x,il)~ 1 {F')) < dix^^iF^F'))}, 
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where d(x, A) := inf a6j 4 d(x, a) denotes the distance between the point x and the subset 
A C U with respect to any metric d on the finite dimensional manifold U. Then U' 
is an open subset of V. By construction, its intersection with s -1 (0) = r 4>~ 1 {F) is 
Vr\i>~ 1 {F') = ip" 1 ^'). To see that TTDs' 1 ^) C ^(F 7 ), consider a sequence x n G U' 
that converges to Xoo G 4>~ l (F). If Xoo G ^~ 1 (F\F') then by definition of U' there 
are points y n G ip~ 1 (F') such that d(x n ,y n ) < d(x n ,Xoo)- This implies d(x n ,y n ) — >■ 0, 
hence we also get convergence y n — >■ Xqo, which proves Xqo G ip~ l {F') = tp^ 1 (F'), 
where the last equality is by the homeomorphism property of ip. Finally, the same 
homeomorphism property implies the inclusion ip~ 1 (F') = ip^ 1 {F') C U' Pi s _1 (0), 
and thus equality. This proves the first statement. The second statement will hold 
if we show that when F is precompact, we may choose V, and hence U' C V to be 
precompact in U. For that purpose we use the homeomorphism property of ip and 
relative closedness of s _1 (0) C U to deduce that V -1 ^') C [7 is a precompact set in 
a finite dimensional manifold, hence has a precompact open neighbourhood V □ U. 
To see this, note that each point in ip~ 1 (F') is the center of a precompact ball, by 
the Heine-Borel theorem; and a continuity and compactness argument provides a finite 
covering of ip~ 1 (F') by precompact balls. □ 

5.2. Coordinate changes. 

The following notion of coordinate change is key to the definition of Kuranishi struc- 
tures. It involves a special kind of map from an intermediate chart that is obtained 
by restriction. Here we begin using notation that will also appear in our definition of 
Kuranishi structures. For now, K/ = (Ui,Ei,si,ipi) and Kj = (Uj, Ej, sj,ipj) just 
denote different Kuranishi charts for the same space X. 




Figure 5.2.1. A coordinate change in which dim Uj = dim Ui + 1. 
Both Uij and its image 4>(Uu) are shaded. 

Definition 5.2.1. Let K/ and Kj be Kuranishi charts such that FjdFj is nonempty. 
A coordinate change from K/ to Kj is a map <& : K.i\ujj — > Kj, which satisfies the 
index condition in (i),(ii) below, and whose domain is a restriction o/K/ to FiCiFj. 
That is, the domain of the coordinate change is an open subset U[j C Uj such that 
i; I (sJ 1 (0)nU I j) = F I nFj. 
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(i) The embedding <f> : Ujj — )• Uj underlying the map <3? identifies the kernels, 

d M ^(kerd u s/) = kerd^sj Vu G U u ; 

(ii) the linear embedding cj) : Ej —> Ej given by the map <1> identifies the cokernels, 

Vu€Uij: Ej = imd„s/ © C u>1 => Ej = imd^sj 4>{C Uj i). 

Note that coordinate changes are in general unidirectional since the maps Ujj — > Uj 
and Efj = Ej — )■ £?j are not assumed to have open images. Note also that the footprint 
of the intermediate chart K/|t/ 7J is always the full intersection Fj n Fj. By abuse of 
notation, we often denote a coordinate change by $ : K/ — > Kj, without specific 
mention of its domain Ujj, even though it is really just a map from the restriction 



Kj|j/ rj of the chart K/ to FjDFj. This should cause no confusion with Definition 5.1.3 
since the symbol <1? : K/ — > Kj can represent a map only in case Fj C -Fj, in which 
case a map is the special case of a coordinate change with domain Ujj = Uj. So in 
either case, the symbol $ : K/ — > Kj means the choice of a domain C Ui and a 
map $ : K/|t/ J/ — >■ Kj from the restriction of K/ with domain Ujj. 

The following lemma shows that the index condition is in fact equivalent to a tan- 
gent bundle condition which was first introduced, in a weaker version, by [FOJ, and 
formalized in the present version by [J] . We have chosen to present it as an index condi- 
tion, since that is closer to the basic motivating question of how to associate canonical 
(equivalence classes of) Kuranishi structures to moduli spaces described in terms of 



nonlinear Fredholm operators; see Remark 4.3.2 (iv 



Lemma 5.2.2. The index condition is equivalent to the tangent bundle condition, 

which requires isomorphisms for all v = 4>{u) G 4>(Uu), 

^ d ^ : TvUj Uu^ uUl ) ^ Ej /my 

or equivalently at all (suppressed) base points as above 

(5.2.2) Ej = im dsj + im <f>jj and imdsj D im^jj = ^jj(imdsj). 

Moreover, the index condition implies that 4>{Uu) is an open subset of sJ 1 ((f)(Ei)), and 
that the charts K/,Kj have the same dimension. 

Proof. We will suppress most base points in the notation. To see that the tangent 



bundle condition (5.2.1) implies the index condition, first note that the compatibility 



with sections, <j> o dsi = dsj o d(p implies 

0(imds/) C imdsj, d</>(kerdsj) C kerdsj. 
Since cj) and 4> are embeddings, this implies dimension differences d,d' > in 
dimimds/ + d = dimimdsj, dimkerds/ + d = dimker dsj. 



(if) 
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The fact that (5.2.1) is an isomorphism implies that the Kuranishi charts have equal 
dimensions, and hence 

dim Ej — dim Ej 



dim Uj — dim Uj 
dim ker ds j + dim im dsj 
d + d'. 



dim ker dsj — dim im dsj 



Moreover, if we pick a representative space Cj for the cokernel, i.e. Ej 
then then the surjectivity of dsj in ( 5.2. 1[ ) gives 



imds/ © Cj, 



Ej = finds j + (f>(Ej) = finds j + (</>(<?/) © </>(imds/)) = finds j + <£(Cj) 



(5.2.3) 
where 

dim 0(Cj) = dim £7 — dimimds/ 
Thus the sum ( 5.2.3| ) must be direct and d' 



dim Ej — dim finds j — d 1 . 
0, which implies the identification of 

cokernels and kernels. 

Conversely, to see that the index condition implies the tangent bundle condition 
let again Cj C Ej be a complement of imds/. Then compatibility of the sections 
sjo(p = (f)osj implies 

4>{Ei) = 0(imds 7 ) © 0(C/) = dsj(imd0) © 0(C/). 

Moreover, let 2V U C T£/j be a complement of im d u c/>, then the identification of cokernels 
takes the form 

Ej = dsj{N u ) © dsj(imd0) © 0(Cj) = dsj(iV u ) © 



This shows that (5.2.1) is surjective, and for injectivity it remains to check injectivity 
of dsj\jy u - The latter holds since the identification of kernels implies kerdsj C imd^>. 

To check the equivalence of (5.2.2) and (5.2.1) note that the first condition in (5.2.2) 
is the surjectivity of (5.2.1), while the injectivity is equivalent to imdsj n imcjjjj C 
dsj(imd(j)jj). The latter equals 4>u(imdsj) by the compatibility sj a (ftjj = <j)jj o sj 
of sections. So (5.2.2) implies (5.2.1), and for the converse it remains to check that 
(5.2.1) implies equality of the above inclusion. This follows from a dimension count as 
in (5.2.3) above. 

Finally, to see that 4>{Uu) is an open subset of sJ 1 (4>(Ei)), we may choose the 
complements N u above such that J\f := LLetZ/j N u C TJ7j|^([/ 7J ) is a normal bundle to 
<P(Uij)- Then (fi(Ujj) has a neighbourhood that is diffeomorphic to a neighbourhood 
of the zero section in jV, and we may pull back sj to a smooth map N — > Ej/(f>(Ej). 
It satisfies the assumptions of the implicit function theorem on the zero section by 
(5.2.1), and hence for a sufficiently small open neighbourhood IA C N of 4>(Ujj) we 
have s (^j))nW = (p(U u ). □ 

The next lemmas provide restrictions and compositions of coordinate changes. 

Lemma 5.2.3. Let : K/|t/ JJ — > Kj be a coordinate change from K/ to Kj, and 
let = K/|[//, Kj = be restrictions of the Kuranishi charts to open subsets 



SMOOTH KURANISHI STRUCTURES WITH TRIVIAL ISOTROPY 61 

Fj C Fj,Fj C Fj with F'j C\Fj ^ 0. Then a restricted coordinate change from K' 7 
to Kj is given by 

/or any choice of open subset U\j C t//j o/ i/ie domain such that 

u'jj cu'jn rHu'j), Msj\o) n u' u ) = F'jn F'j. 

Proof. First note that restricted domains U'jj C Ujj always exist since we can choose 
e.g. U'jj = Uj D _1 (C/j), which is open in by the continuity of <fi and has the 
required footprint since 

^(^(ojn^n^^^ojnf 1 ^)) = f} n J 1 (°)ntfj) = f'j n f'j. 

Next, Kj|[// = KjIu^ is a restriction of K' 7 to Fj n F'j since it has the required 
footprint 

tfM-HVnu'jj) = M'lHVnu'u) = f'j n f'j. 

Finally, 3>' := ((ftlu^ , <p) is a map since it satisfies the conditions of Lemma 5.1.4 

(i) ^l^-i(o) = ^l s7 i(o)nc/^ = ^J 1 ° ^Lj^nt/^ = V'j" 1 ! 

(ii) s'jr o = o = 4)o sulu'j = 4>' o S/J . 

This completes the proof since the index condition is preserved under restriction. □ 

Lemma 5.2.4. Let K/,Kj,K^ be Kuranishi charts such that Fj n Fk C -Fj, and lei 
j : K/ —7- Kj and &jk '■ Kj — > K^- 6e coordinate changes. (That is, we are given 

restrictions K/|[/ rJ to F/ n Fj and K.j\u JK to Fj n Fk and maps : Kj|£/ /i7 — >• Kj, 
: Kj|{/ JX — > Kft- satisfying the index condition.) 
Then the following holds. 

• The domain Ujjk '■= 4>Jj(Ujk) C C// defines a restriction K.j\jj ijk to FjDFk- 

• The compositions 4>jjk '■= 4>JK 4>u '■ Ujjk — > Uk and 4>jk (hjjEj — > Ek 



5.1.3. 



define a map §ijk '■ K.j\u IJK ~~ ^ ^ n the sense of Definition 
• {<\>UKi4>ijk) satisfy the index condition, so define a coordinate change. 
We denote the induced composite coordinate change &jjk = {^ijk^ijk) by 

$jk o Sjj := $>ijk ■ Kj|c/ /JK -> Kj 
Proof. In order to check that {Ujjk, Fj, sj\xj IJK ,tj)i\ s -\^ nUijK ) is the required restric- 
tion, we need to verify that it has footprint Fj n Fk- Indeed, ipi^sj 1 ^) H Ujjk) = 
FjDFk holds since we may decompose ijjj = i^jo(f)jj on sJ 1 (0)nUu with Ujjk C t//j, 
and then combine the identities 

(Msj^o) n t/jjK) = (j)jj(sj}(o)) n c aj^o), 

MM a u(°))) = ^( s 7i(0)) = n F j5 
^j(s7 1 (o)nc/j K ) = FjnF K . 



62 DUSA MCDUFF AND KATRIN WEHRHEIM 

Finally, our assumption Fj D F K C Fj ensures that (Fj n Fj) n (Fj nFj/) = FiDF K - 
This proves (i). To prove (ii) we check the conditions of Lemma 5.1.4, noting that 
injectivity and homomorphisms are preserved under composition. 

- On Ujjk n sj 1 ^) we nave 

4>ijk = 4>JK o 0jjr = (V^ 1 ° o (-07 1 o V/) = ° ^J- 

- The sections are intertwined, 

° <t>IJK = SR ° 4>JK O 0JJ = ^JE- osjo = (f) JK o 0jj O Si = (j> IJK o S IK - 

Next, the index condition is preserved under composition by the following. 

- The kernel identifications d(j)u (ker ds/) = ker dsj and d<pjK (ker ds j) = ker dsx 
imply 

d(<pjK (ker ds 7 ) = (d^ JE - o d0/j) (kerds/) = kerds^. 

- Assuming Ej = imds/ © Cj, the cokernel identification of 3>jj implies Fj = 
imdsj©Cj with Cj = 0(CV), so that the cokernel identification of implies 

E K = \mds K © 4>k{Cj) = \mds K © (<^k ° <t>j)(Ci). 

□ 

Finally, we introduce two notions of equivalence between coordinate changes that 
may not have the same domain, and show that they are compatible with composition. 

Definition 5.2.5. Let <3? Q : KAu? — > Kj and & 13 : KA TT — >■ Kj be coordinate 

IJ Ujj 

changes. 

• We say the coordinate c hanges are equal on the overlap and write $ Q ~ , if 
the restrictions of Lemma 5.2.3 to U' LJ := Ufj n Ujj yield equal maps 

• We say that <3>^ extends <£ a resp. $ a i s a pr uning of , and write C if 
Ufj C Ujj and the restriction of Lemma 5. 2. 3 yields equal maps 

Lemma 5.2.6. Let K/,Kj,K^ be Kuranishi charts such that Fj n i 7 ^ C and 
suppose &fj « : K/ — > Kj and <£j^ « : Kj — > ~Kk ire coordinate changes 



are 



that are equal on the overlap. Then their compositions as defined in Lemma 5.2.4 
equal on the overlap, &j K o &fj ~ &jk ^IJ- 

Moreover, if®fj C and$j K C $j X are extensions, then $j K °$ij C ®j K °$ij 
is an extension as well. 

Proof. The overlap of the domains of </>fj^ = ^j^- ° <j>Jj and i^jj^- = (j>j K ° is 
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By assumption, the injective maps <pjj and <fPjj agree on all points in Ufj n Ujj, and 
hence also map 

u ijk n u ijk to U JK n u jk The first claim follows because on this 
To prove the second claim it remains to note that 



latter domain we have 



J JK- 



u 



UK 



' J IJJ 



UK' 



□ 



6. KURANISHI STRUCTURES WITH TRIVIAL ISOTROPY 

With the preliminaries of Section [5] in hand, we can now define a notion of Kuranishi 
structure with trivial isotropy on a compact metrizable space X, which will be fixed 
throughout this section. As before, we work exclusively in the case of trivial isotropy 
and hence drop this qualifier from the wording. We first define the notions of Kuranishi 



structure K, and Kuranishi neighborhood \JC\, showing in Examples 6.1.13 and 6.1.11 
that |/C| need not be Hausdorff and that the maps from the domains of the charts into 



\)C\ need not be injective. Further, as in Example 6.1.14, \JC\ need not be metrizable 
or locally compact. Moreover, in practice one can construct only weak Kuranishi 



structures in the sense of Definition 6.2.1, although they do often have the additivity 



property of Definition 6.2.2 The main result of this section is Theorem 6.2.6 which 



states that given a weak additive Kuranishi structure one can construct a Kuranishi 
structure \IC\, whose neighborhood \K\ is Hausdorff and has the injectivity property, 
and that moreover is well defined up to a natural notion of cobordism. This theorem 



is proved in Sections 6.2 6.3 and 6.4 



6.1. Covering families and transition data. 

We begin by introducing the notion of a Kuranishi structure. There are various 
approaches to this notion in the literature, but in practice every such structure on 
a compact moduli space of holomorphic curves is constructed from a covering family 
of basic charts with certain compatibility conditions. We express the compatibility 
in terms of a further collection of charts for overlaps, and will discuss three different 



versions of a cocycle condition. We compare our definition with others in Remark 6.1.16 
The basic building blocks of our notions of Kuranishi structures are the following. 

Definition 6.1.1. Let X be a compact metrizable space. 

• A covering family of basic charts for X is a finite collection (^i)i=i ... n °f 
Kuranishi charts for X whose footprints cover X = Ui=i ^i- 

• Transition data for a covering family (J£-i)i=i n is a collection of Kuranishi 
charts (Kj) JE 2 K i j\>2 an ^ coordinate changes (&u)i,j£r K jcj as follows: 

(i) lie denotes the set of subsets Id {1, . . . , N} for which the intersection of foot- 
prints is nonempty, 

Fi ■= ri ieI Fi + ; 

(ii) K j is a Kuranishi chart for X with footprint Fj = F{ for each J E 2^ 
with \ J\ > 2, and for one element sets J = {i} we denote Km := K,;; 
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(iii) $/j is a coordinate change Kj — > Kj for every /, J £ Xjq with I C J '. 

The transition data for a covering family automatically satisfies a cocycle condition 
on the zero sets, where due to the footprint maps to X we have for / C J C K 

4>JK o faj = ipx 1 oipjo i\)~ x o ijjj = tp' 1 o -0/ = fax on s7 1 (0) n C/jx. 

However, since there is no natural ambient topological space into which the entire 
domains of the Kuranishi charts map, the cocycle condition on the complement of the 
zero sets has to be added as axiom. For the linear embeddings between obstruction 
spaces, we will always impose 4>jk ° <t>u = 4>ik, however for the embeddings between 
domains of the charts there are three natural notions of cocycle condition with varying 
requirements on the domains of the coordinate changes. 

Definition 6.1.2. LetJC = (K/, &ij)i,jgx K ,l<^J be a, tuple of basic charts and transition 
data. Then for any I, J,K 6 Ik with I C J C K we define the composed coordinate 



change <&jk '■ Kj — > K^- as in Lemma 5.2.4 with domain 4>j}(Ujk) C Uj. We 



then use the notions of Definition 5.2.5 to say that the triple of coordinate changes 
&ij,&jk,&ik satisfies the 

• weak cocycle condition if &jk $u ~ $ik, *.e. the coordinate changes are 
equal on the overlap, in particular if 

<I>jk ° <f>u = <t>iK on (j>Jj(U JK ) n U IK ; 

• cocycle condition if &jk ° &u C &ik, *-e. <&ik extends the composed coordinate 
change, in particular if 

(6.1.1) 4>jk o <f>u = 4>ik on (j)j}(U JK ) c U IK ; 

• strong cocycle condition if &jk ° &u = &ik are equal as coordinate changes, 
in particular if 

(6.1.2) 4> JK o fa j = cj) IK on (f>j}(Uj K ) = Uik- 

The relevance of the these versions is that the weak cocycle condition can be achieved 
in practice by constructions of finite dimensional reductions for holomorphic curve 
moduli spaces, whereas the strong cocycle condition is needed for our construction of 
a virtual moduli cycle in Section [7] from perturbations of the sections in the Kuranishi 
charts. The cocycle condition is an intermediate notion which is too strong to be 
constructed in practice and too weak to induce a VMC, but it does allow us to formulate 
Kuranishi structures categorically. This in turn gives rise, via a topological realization 
of a category, to a virtual neighbourhood of X into which all Kuranishi domains map. 
In the following we use the intermediate cocycle condition to develop these concepts. 

Definition 6.1.3. A Kuranishi structure of dimension d on a compact metrizable 
space X is a tuple 

/c = (k / ,$ /j ) Wkj/£J 
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consisting of a covering family of basic charts (Kj)j = i r .. jv of dimension d and transi- 



tion data (Kj)|j|> 2; ($>ij)icj for (Kj) as in Definition 6.1.1, that satisfy the cocycle 



condition Qjk C $7/^ /or every triple I, J,K G X# wif/i I C J C if. 

Remark 6.1.4. We have assumed from the beginning that X is compact and metriz- 
able. Some version of compactness is essential in order for X to define a VMC, but 
one might hope to weaken the metrizability assumption. However, for our charts to 
model open subsets of X we require the footprint maps ipi : s~ 1 (0) — > X to be homeo- 
morphisms onto open subsets F{ C X. Hence any space X with a Kuranishi structure 
is Hausdorff, and by compactness has a finite covering by the footprints i^. Since 
each of these are regular and second countable, it follows that X must also be regu- 
lar and second countable, and hence metrizable. For details of these arguments, see 
Proposition 6.2.18 (iv). 

It is useful to think of the domains and obstruction spaces of a Kuranishi structure 



as forming the following categories, which extend the notions of Definition 5.1.2 



Definition 6.1.5. Given a Kuranishi structure JC we define its domain category B^ 

to consist of the space of object^\ 

0b jB K := (J Ui = {(I,x)\lEl f c,xeU I } 
rex K 

and the space of morphisms 

Mor BK := (J Uu = {(I,J,x)\l t JeX K ,I<ZJ,x€U JJ }. 

I,J€I K ,I<ZJ 

Here we denote Uu := Uj for I = J , and for I C J use the domain Uu C Ui of the 
restriction ~Kj\u [J to Fj that is part of the coordinate change <&u : K/I^j — > Kj. 
Source and target of these morphisms are given by 

(I,J,x) G Mot Bk ((I,x),(J,(/) I j(x))), 

where 4>jj : Uu — > Uj is the embedding given by $u, and we denote 4>u := id^. 
Composition is defined by 

[l,J,x)o(j,K,y) := [l,K,x) 

for any I C J C K and x G Ujj, y G Ujk such that <f>ij{x) = y. 

The obstruction category Ejc is defined in complete analogy to to consist of 
the spaces of objects Obj EK := U/ex K Ui x Ej and morphisms 

Mor EK := {(I,J,x,e) \ I, J G C J,x G Ujj, e G £/}. 

We also express the further parts of a Kuranishi structure in categorical terms: 



12 When forming categories such as Bk, we take always the space of objects to be the disjoint union 
of the domains Ui, even if we happen to have defined the sets Ui as subsets of some larger space such 
as ffi 2 or a space of maps as in the Gromov-Witten case. Similarly, the morphism space is a disjoint 
union of the Uu even though Uu C Ui for all J D I. 
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• The obstruction category E/c is a bundle over B/c in the sense that there is a functor 
pr^ : Ex — > B/c that is given on objects and morphisms by projection (I, x, e) h-> 
(/, x) and (I, J, x, e) h-> (/, J, x) with locally trivial fiber £7. 

• The sections sj induce a smooth section of this bundle, i.e. a functor sic : B^ -4 E^ 
which acts smoothly on the spaces of objects and morphisms, and whose composite 
with the projection pr^ : E^ — > B^ is the identity. More precisely, it is given by 
(I, x) 1 y (I, x, si(x)) on objects and by (I, J, x) h-» (I, J, x, s/(x)) on morphisms. 

• The zero sets of the sections U/gx k I^} x s J 1 (^) c Obj Bjc form a very special strictly 
full subcategory s^J 1 (0) of B/e. Namely, B^ splits into the subcategory s^ 1 (0) and 
its complement (given by the full subcategory with objects {(/, x)|s/(x) / 0}) 
in the sense that there are no morphisms of B^ between the underlying sets of 
objects. (This is since given any morphism (/, J, x) we have s/(x) = if and only if 
sj{<I>ij{x)) = 0/j(s/(x)) = 0.) 

• The footprint maps ipj give rise to a surjective functor : s^ 1 (0) — > X to the 
category X with object space X and trivial morphism spaces. It is given by (/, x) 1— > 
4>l(x) on objects and by (I, J,x) h-> i&^jM on morphisms. 

Lemma 6.1.6. The categories B^ and E/c are well defined. Moreover, B^ contains 
each of the groupoids JJj and \Jj j ( arising from the charts K/ and their restrictions 
K/|[/ 7J/ ) as full subcategories with objects {1} x Uj resp. {1} x Ujj. Similarly, E^ 
contains the full subcategories JJj x Ej and U/j x Ej. 

Proof. We must check that the composition of morphisms in B^ is well defined and 
associative. To see this, note that the composition (/, J, x) o ( J, K, y) only needs to be 
defined for x = 4>j}{y) G </>Jj(Ujk), i.e. for x G Ujjk in the domain of the composed 
coordinate change Qjk $u, which by axiom (d) is contained in the domain of &ik, 
and hence (I, K, x) is a well defined morphism. With this said, identity morphisms 
are given by (l,I,x) for all x G Uji = Ui, and the composition is associative since 
for any I C J C K C L, and x G Ujj,y G Ujk,z G £/r-£ the three morphisms 
(I, J, x), (J, if, y), (K,L,z) are composable iff ?/ = <j)ij{x) and 2 = 4>jk(v)- In that 
case we have 

(l,J,x)o((j,K, 2/ )o(K,L,z))) = (7,J,x)o(j, J L,0 /J (x)) = (/,L,x) 
and z = (j>jK(<f>lj(x)) = <Pik(x), hence 

(/, J, x) o (J, ET, o (K,L,z) = (l,K,x)o(K,L,<f> IK (x)) = (/, L, x) 



In the second claim, Ujj is a full subcategory of U/ by Definition 5.1.3 since <£/j is a 
map. Since each Uj is a full subcategory of B/c by its very definition, Ujj is also a 
full subcategory of B^. Similar arguments apply to the obstruction category E^- □ 

Remark 6.1.7. Because K, has trivial isotropy, all sets of morphisms in B/c between 
fixed objects consist of at most one element. However, B^: cannot be completed to 
an etale groupoid since the inclusion of inverses of the coordinate changes, and their 
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compositions, may yield singular spaces of morphisms. Indeed, coordinate changes 
K/ — > K.k and K j — > K^- with the same target chart are given by embeddings (ftiK ■ 
Ujk — > Uk and 4>jk '■ Ujk — > Uk, whose images may not intersect transversely 
(for example, often their intersection is contained only in the zero set sj}(0)), yet this 
intersection would be a component of the space of morphisms from Ui to Uj. Moreover, 
since the map <pij : Uu —> Uj underlying a coordinate change could well have target 
of higher dimension than its domain, the target map t : Mor B)C —> Obj B)C is not in 
general a local diffeomorphism. However, the spaces of objects and morphisms in B^ 
are smooth manifolds, and all structure maps are smooth embeddings. Thus B^ is in 
some ways similar to the etale groupoids considered in [Mc2j. 

The categorical formulation of a Kuranishi structure fC allows us to construct a 
topological space |/C| which contains a homeomorphic copy l/c(X) C \fC\ of X and 
hence may be viewed as a virtual neighbourhood of X. 

Definition 6.1.8. Let /C be a Kuranishi structure for the compact space X. Then the 
Kuranishi neighbourhood or virtual neighbourhood of X , 

n-= obj BK /~ 

is the topological realizatiot^^ of the category B/c, that is the quotient of the object space 
Obj B)C by the equivalence relation generated by 

MoT Blc [(I,x),(J,y))^<b (i»~(J,y). 

We denote byirjc : Obj B)c — > |/C| the natural projection (I,x) h-> [I,x], where [I,x] £ \JC\ 
denotes the equivalence class containing (I, x). We moreover equip \tC\ with the quotient 
topology, in which tt/c is continuous. Similarly, we define 

|E/c| == Obj EK /~ 

to be the topological realization of the obstruction category E^. The natural projection 
Obj EK — > |Ek| is still denoted n^. 

Lemma 6.1.9. The functor pr^ : — > B^ induces a continuous map 

Ipr/d : l E /c| 1^1, 

which we call the obstruction bundle of IC, although its fibers generally do not have 
the structure of a vector space^\ However, it has a continuous zero section 

| Ok | : \IC\ -> |E^|, [I,x] ^ [l,x,0]. 

Moreover, the section s/c '■ B^: —> E^: descends to a continuous section 

\s K \ : \K\ -> |E^|. 



As is usual in the theory of etale groupoids we take the realization of the category Bjt to be 

a quotient of its space of objects rather than the classifying space of the category Bjc (which is also 

sometimes called the top ological realization), c.f. |ALR| . 
14 



Proposition 



,2.14 



shows that the fibers do have a natural linear structure when K, satisfies a 



natural additivity condition on its obstruction spaces as well as taming conditions on its domains. Both 



conditions are necessary, see Example 6.1.12 and Remark 6.2.15 



lis 
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These maps are sections in the sense that |pr^| o \s)c\ = \Wk\ ° \®k\ = ^\K\- Moreover, 
there is a natural homeomorphism from the realization of the subcategory s^ 1 (0) to the 
zero set of the section, with the relative topology induced from \ fC\, 

\ s -\0)\ = ^(0)/ A l^rHO) := {[I,x]\ Sl (x) = 0} C |/C|. 

Proof. The zero section is induced by the functor 0a; : K, — > given by the map 
(I, x) I—?- (I, x,0) on objects and (I,J,x) h-» (I, J, x,0) on morphisms. The existence 
and continuity of |pr^|, |0jc| j an d | s/c I then follows from continuity of the maps induced 
by pr^, Ok, and s/c on the object space and the following general fact: Any functor 
f : A—> B, which is continuous on the object space, induces a continuous map between 
the realizations (where these are given the quotient topology of each category). Indeed, 
| /| : | .A | — > \B\ is well defined since the functoriality of / ensures a ~ a' f(a) ~ f(of). 
Then by definition we have ttb ° / = |/| o tta with the projections txa '■ A — > \A\ and 
7Tb : B — >■ To prove continuity of |/| we need to check that for any open subset 
U C \B\ the preimage C \A\ is open, i.e. by definition of the quotient topology, 

T^O/I -1 ^) c A is °P en - But 7r A 1 (l/l _1 ( C7 )) = /" 1 ( 7r s 1 ( c/ ))> which is °P en b Y the 
continuity of 7Tb (by definition) and / (by assumption). 

Next, recall that the equivalence relation ~ on Obj BK that defines \K\ is given by the 
embeddings 4>u, their inverses, and compositions. Since these generators intertwine 
the zero sets s^ 1 (0) and the footprint maps "0/ : sy 1 ^) ~~ ^ ^> we nave the useful 
observations 

(6.1.3) Mx)=Mv) => (i»~(J,!/), 

(6.1.4) (/, x) ~ (J, y), a/ (x) = => = 0, ^j(x) = ^j{y). 

In particular, ( |6.1.4 ) implies that the equivalence relation ~ on Obj B)C that defines 
|£| = 0b jB K /^ restricted to the objects {(/, x) | sj(x) = 0} of the subcategory s^ 1 (0) 
coincides with the equivalence relation ~ s -i (0) generated by the morphisms of (0). 
Hence the map |<V 1 (0)| — >■ |sa:| _1 (0), [(/, x)] s -i (0) \-> [(I,x)]/c is a bijection. It also 

is continuous because it is the realization of the functor s^ 1 (0) — > B^ given by the 
continuous embedding of the object space. 

To check that the inverse is continuous, consider an open subset Z c|s^ 1 (0)|, that 
is with open preimage 7r^ 1 (Z) C {(I,x) \ si(x) = 0}. The latter is given the relative 
topology induced from Obj B)c , hence we have tt^ 1 {Z) = Wn {(/, x) \ sj(x) = 0} for 
some open subset W C Obj B)C . Now we need to check that W can be chosen so 
that W = n^ l (TT K (W)), i.e. n K (W) C \K\ is open, and vr^W) n |s/c| _1 (0) = Z. For 
that purpose note that each footprint ipi('jr^ 1 (Z) n Uj) C X is open since ipi is a 
homeomorphism from sj l (0) to an open subset of X and Zj := ^(Z) D t/> C sJ^O) 
is open by assumption. Hence the finite union U/ex K V'i(^) C I is open, thus has 
a closed complement, so that each preimage Cj := ipj 1 (X\ |J 7 ijji(Zi)^ C C/j is also 
closed by the homeomorphism property of the footprint map ipj. Moreover, by (6.1.3) 
and (6.1.4) the morphisms in on the zero sets are determined by the footprint 
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functors, so that we have ipj 1 (ipi(Zi)) = 7r^ 1 (7r/c(Z/)) n Uj = tt^ 1 (Z n 7ix(£//)) n Uj 
for each I, J G 2jc, and thus Cj = Sj (O)wr^ (Z). With that we obtain an open set 
W := U/ex K (^ x C-f) C Obj B)C such that vrx:(W) C |/C| is open since W is invariant 
under the equivalence relation by ir/c, namely 

*/c(W) = U/ e i K ^(^)\K( S 7 1 (0))xZ) = |/C|x(| S;c 1 (0)|xZ) 

so that its preimage is W and hence open, by the identity 

^cVk(W)) = Uiex^^nTr^d^xd^^lxZ)) = U IeXK U^{sj\0)^Z). 

Finally, using the above, we check that 7rx;(W) has the required intersection 

n K (W)n\s K \-\o) = (|/c|\(|^ 1 (o)|\Z))n| S/c r 1 (o) = z. 

This proves the homeomorphism between an< ^ I s a:| _1 (0). □ 

The next lemma shows that the zero set |s^ 1 (0)| = |sa;| _1 (0) is also naturally home- 
omorphic to X, and hence X embeds into the virtual neighbourhood |/C|. 

Lemma 6.1.10. The footprint functor t/j/c : ■s^ 1 (0) — > X descends to a homeomorphism 
\ipK.\ '■ \ s ic\ _1 (0) — > X. Its inverse is given by 

LK — WkV 1 - X — >• \*K\~\0) C \JC\, P [(I, ^(p))}, 
where [(I, i/jj l (p))] is independent of I G X/c luii/i p G i 7 /. 

Proof. To begin, recall that ^ is a surjective functor from s^ 1 (0) to X with objects 
X (i.e. the footprints Fj = ^/(sJ^O)) cover X). Hence the argument of Lemma |6. 1.9 



proves that |V>ye| is well defined, surjective, and continuous when | V/c| is considered as 
a map from the quotient space |s^ 1 (0)| (with its quotient topology rather than the 
relative topology induced by \JC\) to X. 

The map \i(>jc\ = £<r considered here is given by composing this realization of the 



6.1.9 



ill— 1 

functor tjjfc with the natural homeomorphism (0) — > \sjc\~ (0) from Lemma 
So it remains to check continuity of ljq with respect to the subspace topology on 
| s^c I — 1 (0) C \K,\. For that purpose we need to consider an open subset V C \JC\, that 
is vr^ 1 (V r ) C Obj B;c is open. Since Obj B)C is a disjoint union that means vr^ 1 (y) = 
U/ex K {^} x Wi is a union of open subsets Wj C Uj. So in the relative topology 
(WiDsJ 1 (0)) C s7 1 (^) ^ s °P en ) as is its image under the homeomorphism ^/ : sj (0) — >• 
F/Cl. Therefore 

is open in X since it is a union of open subsets. This completes the proof. □ 

Note that the injectivity of ljc : X — > \JC\ could be seen directly from the injectivity 
property (6.1.4) of the equivalence relation ~ on ^^(O) C Obj Bx; . In particular, this 
property implies injectivity of the projection of the zero sets in fixed charts, ttjc : 
sj (0) — > \1C\. This injectivity however only holds on the zero set. On C/jxsJ^O), the 
projections ttjc ' Ui — > \fC\ need not be injective, as the following example shows. 




Figure 6.1.1. The lift tt 1 (U\ n U2) is shown as two light grey strips 
intersecting the dark grey region U3 in the two shaded sets 



111 



V3-, V%. The domains U\, U2 C S 1 x E lift injectively to the dashed sets. 
The poin ts x\ / x| G C/3 have the same image in \JC\ C S 1 
Example 



6.1.12 



R. In 

we will add another chart with domain V U V3 2 , where 



V is barred. 



Example 6.1.11 (Failure of Injectivity). The circle X = S 1 = M/Z can be covered 
by a single "global" Kuranishi chart Ko of dimension 1 with domain Uq = S 1 x M, 
obstruction space E$ = M, section map sq = pr ffi , and footprint map ipi = pr^i. 
A slightly more complicated Kuranishi structure (involving transition charts but still 
no cocycle conditions) can be obtained by the open cover S 1 = Ft U F 2 U F 3 with 
Fi = (gj^-jp) C M/Z such that all pairwise intersections Fij := F,; H Fj 7^ are 
nonempty, but the triple intersection F\ (~) F2 (~) F3 is empty. We obtain a covering 
family of basic charts (Kj := Ko|;7 i ) i _ 1 23 with these footprints by restricting Ko to 
the open domains Ui := Fi x (—1, 1) C S 1 x R. Similarly, we obtain transition charts 
Kjj := Kolc/inf/j and coordinate changes := $o,o|c/"inc/j by restricting the identity 
map $0,0 = (id[/ , id^ ) : Ko — >■ Ko to the overlap Uij := UiDUj. These are well defined 
for any pair i, j G {1,2,3} (and satisfy all cocycle conditions), but for a Kuranishi 
structure it suffices to restrict to i < j. That is, the transition charts K12, K13, K23 and 
corresponding coordinate changes $1,12, ^2,12, ^1,13, ^3,13, ^2,23, ^3,23 form transition 
data, for which the cocycle condition is vacuous. The realization of this Kuranishi 
structure is \1C\ = U\ U U2 U U3 C S 1 x E, and the maps Ui — > \JC\ are injective. 

However, keeping the same basic charts Kx, K2, and transition data for i,j G {1, 2}, 
we may choose K3 to have the same form as Kq but with domain C/3 C (0, 2)xM such 
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that the projection it :RxR^ S 1 xR embeds [/ 3 fl(Rx {0}) = (1, §) X {0} to F 3 x {0}. 
We can moreover choose Us so large that the inverse image of U\ n Ui meets Us in two 
components 7r _1 ([/inf/2)nf73 = V3-U V 3 2 with tt(V^) = tt(V 2 ), but there are continuous 



lifts 7T" 1 : Ui n 7r({/ 3 ) -> C/ 3 with V3' C 7r _1 (J7 i ); cf. Figure |6TlTl) These intersections 
V3 C C/3 necessarily lie outside of the zero section S3 1 (0) = F3 x {0}, though their 
closure might intersect it. Then it remains to construct transition data from Kj for 
i = 1,2 to K3. We choose the transition charts as restrictions Kj3 := K3|j/ i3 of K3 
to the domains Uis := ir~ l {Ui) n U3, with transition maps $3^3 := $3,3 lu^. Finally, 
we construct the transition maps $1*3 : ~Ki\u ii3 — > K3 for % = 1,2 by the identity 

0i,i3 := id^ on the identical obstruction bundles Ei = E3 = Eq and the lift 4>i,i3 := ir^ 1 
on the domain U^s := U\ n ir{U$). 

This again defines a Kuranishi structure with vacuous cocycle condition, but the 
map 7Ta: : Us — > |/C| is not injective. Indeed any point X3 G V3 1 C U3 is identified [x$] = 
G |/C| with the corresponding point x| G V3 2 with ir(xl) = vr(x|) = y G S 1 x IR. 
Indeed, denoting by (ij, z) the point z considered as an element of Uij (which is just a 
simplified version of the previous notation (I,x) for a point x G Uj), we have 

(6.1.5) (3, x\) ~ (13, 4) ~ (1, y) ~ (12, y) ~ (2, y) ~ (23, s§) ~ (3, 

where each equivalence is induced by the relevant coordinate change. Since there are 
such points x\ arbitrarily close to the zero set s 3 ~ 1 (0) = F3 x {0}, the projection 
t^K '■ U3 — > \JC\ is not injective on any neighborhood of the zero set S3 1 (0). 

We next adapt the above example so that the fibers of the bundle pr^ : |E/c| — > \JC\ 
also fail to have a linear structure. (Remark |6.2. 15 describes another scenario where 
linearity fails.) 

Example 6.1.12 (Failure of Linearity). We can build on the construction of Exam- 



ple 6.1.11 to obtain a Kuranishi structure Kf of dimension on S 1 with four basic 
charts, in which the fibers of pr^v are not even contractible. The first three basic 
charts and the associated transition charts are obtained by replacing the obstruction 
space R with C. That is, for I G {1, 2, 3, 12, 13, 23}, we identify IcCto define the 
charts 

K'j := ( U'j := U r , E\ := C, s'j := s 7 , ^ := ^/), 
where (Ui, Ej = R, si,ipj) are the charts of Example 6.1.11 which yield a noninjective 
Kuranishi structure. We also define coordinate changes by the same domains and 
nonlinear embeddings as before, that is we set U-^ := U^ij and ^J%ij := 4>i,ij f° r 
i < j G {1,2,3}. However, we now have a choice for the linear embeddings <f>'nj since 
compatibility with the sections only requires = idR. We will take <\>\^ = idc 

except for <j>' 2 23 (ce + £/3) := a + 2t/3 (where we denote the imaginary unit by i to prevent 
confusion with the index i). As above the cocycle condition is trivially satisfie d since 
there are no triple intersections of footprints. Then with x\ G U% as in Example 
the chain of equivalences (6.1.5) lifts to the obstruction space E' 3 = C as 

(6.1.6) (3,xl,a + tp) ~ (3,x 2 3 ,a + 2t(3). 



6.1.11 
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In order to also obtain the equivalences 
(6.1.7) (3, 4, a + 6/3) ~ (3,x 2 3 ,a + iP) 

we add another basic chart K 4 = Kg|^ with domain indicated in Figure 

U' 4 :=VU Vi, V := tT 1 (F 13 xl)n U' z . 

This chart has footprint = F13, so it requires no compatibility with K 2 , and for 
/ C {1,3,4} we always have F'j = F\%. We define the transition charts as restrictions 

K' 14 := K'^ur), K' 34 = Kgl^, K134 := K 3 \ v . 

Then we obtain the coordinate changes $j t j for I C J c {1, 3, 4} by setting <f> ' l3 := idc 
and 4>'jj equal either to the identity or to 7r _1 , as appropriate, on the domains 

^1,14 := ^O^O) ^4,14 = ^3,34 = ^4,34 := ^4; 
^1,134 = ^14,134 := n (V)i ^3,134 = ^4,134 = ^13,134 := V- 

To see that the cocycle condition holds, note that we only need to check it for the 
triples (1,34,134),! = 3,4, (j, 14, 134), j = 1,4, and (A;, 13, 134), k = 1,3, and in all of 
these cases both 4>'jk $u an( ^ $ik have equal domain, given by V or tt(V). This 
provides another chain of morphisms between the same objects as in (6.1.5), 

(3,4) ~ (34, x\) ~ (4,4) ~ (14, y) ~ (l,y) ~ (13,4) ~ (3,4), 



whose lift to the obstruction space is (6.1.7) since 4>'jj = idc for an coordinate changes 
involved. Therefore, the fiber of \ttic\ '■ |E^'| ~~ > l^-'l over [3,4] = [3>4] is 

WH^) = C / {a+t ^ a+2tp) = R x S 1 , 

which does not have the structure of a vector space, and in fact is not even contractible. 

Finally, we give a simple example where |/C| is not Hausdorff in any neighbourhood of 
ijc(X) even though the map s x t : Mor B)C — > Obj B)C x Obj B)C is proper; cf. Section 



2.6 



Example 6.1.13 (Failure of Hausdorff property). We construct a Kuranishi structure 
for X := R by starting with a basic chart whose footprint F\ = R already covers X, 

K x := (Ui =R 2 , =R, ai(x,i/) = i/, ^i(s,0) = x). 

We then construct a second basic chart K2 := Ki|j/ 2 with footprint F2 = (0, 00) C R 
and the transition chart K12 := Ki|[/ 12 as restrictions of Ki to the domains 

U 2 :={-y <x<0}U{x>0}, U 12 := {x > 0}. 

This induces coordinate changes $1,12 := ^l,i|t7 il2 : | ^ 12 — >• K12 for i = 1,2 given 
by restriction of the trivial coordinate change (4>i,i = id K 2,^i 5 i = id^) to ■= 
U\2- This defines a Kuranishi structure since there are no compositions of coordinate 
changes for which a cocycle condition needs to be checked. Moreover, s x t is proper 
because on each of the finitely many connected components of Mor B)C the target map 
t restricts to a homeomorphism to a connected component of Obj Bjc . (For example, 
t : Mor B;c D £^,12 — > U12 C Obj B is the identity.) 
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On the other hand the images in |/C| of the points (0, y) G U\ and (0,y) G U 2 for 
y > have no disjoint neighbourhoods since for every x > 

(1, (*,!/)) ~ (I2,(x,y)) ~ (2,(x,y)). 

Therefore t;c(X) does not have a Hausdorff neighbourhood in \JC\. 

In Section [6.3| below we will achieve both the injectivity and the Hausdorff property 
by a subtle shrinking of the domains of charts and coordinate changes. However, we 
are still unable to make the Kuranishi neighbourhood |/C| locally compact or even 
metrizable, due to the following natural example. 

Example 6.1.14 (Failure of metrizability and local compactness). For simplicity we 
will give an example with noncompact X = R. (A similar example can be constructed 
with X = S .) We construct a Kuranishi structure K, on X by two basic charts, 
Ki = (Ui =R,Ei = {0}, s = 0, ifa = id) and 

K 2 = (U 2 = (0,oo) xR, E 2 =R, s 2 (x,y) = y, fafay) = x), 

one transition chart K12 = K2|[/ 12 with domain U\ 2 := U 2 , and the coordinate changes 
$^12 induced by the natural embeddings of the domains U\^ 2 := (0, 00) > (0, 00) x {0} 
and C/2,12 := U 2 U 2 . Then as a set \K\ = [U\ U^U U\ 2 ) / ~ can be identified with 
(R x {0}) U ((0, oo)xl) c M 2 . However, the quotient topology at (0, 0) G \K\ is strictly 
stronger than the subspace topology. That is, for any OcK 2 open the induced subset 
O n \K\ C \K\ is open, but some open subsets of \K\ cannot be represented in this way. 
In fact, for any e > and continuous function / : (0, e) — > (0, 00), the set 

U u := {[x]\xe U l7 \x\ < e} U {[(x,y)] | (x,y) G U 2 ,\x\ < e,\y\ < f(x)} C \K\ 

is open in the quotient topology. Moreover these sets form a basis for the neighbour- 
hoods of [(0,0)] in the quotient topology. To see this, let V C \fC\ be open in the 
quotient topology. Then, since 7r^ 1 (F) n XJ\ is a neighbourhood of 0, there is e > 
so that {(x, 0) I \x\ < e} C V. Further, define / : {x G R \ < x < e} ->■ (0, 00) by 
f(x) := sup{5 I B$(x, 0) C V}, where B$(x, 0) is the open ball in M 2 with radius 5. 
Then f(x) > for all < x < e because vr^ 1 (y) n U 2 is a neighbourhood of (0, x). 
The triangle inequality implies that f(x') > /(x) — \x' — x\ for all < x,x' < e. 
Hence \f(x) — f(x')\ < \x' — x\, so that / is continuous. Thus we have constructed a 
neighbourhood {7/ >e C |/C| of [(0,0)] of the above type with Uf t£ C V. 

We will use this to see that the point [(0, 0)] does not have a countable neighbourhood 
basis in the quotient topology. Indeed, suppose by contradiction that (Uk)keN is such 
a basis, then by the above we can iteratively find 1 > E\~ > and fk ■ (0, Ek) —> (0, 00) 
so that Uf k ^ £k C Uk n Uj k i 1 i (with Uj o i £Q replaced by \fC\). In particular, the 
inclusion Ut. E . C U f i r implies £u < £k-i- Now there exists a continuous function 

5 : (0, 1) — > (0,oo) such that g{\ek) < fk{\ e k) for an k G N. Then the neighbourhood 
f7 Sj i does not contain any of the Uk because U 9t i D Uk Z) Uf k)£k implies that g{\ek) > 
fk{\ £ k)- This contradicts the assumption that (Uk)k<m is a neighbourhood basis of 
[(0,0)], hence there exists no countable neighbourhood basis. 
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Note also that the point [(0, 0)] £ \fC\ has no compact neighbourhood with respect to 
the subspace topology from R 2 , and hence neither with respect to the stronger quotient 
topology on |/C|. 



Remark 6.1.15. For the Kuranishi structure in Example 6.1.14 there exists an ex- 



hausting sequence A n C A n+1 of closed subsets of UieXjt Ui with the properties 

• each TTjc{A n ) contains l/c(X); 

• each iric(A n ) C \IC\ is metrizable and locally compact in the subspace topology; 



For example, we can take A n to be the disjoint union of the closed sets 



[-n, n] C U 1} A% := {(x,y) EU 2 \x>±, \y\ < n}, 



and any closed subset A™ 2 C A%. However, in the limit [(0,0)] becomes a "bad point" 
because its neighbourhoods have to involve open subsets of XJ-i- 



In fact, if we altered Example 6.1.14 to a Kuranishi structure for the compact space 
X = S 1 , then we could choose A n co mpact, s o that the subspace and quotient topolo- 
gies on 7ric(A n ) coincide by Proposition 



6.2.18 



. We emphasize the subspace topology 
above because that is the one inherited by (open) subsets of A n . For example, the quo- 
tient topology on Tr;c(A n ), where A n := (Jjint(A^) has the same bad properties at 
[(n>0)] as the quotient topology on \K\ has at [(0,0)], while the subspace topology on 
7rjc(A n ) is metrizable. We prove in Proposition |6.2.18 that a similar statement holds 



for all /C, though there we only consider a fixed set A since we have no need for an 
exhaustion of the domains. 



We end by comparing our choice of definition with the notions of Kuranishi structures 
in the current literature. 

Remark 6.1.16. (i) We defined the notion of a Kuranishi structure so that it is 
relatively easy to construct from an equivariant Fredholm section. The only condition 
that is difficult to satisfy is the cocycle condition since that involves making compatible 
choices of all the domains Ujj. However, we show in Theorem |6.2.6 that, provided 



the obstruction bundles satisfy an additivity condition, one can always construct a 
Kuranishi structure from a tuple of charts and coordinate changes that satisfy the 



weak cocycle condition in Definition 6.1.2 which is much easier to satisfy in practice. 



The additivity condition is also naturally satisfied by the sum constructions for finite 
dimensional reductions of holomorphic curve moduli spaces in e.g. |FO| and Section [4j 

(ii) A Kuranishi structure in the sense of \FO\ \J\ is given in terms of germs of charts 
at every point of X and some set of coordinate changes. While this is a natural idea, 
we were not able to find a meaningful notion of compatible coordinate changes; see the 



discussion in Section 2.5 Recently, there seems to be a general understanding in the 



field that explicit charts and coordinate changes are needed. 
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(iii) A Kuranishi structure in the sense of [FOOO^ App. A] consists of a Kuranishi 
chart K p at every point p E X and coordinate changes K g |c/„„ — > K p whenever q E F p , 
and requires the weak cocycle condition. The idea from [FOJ for constructing such a 
Kuranishi structure also starts with a finite covering family of basic charts (Kj). Then 
the chart at p is obtained by a sum construction from the charts Kj with p E F{. 
We outline in Section [4] how the analytic aspects of this sum construction can be 
made rigorous in the case of genus zero Gromov-Witten moduli spaces. Moreover, the 
construction of the sum charts and coordinate changes needs to be essentially canonical 
in order to achieve even the weak cocycle condition. 

Abstractly in the case of trivial isotropy, a Kuranishi structure in the sense of Def- 
inition 6.1.3 induces one in the sense of [FOPO} App. A] by setting K p := K.^ i ^ pGF .\. 
However, m order to obtain a VMC from a Kuranishi structure, we either need to re- 
quire the strong cocycle condition, or make an additional subtle shrinking construction 
as in (i) that crucially uses the additivity condition. 

(iv) Some recent work uses the notion of "good coordinate system" from [FO] instead 
of a Kuranishi structure. This notion requires a cover of X by a totally ordered set 
of charts (K/)/ g -p and coordinate changes K/ — > Kj for I < J, satisfying the weak 
cocycle condition (and some extra condition reminiscent of the additivity property in 
[H (20)]). Though not explicitly stated, a construction of a VMC from this cover 
certainly requires the order to be compatible with the overlaps of footprints in the 
sense that Fj n Fj ^ implies I < J or J < L The proof of existence in |FQ1 Lemma 
6.3] is still based on notions of germs and addresses neither the relation to overlaps nor 
the cocycle condition. On the other hand, a construction directly from a holomorphic 
curve moduli space seems to be out of reach of current technology. 

In the case of trivial isotropy, and starting from a Kuranishi structure tC with addi- 
tivity and strong cocycle condition, we are able to refine the cover to obtain data that 
satisfies the conditions of a "good coordinate system" , except with a partial instead of 
a total order. On the other hand, our construction of a VMC from this data requires 
further properties which we were not able to obtain directly from a "good coordinate 



system". More precisely, we construct in Proposition 7.1.15 a Kuranishi structure /C v , 
with basic charts for / E given by restriction of the charts in JC to precompact 
subsets of the domain, such that the overlaps of footprints are compatible with the 
partial ordering by the inclusion relation on Zjq. We will show that the realization 
|/C V | injects continuously into \JC\ and inherits the Hausdorff property from \JC\ as well 
as the homeomorphism property of the natural maps |/C v | from the domain of 

each Kuranishi chart in JC V . Here the advantage of constructing JC V via JC is that /C 
has fewer basic charts and coordinate changes, each with large domain, which makes it 
relatively easy to analyze the properties of its realization \JC\. On the other hand, /C v 
has smaller domains but many more coordinate changes, which makes it impossible to 
deduce properties such as Hausdorffness directly. However, good topological properties 
transfer from JC to JC V because its coordinate changes are given by restriction from JC, 
hence are not independent of each other. In fact, it turns out to be easier and perhaps 
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more natural to deal with an associated sub catego ry Byc|v of B^, rather than with the 
Kuranishi structure IC V itself; cf. Definition 



7.1.2 



(v) Our definition of Kuranishi structure with nontrivial isotropy in |McWlj will differ 
further from the previous literature in that the need for restrictions of basic charts 
leads us to allow generalized Kuranishi charts in the transition data, whose domains 
are groupoids rather than global quotients. 

6.2. Additivity, Tameness and the HausdorfF property. 

We begin by introducing the notion of an additive weak Kuranishi structure, which 
can be constructed in practice on compactified holomorphic curve moduli spaces, as 
outlined in Theorem A and Section [4j In contrast, we then introduce tameness con- 
ditions for Kuranishi structures that imply the Hausdorff property of the Kuranishi 
neighbourhood. Finally, we provide tools for refining Kuranishi structures to achieve 
the tameness condition. 

Definition 6.2.1. A weak Kuranishi structure of dimension d is a covering 
family of basic charts of dimension d with transition data K, = (Kj, j e j K jrj as 



in Definition 6.1.1, that satisfy the weak cocycle condition <&jk $u ~ &ik for every 



triple I,J,Ke 1 K with I C J CK. 

This weaker notion of Kuranishi structure is crucial for two reasons. Firstly, in the 
application to moduli spaces of holomorphic curves, it is not clear how to construct 
Kuranishi structures that satisfy the cocycle condition. Secondly, it is hard to pre- 
serve the cocycle condition while manipulating Kuranishi structures, for example by 
shrinking as we do below. Note that if K, is only a weak Kuranishi structure then we 



cannot define its domain category B/c precisely as in Definition 6.1.5 since the given 
set of morphisms is not closed under composition. We will deal with this by simply not 
considering this category unless K, is a Kuranishi structure, i.e. satisfies the standard 



cocycle condition (6.1.1). 

On the other hand, the constructions of transition data in practice, e.g. in Section [4j 
use a sum construction for basic charts, which has the effect of adding the obstruction 
bundles, and thus yields the following additivity property. Here we simplify the notation 
by writing &n := for the coordinate change Kj = Km — > K/ where i & I. 

Definition 6.2.2. Let 1C be a weak Kuranishi structure. We say that 1C is additive if 

for each I £ Zjq the linear embeddings <pn : E{ —> Ej induce an isomorphism 

Iliei 0n '■ Tliel E i E ii or equivalently Ei = i6/ 4>a(Ei). 

In this case we abbreviate notation by Sj 1 (Ej) := Sj 1 (6u(Ei)\ and Sj 1 (Eid) := sj 1 (0). 

The additivity property is useful since it extends the automatic control of transition 
maps on the zero sets sj 1 (0) to a weaker control on larger parts of the Kuranishi 
domains Uj as follows. 
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Lemma 6.2.3. Let K, be an additive weak Kuranishi structure. Then for any H,I, J G 
Tjq with H,I C J we have 

(6-2.1) n hj(E H ) = $ {I nH)AE iInH)J ), 

(6.2.2) Sj^Ej) n s-j\E H ) = Sj^Emn). 
In particular, we deduce 

(6.2.3) HUICJ, IC\H = $ s~ 1 {E I )^s- 1 {E H ) = Sj 1 ^). 

Proof. Generally, for H, I C J we have a direct sum (Bjg/u^ 4>n(Ei) C and hence 

^ e /4/(^))n(e 4e ^(£^ 

®ieinH<f>ij(Ei) = (p(inH)j{® i( z InH (l)i(inH)(Ei 
4>{ir\H)j{Eir\H)- 



This proves (6.2.1). Applying s, 1 to both sides and recalling our abbreviations then 



implies (6.2.2). If moreover ICiH = then Ej^h = Eq = {0}, which implies (6.2.3). □ 



Before stating the main theorem, we introduce a notion of metrics on Kuranishi 



structures that will be useful in the construction of perturbations in Section 7.3 



Definition 6.2.4. A Kuranishi structure K, is said to be metrizable if there is a 
bounded metric d on the set |/C| such that for each I G I;c the pullback metric di := 
( 7r A:|{//)*rf on Ui induces the given topology on the manifold Uj. In this situation we 
call d an admissible metric on \K\. A metric Kuranishi structure is a pair 
(fC, d) consisting of a metrizable Kuranishi structure together with a choice of admissible 
metric d. For a metric Kuranishi structure, we denote the 5 -neighbourhoods of subsets 
Q C |/C| resp. A C £// for 5 > by 

B S (Q) := {w G \K\ | 3q G Q : d(w,q) < 5}, 

B^A) := {x G Hi \ 3a G A : d/(x,a) < 5}. 

We next show that if d is an admissible metric on \IC\, then the metric topology on 
|/C| is weaker (has fewer open sets) than the quotient topology, which generally is not 
metrizable by Example 6.1. 14[ 



Lemma 6.2.5. Suppose that d is an admissible metric on the virtual neighbourhood 
\JC\ of a Kuranishi structure IC. Then the following holds. 

(i) The identity id|yq : |/C| — > (\K,\,d) is continuous as a map from the quotient 
topology to the metric topology on \fC\. 

(ii) In particular, each set B${Q) is open in the quotient topology on \fC\, so that 
the existence of an admissible metric implies that |/C| is Hausdorff. 

(hi) The embeddings <ftu that are part of the coordinate changes for I C J G I/c 
are isometries when considered as maps (Uu,di) — > (Uj,dj). 
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Proof. Since the neighbourhoods of the form Bg(Q) define the metric topology, it suf- 
fices to prove that these are also open in the quotient topology, i.e. that each subset 
UiDtt^ 1 (Bs(Q)) is open in Uj. So consider x G Uj with tt/c(x) G B$(Q). By hypothesis 
there is q G Q and e > such that d(njc(x) , q) < 5 — e, and compatibility of metrics and 
the triangle inequality then imply the inclusion ir/c(B^(x)) C B £ {Q) C B$(Q). Thus 
B J (x) is a neighbourhood of x G [// contained in Uj n tt' /c 1 (Bs(Q)). This proves the 
openness required for (i) and (ii). Since every metric space is Hausdorff, \fC\ is therefore 
Hausdorff in the quotient topology as stated in (ii). Claim (iii) is immediate from the 
construction. □ 

One might hope to achieve the Hausdorff property by constructing an admissible 
metric, but the existence of the latter is highly nontrivial. Instead, in a refinement 
process that will take up the next two sections, we will first construct a Kuranishi 
structure whose virtual neighbourhood has the Hausdorff property, then prove metriz- 
ability of certain subspaces, and finally obtain an admissible metric by pullback to 
a further refined Kuranishi structure. This process will prove the following theorem 



whose formulation uses the notions of shrinking from Definition 6.3.2, tameness from 



Definition 6.2.7 and cobordism from Definition 6.4.6 The formulation below is some- 



what informal; more precise statements may be found in the results quoted in its proof. 

Theorem 6.2.6. Let K, be an additive weak Kuranishi structure on a compact metriz- 
able space X. Then an appropriate shrinking offC provides a metrizable tame Kuranishi 
structure Kl with domains (U'j C Ui)igz , such that the realizations \ fC'\ and \E)C'\ are 
Hausdorff in the quotient topology. In addition, for each I G 2jc' = 1-K the projection 



maps ir/c : U'j — > \JC'\ and njc ■ U'j x Ej 
images and fit into a commutative diagram 



Exy are homeomorphisms onto their 



|E/c| 
l\P T tc'\ 

|/C'| 



Uj X Ej - 

I 

U'j 2 

where the horizontal maps intertwine the vector space structure on Ej with a vector 
space structure on the fibers of |pr^/|. 

Moreover, any two such shrinkings are cobordant by a metrizable tame Kuranishi 
cobordism whose realization also has the above Hausdorff, homeomorphism, and linear- 
ity properties. 



Proof. The key step is Proposition 6.3.4, which establishes the existence of a tame 



shrinking. As we show in Proposition 6.3.7, the existence of a metric tame shrinking 



is an easy consequence. Uniqueness up to metrizable tame cobordism is proven in 



Proposition 6.4.17 By Proposition 6.2.13 tameness implies the Hausdorff and home- 



omorphism properties. The diagram commutes since it arises as the realization of 
commuting functors to pr^v : E^/ — > B^y, and we prove the linearity property in 
Proposition 6.2.14 Finally, the last statement follows from Lemma |6.4.11 where we 
show that the realization of every tame Kuranishi cobordism has the Hausdorff, home- 
omorphism, and linearity properties. □ 
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The Hausdorff property for the Kuranishi neighbourhood \fC\ will require the follow- 



ing control of the domains of coordinate changes, which we will achieve in Section 6.3 
by a shrinking from an additive weak Kuranishi structure. 

Definition 6.2.7. A weak Kuranishi structure is tame if it is additive, and for all 
I,J,K£ Zfc we have 



3.2.4) 
3.2.5) 



U u n Ui K 
4>ij(Uik) 



u 



I(JUK) 



Uj K C\s-j 1 {Hj{E i )) 



V/ C J, K; 
VJCJCK 



Here we allow equalities, using the notation Ujj := Ui and <f>u := Idjjj. 
allow for the possibility that JU K ^ 1%, we define Ujl := for L C {1, 
L ^X]q. Therefore (6.2.4) includes the condition 



Further, to 
..,N} with 



u u n u IK ^ 



FjHFk^ 



juKgZk ). 



The first tameness condition (6.2.4) extends the identity for footprints ^p I 1 (Fj) n 
■iPJ 1 (Fk) = 4 j Y 1 (Fjuk) to the domains of the transition maps in U[. In particular, 
with J C K it implies nesting of the domains of the transition maps, 



3.2.6) 



Uik CU U V/ C J C K. 



The second tameness condition ( |6.2.5 ) extends the control of transition maps between 
footprints and zero sets </>/j(^7 (^k)) = ^^{Fr) = Ujk H Sj 1 (0) to the Kuranishi 
domains. In particular, with J = K it controls the image of the transition maps, 



3.2.7) 



lm (pu 



MU 



Li) 



- r l {hj(Ej)) V/ C J. 



This implies that the image of (pjj is a closed subset of Uj, and is a much strengthened 
form of the "infinitesimal tameness" mid y 4>ij = (dsj) -1 ((f)ij(Ej)) provided at the 
points y £ im^/j by Definition 5.2.1. The next lemma shows, somewhat generalized, 
that every tame weak Kuranishi structure in fact satisfies the strong cocycle condition, 
so in particular is a Kuranishi structure. 

Lemma 6.2.8. Suppose that the weak Kuranishi structure fC satisfies the tameness 
conditions (6.2.4), (6.2.5) for all I,J,K £ Xjq with \I\ < k. Then for all I C J C K 
with \I\ < k the strong cocycle condition (6.1.2) is satisfied, i.e. <J)jk o <pjj = <pjx with 
equality of domains 

Uun<i>j}(Uj K ) = UjK. 

Proof. From the tameness conditions ( 6.2.4[ ) and (6.2.7) we obtain for all I C J C K 
with |7| < k 

4>ij{Uik) = U JK n sf^uiEj)) = U JK D (j>ij(Uu). 

Applying (f>jj to both sides and using (6.2.6) implies equality of the domains. Then 
the weak cocycle condition cpjx o fijj = (f) IK on the overlap of domains is identical to 
the strong cocycle condition. □ 
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The above remarks do not use additivity. However, we formulated Definition 6.2.7 



so that tameness implies additivity, because the most useful consequences come by 
using additivity. In particular, we obtain a limited transversality for the embeddings 
of the domains involved in coordinate changes. This property is crucial to guarantee 
the existence of coherent (i.e. compatible with coordinate changes) perturbations of the 
canonical section sx, of a tame Kuranishi structure. However, due to further technical 



complications, we will not use it directly in the constructions of Section 7.3 



Lemma 6.2.9. If K, is a tame Kuranishi structure, then for any H,I,J G with 
H Pi / 7^ and H U I C J the two submanifolds imcpHj and i m <fiu of im^^u/y 
intersect transversally in im<f)^ HnI ^j . 

Proof. We will make crucial use of tameness, which identifies 

im^ L j = S jHE L ) := s~j l L j{E L )) 

for L = H,I,HnI,HUl, with the preimages under sj of the images of the linear em- 
beddings, im^j = 4>lj{E l ) C Ej. The inclusions sj 1 (im(/> L j) C Sj 1 (im 4>(hui)j) for 
L = H,I then follow from the linear cocycle condition (f>Lj = <i>(mji)j ° 4>L(Hyji)i which 
implies im^j C im(f>^ HuI p. The intersection identity sj 1 (im0//j) nsj 1 (im0/j) = 

Sj 1 (im0(^ n /)j) follows by applying Sj 1 to the additivity property ( |6.2.1[ ). 

To prove the transversality of intersection, we use additivity and the linear cocycle 
condition to obtain the decomposition 

Applying the isomorphism dsj 1 to a complement of kerdsj C TUj, and adding this 
kernel to the middle factor, this implies 

dsj (im0 (ffnJ )jj dsj (im0 (Hn/)J ) 

Since im^ ffn j)j C im^j for L = H,I this implies transversality 

dsj^im^u/y) = ds j 1 (im (f> HJ ) + dsj 1 (im^/j) 
as claimed. □ 

We now show that the additivity and tameness conditions give us very useful con- 
trol over the equivalence relation ~ on Obj B)c , given in Definition 6.1.8 by abstractly 
inverting the morphisms. We reformulate it here with the help of a partial order given 
by the morphisms - more precisely the embeddings (fiu that are part of the coordinate 
changes. 

Definition 6.2.10. Let H denote the partial order on Obj B)C given by 
(I,x)±(J,y) » Mor BK ((/,x),(J,y))/0. 
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That is, we have (I, x) H (I, y) iff x G Uu and y = 4>u(x). Moreover, for any I, J G T^ 
and a subset Si C Uj we denote the subset of points in Uj that are equivalent to a point 
in Si by 

ej(Si) := tt^OjcOSV)) n Uj = {y G Uj\3x G Sj : (i» ~ (J,y)} C Uj. 
There is a similar partial order on Obj E)c given by 

(I,x,e)±(J,y,f) Mor EK ((/, x, e), ( J, y, /)) / 0. 



The notation ej(Si) will obtain a more useful interpretation in Lemma |6. 2. 8 below. 
The relation ■< on Obj E)C is very similar to that on Obj BK; . Indeed, (I, x, e) ^ (J,y,f) 
implies (J, x) ^ (d, y). Conversely, if (J, x) X (J, y) then for every e £ Ei there is a 
unique / G -Ej such that (J, x, e) X (J, y,/). Thus to ease notation we mostly work 
with the relation on Objg K though any statement about this has an immediate analog 
for the relation on Obj E)C (and vice versa). 



Lemma 6.2.11. The equivalence relation ~ on Objg K of Definition 6.1.8 is equiva- 
lent^ defined by (I, x) ~ (J, y) iff there is a finite tuple of objects (lo, xo), • • • , (Ik, Xk) G 
Obj B(C such that 

(6.2.8) (I,x) = (J ,x ) r< (/i,xi) >r (I 2 ,x 2 ) <...{I k ,x k ) = (J,y) 

or (J,x) = (IbjZo) >: (di,xx) ^ {h,x 2 ) h ■■■ [h,x k ) = (J,y). 



Proof. The relation ^ is transitive by the cocycle condition 6.1.3 (d) and antisymmetric 



since the transition maps are directed. In particular, we have (J, x) ^ (J, y) iff x = y. 



The two definitions of ~ are equivalent since, if (6.2.8) had consecutive morphisms 
(It-i,X£-i) ^ (It,Xi) H xi + i), these could be composed to a single morphism 

(J^_l,x^_x) ^ (/£ + i,x^ + i) by the cocycle condition. Similarly, any consecutive mor- 
phisms (Jg_i,X|_i) >: (Ji,xi) y_ X£ + i) can be composed to a single morphism 

When tC is tame, the definition of ~ in terms of ■< can be simplified, and thus has 
good topological properties, as follows. Note that, because tame K, are additive, we 
now denote Sj 1 (Ei) := Sj 1 Q>ij(Ei)) C Uj. 

Lemma 6.2.12. Let fC be a tame Kuranishi structure. 

(a) For (I,x),(J,y) G Obj BK the following are equivalent. 

(i) {I,x)~(J,y); 

(ii) there exists z G Umj such that (J, x) H (/ U J, z) >: (J, y); 

(iii) £/tere exists u; G fd/nJ snc/i i/ia£ (J, x) ^ (1(1 J,i«) ^ (d, y). 

(b) For (I, x, e), ( J, y, /) G Obj E the following are equivalent. 

(i) (I,x,e) ~ (d,y,/);^ 

(ii) (I,x) ~ (J,y) and 0/(/uj)(e) = y = 4>j{ivjj){f) for some g G F 7u j; 

(iii) (I,x) ~ (J,y) and ^/ UJ)7 (e) = d = ^/ nJ) j(/) /or some d G £/ n j- 

(c) 7r/^ : Uj — y \K\ and tt/c ■ Uj x Ei — > are infective for each I G Zjc, i/iai is 
(I, x, e) ~ (I, y, /) implies x = y and e = f . In particular, the elements z and 
w in (a) resp. g and d in (b) are automatically unique. 
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(d) For any I, J G Ik. and Si C Ui we have 



J(iuJ) 1 



ej(S!) 
in particular 

£j (C7j) := t/jn^Mt//)) 



i(iuJ)(Si)) = ( / , (/nJ)j( < / > (/ n j)/( 5 ' / ))! 



Ujiiu^ns/iEmj). 



(e) // 5/ C Ui is closed, then e j(Sj) C Uj is closed. In particular we have 
ej(Ai) C e j(Aj) for any subset Aj C Uj. 

Proof. We first prove the following intermediate results: 

Claim 1: Suppose (I,x,e) ■< (K,z,g) ^ (J,y,f) for some (K,z,g) G Obj E)c; then 
there exists w G Ujcj and d G -Em J such that (I, x, e) >z (I f] J, w, d) ■< (J, y, /). 



Indeed, tameness (6.2.7) and additivity (6.2.2) imply 

z G 4>ik{Uik) n 4>jk{Ujk) = s^iEj) n s~£(Ej) = s^iEmj) = (f>(inj)K(U {InJ)K ). 

Therefore we have z = 4'(ir\ J)K( w ) f° r some w G t-^/nJ)^- We also have z = 4>ik{%) 

implies that ^ In j) K (w) = 4> IK {4>{i^j)iiw)) > so the 



6.2.8 



by assumption, and Lemma 
elements x and (j>(ic\j)i{w) of Uik have the same image under 4>ik- Since the latter 
is an embedding we deduce x = 4>(ic\j)i{ w )- Similarly, y = <fr(inj)j( w ) follows from 
4>(inJ)K = <t>JK o 0(/ n j)j- Moreover, we have (f>i K (e) = g = 4>jK{f) by assumption, so 
9 e {4>ik{Ei)) n (4> JK (Ej)) = 4>(i n j)K{E(i n j) K ) by additivity ( |6.2.1[ ). Now applying 



obtain 6 



together with the cocycle conditions 



(inJ)K 



%K ° 0(/nJ) 



. for 



/, J we 



=: d. 



(/nj)/( e ) = ^(/nJ)j(/) = ^jnJ)M 

Claim 2: Suppose (I,x,e) >z (H,w,d) ^ (J, y, /) /or some (H,w,d) G Obj Ejc , i/ien 
i/iere exists z G Umj and g G Ei u j such that (I, x, e) ^ (IU J, z, y) >: (J, y, /). 

Indeed, (6.2.4) implies that w G C^//(/uJ) so that z := 4>h(iuJ) w ^/uJ is defined. We 
also have x = <j>ju(w) by assumption, which together with Lemma |6.2.8 implies 

Z = 4>H{IUJ){ W ) = ^{IVJJ)l{(t>Hl{w)) = (f>(luj)l(x)- 

Similarly, z = 4>(i\jj)j{y) follows from y = 4>hj{w) and the strong cocycle condition 
(6.1.2), proved in Lemma 6.2.8 Moreover, we have e = 4>Hi{d) and / = <f>Hj(d), so 
can apply the cocycle conditions 4>h(iu.J) = 4 , »(iu.J) 4>H» f° r * = I, J to obtain 

0/(/uJ)(e) = 4>j(iuJ)(f) = 4>H(iuJ)(d) =■ 9- 

Now to prove part (a), observe that Claims 1 and 2 imply the analogous statements 
on Obj B by picking the zero vector for each e,f,g,d. With that, (ii) => (hi) follows 
from Claim 1, and (iii) (i) holds by definition of the equivalence relation ~. The 
implication (i) =4> (ii) is proven by noting as above that consecutive morphisms in (6.2.8) 
in the same direction can be composed to a single morphism by the cocycle condition. 
Combining this with Claim 1 and Claim 2 above, any tuple of morphisms (6.2.8) can 
be replaced by two morphisms (I, x) >z (H,w) ^ (J, y) or (I,x) ■< (K,z) >z (J,y)- We 
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then use once more Claim 2 or Claims 1 and 2 to deduce the existence of morphisms 
(I,x) H (I U J, z) >z (J, y). This proves (a), and (b) is proven in complete analogy. 

Next, part (c) is a consequence of (i)=^(ii) since cpu = Id[/ 7 and cpjj = Id^. The 
formulas for sj(Si) in (d) follow immediately from the equivalent definitions of ~ in (a). 
In case Sj = Uj we can moreover use ( 6.2.7| ) and ( |6,2.2 ) to obtain 



ej(Uj) = ^(/uj)( s 7uj(^)) = <t>j(iuJ){ s 7uA E i)nsjtj(Ej)) 

If in addition Si C Ui is closed, then ej(Si) = ^(/njy^/n,/)/^)) c im ^(/nJ)J is 
closed since the transition maps are homeomorphisms to their images. The tameness 
assumption (6.2.7) ensures that im^>(/ n jw C Uj is closed, and hence ej(Sj) C Uj is 



closed. Now for any subset Aj C Uj we have ej(Aj) contained in the closed subset 
ej(Ai) C Uj, hence by definition the closure e j{Aj) C Uj is contained in ej(Ai). This 
finishes the proof of (e) . □ 

With these preparations we show in the following propositions that the additivity 
and tameness conditions imply the Hausdorff, homeomorphism, and linearity properties 
claimed in Theorem 16.2.61 

Proposition 6.2.13. Suppose that the Kuranishi structure /C is tame. Then \JC\ and 
| Ex; | are Hausdorff, and for each I G the quotient maps nic\ui '■ Ui —> \IC\ and 
^/cIcZ/xE/ : Ui x Ei — > | Ex; | are homeomorphisms onto their image. 

Proof. The claims for /C follow from that for |Ex;| since \K\ can be identified with the 
zero section of the bundle pr : |Ex| — > \fC\, which is a closed subset. However, to avoid 
carrying along unnecessary notation, we first prove the statement for \K\, and then 
sketch the necessary extensions of the argument for |Ex|. 

Since each component of Obj BK = \J Ie x K Ui is Hausdorff and locally compact, its 
quotient \JC\ = Obj B)C /~ is Hausdorff exactly if the equivalence relation ~ is closed. 
Since is finite, it suffices to consider sequences Uj B x v — > x°° and Uj B y u — > y°° of 
equivalent objects (I,x u ) ~ (J,y u ) for all v S N and check that (J, x°°) ~ (J, y°°). For 
that purpose denote H := Id J, then by Lemma 6.2.12[ a) there is a sequence w v G Uh 



such that x v = (j>Hi{w v ) and y v = c))hj{w v )- Now it follows from the tameness condition 
(6.2.7) that x°° lies in the relatively closed subset <Phi(Uhi) = sJ 1 (Eh) C Uj, and since 



4>hi is a homeomorphism to its image we deduce convergence w v — > w°° G Ujji to a 
preimage of x°° = <f)jji(w°°)- Then by continuity of the transition map we obtain 
(t'Hji'w 00 ) = y°°, so that (I,x°°) ~ (J, as claimed. Thus \JC\ is Hausdorff. 

To show that ttk^Uj is a homeomorphism onto its image, first recall that it is injective 



by Lemma 6.2.12 (c). It is moreover continuous since |/C| is equipped with the quotient 



topology. Hence it remains to show that vrycic// is an open map to its image, i.e. for 
any given open subset Si C Uj we must find an open subset W C |/C| such that 
W fl ttjc(Ui) = ttic(Sj). Since \1C\ is given the quotient topology, W is open precisely if 
7r^ 1 (>V) n Uj C Uj is open for each J G 1^. Equivalently, we could find open subsets 
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Wj C Uj such that Wi = Si and 

^{^(Ujex^Wj)) = U JelK Wj, 

since then W := t^k, (Ujgx k ^j) C |/C| is the required open set. To construct these sets 
we order Z/c = {Ji, -?2> • • • > In} hi an Y wa Y such that I\ = I. Then we will iteratively 
define open sets Wj e C Uj e and not necessarily open sets 

m:=MULiW Ik ) c|/c| 

such that 



3.2.9) 



7r^(W^)nC/ /fc =W /fc V* = l, 



Obviously, we also need to begin with Wj a := 5/, which is given as open. Then 
Wi = ^(W/j) satisfies (6.2.9) for £ = 1 as we check with the help of Lemma 6.2.12 (c), 

tt^Wi) n l/j, = t^VkO^)) n U h = e h (W h ) = w h . 



Next, suppose that the open sets Wi 1 , . . . , Wi e are defined and satisfy (6.2.9). Then we 
define 

W h+1 := U h+1 \ \J n <te Il+1 (U In <W In ) 



by removing those points from the domain Uj e+1 that would violate (6.2.9). This 
defines an open subset Wi e+1 C Ui t+l since by previous constructions Wj n is open, 
so Uj n \Wj n C Ui n is closed, and by Lemma 6.2. 12| (d) this implies closedness of 
£i l+1 {Ui n \Wi n ). To verify (6.2.9) with £ replaced by £+1 first note that for k = 1, . . . ,£ 
we have 

nlcMWit+i)) n U h = s h(Wi e+1 ) C e h (U Ie+1 \ e h+1 (U Ik ^W h )) C W h 
since the complicated expression consists of those x G Uj k for which there exists y € 
f// £+1 with x ~ y and y 76 z for any z G f7/ fc \W/ fc , which implies x £ W/ fc - Conversely, 
we have 

K K l (w t )rMJ h+1 c:W h+1 

since for every n < £ the intersection Try (W^) n e/ f+1 (^/ n \W / 7„) is empty. Indeed, 
otherwise there exist x G E/^ +1 and y E Z7r n \W/ n with a; ~ y, and on the other hand 
7i7c(a0 E Wf. However, this implies y G ^^(We) in contradiction to (6.2.9). Using 
these two inclusions we can now finish the proof by verifying the iteration of (6.2.9), 

^Hm+i) n u Ik = faHm) n u Ik ) u (^(ttk^J) n u Ik ) = w Ik 

holds for k = 1, . . . , £, and for k = £ + 1 we have 

^\w i+1 ) n u h+1 = {ir K l (w e ) n c^ +1 ) u i^ 1 {n K (w Ie+1 )) n t^ +1 ) = w h+1 . 

This completes the proof of the statements about \K\. The analogous statements for 
| Ex; | hold by using part (b) of Lemma 6.2.12 instead of part (a). □ 



Proposition 6.2.14. Let 1C be a tame Kuranishi structure. Then there exists a unique 
linear structure on the fibers of |pr^ | : |Ex| — > \fC\ such that for every I E Ifc the 
embedding ttx, ■ Ui x Ej — > |E^| is linear on the fibers. 
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Proof. For fixed p G \JC\ denote the union of index sets for which p G ^k{Ui) by 

I P := |J / C{1,...,N}. 

To see that I p G I/c we repeatedly use the observation that Lemma 6.2.12 (a) implies 



Moreover, x p := ^^(p) n L7j is unique by Lemma 6.2.12 (c). Next, any element in the 
fiber [I, x, e] G |pr^| _1 (p) is represented by some vector over (I, x) G vr^fjj), so we have 
I C I p and 4>n p {x) = x p , and hence (I, x, e) ~ (J p , x p , 4>n p (e)). Thus 717c : x £/ p 



|P r Jtl _ (p) ^ s surjective, and by Lemma 6.2.12 (c) also injective. Thus the requirement 
of linearity for this bijection induces a unique linear structure on the fiber Ipr^j -1 ^). 
To see that this is compatible with the injections ttjc : {x} x Ej — > Ipr^l^ 1 ^) for 
(J, x) ~ (I p , x p ) no te again that I C I p since I p was defined to be maximal, and hence 
by Lemma 



6.2.12 



(b) (ii) the embedding factors as 7rx:| {a .} xBj = ^k\{x p }xE! 



where 4>u p is linear by definition of coordinate changes. Thus t^k\{x}-xEi ls bnear as 
well. □ 

Remark 6.2.15. It is tempting to think that additivity alone is enough to imply that 
the fibers of |pr^| : |Ex| —> \K\ are vector spaces. However, if the first tameness 
condition (6.2.4) fails because there is x G (Uu n Uik)^Uj(j\jk)-, then both Ej and 
Ek embed into the fiber |pr jC | _1 ([J, x])), but may not be summable, since such sums 
are well defined by additivity only in Ej u k- 

We end this section with further topological properties of the Kuranishi neighbour- 
hood of a tame Kuranishi structure that will be useful when constructing an admissible 
metric in Section 6.3 and eventually the virtual fundamental class in Section [7| For 
that purpose we need to be careful in differentiating between the quotient and subspace 
topology on subsets of the Kuranishi neighbourhood, as follows. 

Definition 6.2.16. For any subset A C Obj BK of the union of domains of a Kuranishi 
structure fC, we denote by 

A/ 



= ir K (A) C \IC\, \A\ := wjc(A) 

the set ~K]c(A) equipped with its subspace topology induced from the inclusion Ti]c(A) C 
\1C\ resp. its quotient topology induced from the inclusion A C Obj B)C and the equiva- 
lence relation ~ on Obj BK (which is generated by all morphisms in B^, not just those 
between elements of A). 

Remark 6.2.17. In many cases we will be able to identify different topologies on 
subsets of the Kuranishi neighbourhood \K\ by appealing to the following elementary 
nesting uniqueness of compact HausdorfF topologies: 

Let f : Y — > Z be a continuous bijection from a compact topological space X to a 
Hausdorff space Y. Then f is in fact a homeomorphism. Indeed, it suffices to see that 
f is a closed map, i.e. maps closed sets to closed sets, since that implies continuity 
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of f . But any closed subset of Y is also compact, and its image in X under the 
continuous map f is also compact, hence closed since Y is Hausdorff. 

In particular, if Z is a set with nested compact Hausdorff topologies 71 C 7i , then 
idz '■ (Z,T2) (Z, 71) is a continuous bijection, hence homeomorphism, i.e. 71 = 7i- 

Proposition 6.2.18. Let K, be a tame Kuranishi structure. 

(i) For any subset A C Obj B)C the identity map id^^) : |A| — > \\A\\ is continuous. 

(ii) If A C Ob] BfC is precompact, then both \A\ and \\A\\ are compact. In fact, 
the quotient and subspace topologies on ir/c(A) coincide, that is \A\ = \\A\\ as 
topological spaces. 

(iii) // A C A' C Obj B)C , then 7T/c(A) = ttk.{A) and nic(A) C n K (A') in the 
topological space \K\. 

(iv) If A C Obj B)C is precompact, then \\A\\ = \ A\ is metrizable; in particular this 
implies that \\A\\ is metrizable. 



Proof. To prove (i) recall that openness of U C hk. (A) in the subspace topology implies 
the existence of an open subset W C \K.\ with W n tt/c(A) = U. Then we have 
A n TT^iU) = An ^(W), where vr^W) C \J IeXfc Uj is open by definition of the 
quotient topology on |/C|. However, that exactly implies openness of Anir^iU) C A 
and thus of U in the quotient topology. This proves continuity. 

The compactness assertions in (ii) follow from the compactness of A together with 
the fact that both 7ryc : A — > |/C| and tt/c ■ A — > ^4/~ are continuous maps. Moreover, 
1 1 ,A|| is Hausdorff because its topology is induced by the Hausdorff topology on |/C|. 
Therefore the identity map |A| — > \\A\\ is a continuous bijection from a compact space 
to a Hausdorff space, and hence a homeomorphism by Remark 6.2.17, which proves the 
equality of topologies. 

In (iii), the continuity of 7T£ implies 7rjc(A) C ttk{A) for the closure in \K\. On the 
other hand, the compactness of A implies that tt)c(A) is compact by (ii), in particular 
it is closed and contains tt^A), hence also contains it/c(A). This proves equality 
7Tjc(A) = 7r/c(A). The last claim of (iii) then holds because ttic(A) = njc(A) C it/c(A'), 
and ttk.(A) is compact by (ii). 

To prove the metrizability in (iv), we will use Urysohn's metrization theorem, which 
says that any regular and second countable topological space is metrizable. Here ||A|| C 
|/C| is regular (i.e. points and closed sets have disjoint neighbourhoods) since it is a 
compact subset of a Hausdorff space. So it remains to establish second countability, 
i.e. to find a countable base for the topology, namely a countable collection of open 
sets, such that any other open set can be written as a union of part of the collection. 

For that purpose first recall that each Ui is a manifold, so is second countable by 
definition. This property is inherited by the subsets Aj C Uj for I £ Z^, a nd by their 
images iric(Aj) C |/C| via the homeomorphisms ttjcIuj of Proposition 6.2.13 Moreover, 
each 7Tk;(Aj) is compact since it is the image under the continuous map -kjc of the closed 
subset Ai = A R Ui of the compact set A. So, in order to prove second countability 
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of the finite union ||„4|| = \Jj e x K ^(Ar) iteratively, it remains to establish second 
countability for a union of two compact second countable subsets, as follows. 

Claim: Let B, C C Y be compact subsets of a Hausdorff space Y such that B, C are 
second countable in their subspace topologies. Then B U C is second countable in the 
subspace topology. 

To prove this claim, let (V B )i^ resp. (V i be countable neighbourhood bases for 
B and C . Then {V B n(B\C))i e n resp. (V^ n(C\-B))j 6 pj are countable neighbourhood 
bases for the open subsets B\C C B resp. C\B C C. To finish the construction of a 
countable neighborhood basis for B U C it then suffices to find a countable collection 
of open sets Wj CBUC with the property 

(6.2.10) RcBUC open => Rn(BnC) C U Wj- 

For then i? will be the union of these together with all the sets V B \C and Vf\B 
that are contained in i?. 

To construct the Wj, choose metrics d B ,d on B,C respectively (which are guaran- 
teed by Urysohn's metrization theorem). Since B n C is compact, the restrictions of 
the metrics to this intersection are equivalent, i.e. there is k > 1 such that 

\d B {x,y) < d c (x,y) <Kd B (x,y) V x, y G £ D C. 

For any subset S C B and e > denote the ^-neighbourhood of S in B by 

A4 B (5) := {y G £ | inf se5 d B (y,s) < e} 

and similarly define jVf(T) for T C C. These are open sets by the triangle inequality. 
Moreover, the triangle inequality for d c together with the above equivalence of metrics 
gives the following nesting of neighbourhoods for all S C B n C and e, 5 > 0, 

(6.2.11) NC(Nf(S)nC) c jV? s+ e(S). 

Now for any S C B flC and £ > we define an ^-neighbourhood in B U (7 by 
W^ e (S) := A4 B (5) U (Ar £ c (AT £ B (S)nC)) \ (£ \A/" £ B (S))) C £ U C. 

Note here that S = S'fl-B C N B (S) already implies the inclusion S C W £ (S). Moreover, 
the definition is made to satisfy the nesting property 

(6.2.12) TcS W e {T) C W £ {S). 

To see that W £ {S) C £ U C is open, it suffices to check relative openness of the 
intersections with B and C, since then both B\W £ (S) and C\W £ (S) are compact in 
the relative topology, so is their union (B\W £ (S))U(C\W £ (S)) = (BUC)\W £ (S), and 
hence W e (S) C BUC is the complement of a closed subset. Indeed, W e (S)C\B = jV B (S) 
is open since the e-neighbourhoods were constructed open, and we use the inclusion 
T C A4 C (T) for T = M £ B (S) n C to express 

w £ (S)nc = N £ c (N £ B (S)nC)) \ (5\A4 B (,s)) 
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as complement of a closed set in an open set. This shows openness of W e (S) R C and 
hence of W e {S). Moreover, the equivalence of metrics gives for any S C B R C 

W £ (S)nC c Af £ c (Af £ B (S)nC)) c Af £ c '{^(S) n C)) c A/g+ 1)e (S). 

Next, recall that compact metrizable spaces are separable. Since we can equip B DC 
with either metric d B or d , we obtain a dense sequence (x n ) rag N C -B R C. Now we 
claim that the countable collection 



(Wj) jeN = (W 1/m (x„)) 



m,n£N 



satisfies (6.2.10). To see this, we must check that for every r G RD (B D C) there is 



m, n 6 N with r 6 Wx/ m (iCn)- For that purpose first choose e > so that M B (r) C i?R-B 
and jV e c (r) C i? R C. Then choose m e N so that m > (2k + l)/e, and choose 



x n S A/jy m (r). Then we use (6.2.12) and the equivalence of metrics to obtain the 
inclusion 



W 1/m (x n ) C W 1/m (N* m (r)) 

C AA 2 %(r) U A^ K+1)/m (r) C J\f £ B (r) U ATf(r) C i2 



as required. This proves (6.2.10) and hence the claim, which finishes the proof of (iv). 
In particular, ||^4|| is metrizable in the subspace topology, by restriction of a metric on 
^(A) c \K\. □ 

6.3. Shrinkings and tameness. 



The purpose of this section is to prove Theorem 6.2.6 and Proposition 6.3.7 by 
giving a general construction of a metric, tame Kuranishi structure starting from an 
additive, weak Kuranishi structure. The construction will be a suitable shrinking of 
the footprints along with the domains of charts and transition maps, as follows. 

Definition 6.3.1. Let (i ? i)i=i ) ... ) Ar be an open cover of a compact space X. We say 
that (i ? /)i=i....,Ar is a shrinking of (Fi) if F- C Fi are precompact open subsets, which 
cover X = U j=i n F[, an d are such that for all subsets I C {1, . . . , N} we have 

(6.3.1) Fj := n^rf ? => F} := f] teI Fl / 0. 

Recall here that precompactness V C V is defined as the relative closure of V' in V 
being compact. If V is contained in a compact space X , then V' d V is equivalent to 
the closure V in the ambient space being contained in V. 

Definition 6.3.2. Let 1C = (Kj, &ij)i jez K icj be a weak Kuranishi structure. We 
say that a weak Kuranishi structure KJ = (K^, ^'u)i,j^x Kl ,i<zj is a shrinking of K, if 

(i) the footprint cover (i ? /)i=i,..,,Ar' is a shrinking of the cover (Fi)i = i r ,^N , in par- 
ticular the numbers N = N' of basic charts agree, and so do the index sets 
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(ii) for each I E lie the char t K.' r i s the restriction of K/ to a precompact domain 



Uj C Ui as in Definition 



5.1.5 



(iii) for each 1%; with I C J the coordinate change <&jj is the restriction of 



$/j to the open subset U'jj := <j>j}{U'j) n Uj as in Lemma 



5.2.3 



Remark 6.3.3. (i) Note that any shrinking of an additive weak Kuranishi structure 
preserves the weak cocycle condition (since it only requires equality on overlaps) and 
also the additivity condition. Moreover, a shrinking is determined by the choice of 
domains Uj C Uj and so can be considered as the restriction of 1C to the subset 
U/ex K U'l c Objg^. However, for a shrinking to satisfy a stronger form of the cocycle 
condition (such as tameness) the domains Ujj := 4>Tj(U'j) D Uj of the coordinate 
changes must satisfy appropriate compatibility conditions, so that the domains Uj can 
no longer be chosen independently of each other. Since the relevant conditions are 
expressed in terms of the Ujj, we will find that the construction of a tame shrinking 
in Proposition 6.3.4 can be achieved by iterative choice of these sets Ujj. These will 
form shrinkings in each step, though we prove it only up to the level of the iteration. 
Our construction is made possible only because of the additivity conditions on /C. 

(ii) Given two tame shrinkings KP and /C 1 of the same weak Kuranishi structure, one 
might hope to obtain a "common refinement" /C 01 by intersection Ujj := Ujj Pi Ujj 
of the domains. This could in particular s implify the proof of compatibility of the 
Kuranishi structures KP,^ 1 in Proposition |6.4.17 However, for this to be a valid 
approach the footprint covers (Ff)i=i t ..,,N and (FfjiLi,...^ would have to be comparable 
in the sense that their intersections still cover X = \J i=1 tf(Ff ^ ) an< ^ nave the 
same index set, i.e. Ff n Fj / for all I £ 1/c- Once this is satisfied, one can check 
that /C 01 defines another tame shrinking of /C. 

We can now prove the main result of this section. Note that by the above remark, 



the main challenge is to achieve the tameness conditions (6.2.4), (6.2.5). 



Proposition 6.3.4. Every additive weak Kuranishi structure JC has a shrinking K 1 that 
is a tame Kuranishi structure - for short called a tame shrinking. 

Proof. Since X is compact and metrizable and the footprint open cover (Fi) is finite, it 
has a shrinking (F-) in the sense of Definition 6.3.1 In particular we can ensure that 



Fj whenever Fj ^ by choosing 5 > so that every nonempty Fj contains some 
ball Bs(x[) and then choosing the F- to contain Bg/ 2 (xi) for each I 3 i (i.e. Fj C Fi). 
Then we obtain F' T ^ for all I E J/c since B 5/2 { Xl ) C f| iei F { = Fj. 

In another preliminary step we now find precompact open subsets Ur C Uj and 

open sets Jjfj C Uu D llf 1 ^ for all /, J E Ijc such that 



3.3.2) 



uf n ^(o) = ^jHf'j), ufj n ^(o) = ^(f' n f'j). 



(0) 



The restricted domains llf 1 ^ are provided by Lemma 



5.1.6 



Next, we may take 



3.3.3) 



U 



(0) 



UijnuPntjHu?*), 



(Oh 
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which is open because Lff^ is open and (fiu is continuous. It has the required footprint 

uf) n sj\o) = Uu n ^(F'j) n 0Z/W(*j)) = *lH*i n = ^\f'j)- 

Therefore, this defines an additive weak Kuranishi structure with footprints F'j, which 
satisfies the conditions of Definition 6.3.2 and so is a shrinking of IC. 

We will construct the required shrinking K' by choosing possibly smaller domains 
U'j C uf ] and U'jj C uf) but will preserve the footprints F'j. We will also arrange 
U'jj = U'jHcpjjiU'j), so that K! is a shrinking of the original IC. Since K! is automatically 
additive, we just need to make sure that it satisfies the tameness conditions (6.2.4) 
and (6.2.5). By Lemma 6.2.8 it will then satisfy the cocycle condition and hence will 
be a Kuranishi structure. We will construct the domains Uj, U'jj by a finite iteration, 

starting with uf,uf). Here we streamline the notation by setting Uj 



extend the notation to all pairs of subsets 7 C J C {1, . . 
J $l Ijc- (Note that 7 6 Ijc and I C J implies 7 G Tjc- 



: U$ and 

, N} by setting uf) = if 
Then in the fc-th step we 

will construct open subsets Uf] C ufj 1} for all 7 C 7 C {1, . . . , N} such that the 
following holds. 

(i) The zero set conditions uf) fls^(0) = ^J l {F'j) hold for all 7 C J. 

(ii) The first tameness condition (6.2.4) holds for all I C J,K with |7| < fc, that is 



u u 1 1 



U 



I(JUK)- 



(iii) 



In particular, we have UjJ C Uj r_ for I C 7 C 7T with |7| < fc. 
The second tameness condition (6.2.5) holds for all 7 C J C K with |7| < fc, 
that is 



In particular we have <t>u{Ujj) = Uj D s J 1 (Ei) for all 7 C J with |7| < k. 

(fc) 

Note that after the fc-th step, the domains U j j form a shrinking "up to order fc in 
the sense that 



U 



(fc) 



17 



(fc) 



n^7i(i7 



f) 



V 171 < fc, J C J. 



(6.3.4) 

Indeed, for any such pair 7 C 7, property (iii) with J = K implies 



*/j(tfg } ) 



.-1/ 

'J 



u 



(fc) 



this implies C/jj 1 



j nimcpu, 

C im^>/j, and 
u is injective, 

Now (6.3.4) follows since (ii) with K = I implies 



where the second equality is due to the first implying Uj D s J 1 (Ej 
im(f>jj C Sj 1 (Ej), which follows from sj o = <pjj o sj. Since 



rrW rr(*0 _ rr(*0 

Thus, when the iteration is complete, that is when fc = M := max/gj^ |7|, then IC' 
is a shrinking of IC. Moreover, the tameness conditions hold on IC' by (ii) and (iii), and 
Lemma 6.2.8 implies that IC' satisfies the strong cocycle condition. Hence IC' is the 
desired tame Kuranishi structure. So it remains to implement the iteration. 
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Our above choice of the domains ufj completes the 0-th step since conditions (ii) 
(iii) are vacuous. Now suppose that the (k — l)-th step is complete for some k > 1. 

(k) (k~ 1) 

Then we define UfJ := Uf ' for all I C J with \I\ < k - 1. For |/| = k we also set 

uff := Jjf^ . This ensures that (i) and (ii) continue to hold for |/| < k. In order to 
preserve (iii) for triples H C I C J with \H\ < k we then require that the intersection 
U u n a i X (. E n) = u( iT l) n fJ l (E H ) is fixed. In case H = 0, this is condition (i), and 
since ufj C Ujj it can generally be phrased as inclusion (i') below. With that it 
remains to construct the open sets ufj C Ujj ^ as follows. 

(i') For all H C I c J with \H\ < k and |/| > k we have uff^ C\s^ l {E H ) C uf). 
Here we include H = 0, in which case the condition says that Ufj 1) ns7 1 (o) C 
ufj (which implies Ujj n sJ x {Q) = ipJ 1 (F'j), as explained above), 
(ii') For all / C J, K with 1 1\ = k we have E/Jj n C/j^ = l/fSujn- 
(iii') For all J C J c if with |J| = k we have 4>u{uf^) = U% n sJ x (.Ej). 
Here we also used the fact that (iii) is automatically satisfied for I = J and so stated 
(iii') only for JDJ. By construction, the domains C/jr for | J| = & already satisfy (i'), 
so we may now do this iteration step in two stages: 

Step A will construct uf^ for |J| = k and I C K satisfying (i'),(ii') and 

(iii") U$ C ^]{uf K l) ) for all I C J c if . 
Step B will construct for | J| > k and J C K satisfying (i') and (iii'). 



Step A: We will accomplish this construction by applying Lemma 6.3.5 below for 
fixed I with |J| = k to the complete metric space U := £7j, its precompact open subset 
J7 := t/jj , the relatively closed subset 

Z:=U(ui k f 1} nsjHE H )) = UM^) C C/' 



HC7 HCI 
and the relatively open subsets for all i € {1, ... , N}\I 



Here, by slight abuse of language, we define (t>$i{Uff >) := Uff 1 ' nsf{0). Note that 

.(fc-i) _ n (k 
ii — u n 



Z C U' is relatively closed since E/g 1} = [H? = C/', and Z* C Z is relatively open 



since ^jj^y/jiN C f/' is open. Also the above identities for Z and Zj in terms of 4>hi 
follow from (iii) for the triples H C I C I and H C I C I U {i} with < |/| = k. 

To understand the choice of these subsets, note that in case k = 1 with / = {io} the 
set Z is given by H = and E$ } = [7^ 0) C C/ io , hence Z = n ^(0) = ^(4,) is 
the preimage of the shrunk footprint and for i ^ io we have Zi = ip^HFl o n F/). When 
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k > 1, the index sets K C {1, . . . , N} containing / as proper subset are in one-to-one 
correspondence with the nonempty index sets K' C {1, . . . , N}\I via K = I U K' and 
give rise to the relatively open sets 

z K ,:= n z * = zn n = z ^ u \k i] - 

ieK' ieK' 

Here we used (ii) for \H\ < k. We may also use the identity Zi = Ufrcj • • • together 

with (ii) and (iii) for \H\ < k to identify these sets with 

(6.3.5) 

Z K > = (J *™{ n <7u«)) = U ^i{U { HiSw)) = U (U^nsj'iEH)), 

H<ZI l£K ' HCI H<ZI 

— (k) 

which explains their usefulness: If we construct the new domains such that Zri C UjJ, 
then this implies the inclusion Uj K n sJ 1 (Eh) C Zk' C f/j^ required by (f). 

Finally, in order to achieve the inclusion condition C <Pjj{Uj k K ^) of (iii"), we 
fix the open subsets Wk> for all / C K = I U iT' as 

(6.3.6) W^:= (^(^V^) C U>. 

ICJdK 

If we require C W#-' then this ensures (hi") as well as C Uj K . The latter 

follows from the inclusion Wx' C fT}^ , which holds by definition (6.3.6) with J = K. 

Now if we can ensure that Wk 1 H2 = Zk', then Lemma 6.3.5 provides choices of open 

subsets C U' satisfying (ii') and the inclusions Zk> C f/j^ C Wk 1 - The latter 

imply (i') and the desired inclusion (hi"), as discussed above. 

Hence it remains to check that the sets Wk 1 m (6.3.6) do satisfy the conditions 

(k— 1) 

Wk> H2 = Zj£i. To verify this, first note that Wk' is contained in Ujj for all J D I, 
in particular for J = K, and hence 

Wr'HZ c u\ k K 1] r\z = z K >. 



It remains to check Zri C Wk>- By (6.3.6) and the expression for Zri in the middle 
of (6.3.5), it suffices to show that for all H C I c J C if 

But, (ii) for H C J C K and (iii) for i/ C I C J imply 

so it remains to check that C (pj}(uf K For that purpose we will use 

the weak cocycle condition (pjj o (p^j = 4>hi on Uhj D 4>hi{Uij)- Note that f/jjjf 
lies in this domain since, by (ii) for < fe, it is a subset of f/jyT > which by (iii) for 
H C I C J is contained in <pjjj(Uu). This proves the first equality in 
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and the last inclusion holds by (iii) for 77 C J C K. This finishes Step A. 

Step B: The crucial requirement on the construction of the open sets Uj k X C Uj k K ^ 
for \J\ > k + 1 and J C K is (hi'); that is 

uf K ^sf{E I ) = <t> IJ {U^) 

(k) / (fcK 

for all 7 C J with \I\ = k. Here U\k is fixed by Step A and satisfies 4>ij(Uj^) C 
Uj k K ^ n sJ 1 (Ei) by (iii"); where the second part of the inclusion is automatic by (ftu 
mapping to s~j l {Ei). Hence the maximal subsets uf^ C uf^ ^ satisfying (iii') are 

(6.3.7) U$ := Uf-'K |J (sjHE^UuS)). 

IC.J,\I\=k 

It remains to check that these subsets are open and satisfy (i'). Here Uj K is open 

since s~^ J 1 {Ei) C Uj is closed and (t>u{u\ k j) C s~^ J 1 {Ei) is relatively open by the index 
condition in Definition 5.2.1. Finally, condition (i'), namely 

follows from the following inclusions for all 77 C 7 C J c K with |7| = k. On the one 

hand we have Uj k K ^ n Sj 1 (Eh) C Sj 1 (Ej) from the additivity of /C; on the other hand 

(iii) for 1 77 1 < together with the weak cocycle condition on U^ K ^ C Uhj^4>~hi(Uij) 
and (i') for |7| = A; imply 



Hence no points of Uj K ^ C\Sj 1 (Ej{) are removed from Uj k K ^ when we construct Uj k K . 
This finishes Step B and hence the £;-th iteration step. 

Since the order of 7 € X/c is bounded |7| < N by the number of basic Kuranishi 
charts, this iteration provides a complete construction of the shrinking domains after 
at most N steps. In fact, we obtain Uj = Ujj ^ and Ujj = Ujj^ since the iteration 
does not alter these domains in later steps. □ 

Lemma 6.3.5. Let U be a complete metric space, U' C U a precompact open set, and 
Z C U' a relatively closed subset. Suppose we are given a finite collection of relatively 
open subsets Z\ C Z for i = 1, . . . , N and open subsets Wk C U' with 

w K nz = Z K := f] ieK Zi 

for all index sets K C {1, ...,JV}. Then there exist open subsets Uk C Wk with 
U K n Z = Z K and Uj n U K = U JuK for all J, K C {1, . . . , N}. 

Proof. Let us first introduce a general construction of an open set Ut C U' associated to 
any lower semi-continuous function / : Z — >• [0, oo), where Z C U denotes the closure in 
U. By assumption, Z is compact, hence the distance function Z — > [0, oo), z \— )■ d(x, z) 
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for fixed x £ U' achieves its minumum on a nonempty compact set M x C Z. Hence we 
have 

d(x, Z) := inf d(x, z) = d(x, Z) = min<i(x, z) = min d(x, z) 

for the distance between x and the set Z, or equivalently the closure Z. 
Claim: For any lower semi- continuous function f : Z — >■ [0, oo) the set 

U f := {xeU'\ d(x,Z) < inf f\ Mx } C U' 
is open (in U' or equivalently in U) and satisfies 
(6.3.8) U f r\Z = suppfnZ = {zG Z\f(z) >0}. 

Proof of Claim. For x G Z we have d(x, Z) = and M x = {x}, so <i(x, Z) < inf is 
equivalent to < f(x). We prove openness of Uf C £/' by checking closedness of U\Uf. 
Thus, we consider a convergent sequence U' 3 x% — > Xqo G [/' with d(xj, Z) > inf /\m x . 
and aim to prove d(x 00 ,Z) > inf/|M Xoo - Since / is lower semi-continuous and each 
M Xi is compact, we may choose a sequence Zi G Z with Zj G M Xj and /(zj) = inf /|m x . • 
(Indeed, for fixed i any minimizing sequence z\ G M Xj with lim^oo f(z") = inf /|m x . 
has a convergent subsequence z^ — > Z{ G M Xj and the limit satisfies f(zi) < lim/(zf) = 
inf/|jv^ x ., hence f(zi) = inf/l^. •) Since Z is compact, we may moreover choose a 
subsequence, again denoted by (xj) and (zj), such that z« — > z^ G Z converges. Then 
by continuity of the distance functions we deduce Zqo G M Xoo from 

d(xoo, Zoo) = limd(xj, z«) = limd(xj, Z) = d(xoo, Z), 

and finally the lower semi-continuity of / implies the claim 

d(xoo,Z) = limd(xj,Z) > lim/(zj) > /(zoo) > inf /\m Xoo - 

We now use this general construction to define the sets Uk '■= ClieK as intersec- 
tions of the subsets Uf t C U' arising from functions fa : Z — > [0, oo) defined by 

fi(z) :=mm{d(z,U\Wj) \ J C {1, . . . , iV} : i G J, d(z,Z\Z;) = d(z,Z\Zj)}. 

To check that fi is indeed lower semi-continuous, consider a sequence z u — > z^ G Z. 
Then fi(z u ) = d{z u ,U' \Wj») for some index sets J u with i £ J u and d(z u , Z\Zi) = 
d(z u , Z\Zjv). Since the set of all index sets is finite, we may choose a subsequence, 
again denoted (z u ), for which J u = J is constant. Then in the limit we also have 
d(zoo, Z\Zi) = d(zoo, Z\Zj) and hence 

fi(zoo) < d( Zoo ,U\Wj) = l[md(z u ,U\Wj) = lim /<(*„). 

Thus /j is lower semi-continuous. Therefore, the above Claim implies that each Uf i is 
open, and hence also that each Uk is open as the finite intersection of open sets. 
The intersection property holds by construction: 

Ujnu K = f]u fi nf]u fi = f| u fi = u JUK . 

i&J i£K ieJUK 
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To obtain Uk H Z = C\i & xiPfi H Z) = Zk it suffices to verify that Uf. PI Z = Zj. In 



view of (6.3.8), and unravelling the meaning of fi{z) > for z £ Z, that means we 
have to prove the following equivalence for z G Z, 

z G Zi d(z,U\Wj)>0 VJ C{1,... N}:i£ J, d(z, Z\Z,) = d(z, Z\Zj). 

Assuming the right hand side, we may choose J = {i} to obtain d(z, U'^Wny) > 0, and 
hence, since U'^Wny is closed, z G Z\(C/ / \W / { i }) = Zj. On the other hand, z G Zj 
implies <i(z,Z\Zj) > since z £ Z and Z\Zj C Z is relatively closed. So for any 
J with d(z, Z\Zi) = d(z, Z\Zj) we obtain d(z, Z\Zj) > 0. Hence z G Zj C Wj, 
so that d(z,U'\Wj) > 0. This proves the desired equivalence, and hence Uk n Z = 
f)i£K Z i = Z K- 

Finally, we need to check that Uk C Wk- Unravelling the construction, note that 
Uk is the set of all x G U' that satisfy 

(6.3.9) d{x, Z) < d{z, U'<Wj) 

for all z G M x and all J C {1, . . . ,N} such that there exists i £ J (~) K satisfying 
d(^,Z\Zj) = d(z, Z\Zj). Now suppose by contradiction that there exists a point 
x G Uk^Wk, and pick z G M x . Then d(x,Z) = d(x,z) > d(z,U'\WK) since 
x G U'\Wk- This contradicts ( |6.3.9 ) with J = K. On the other hand, the condi- 



tion d(z, Z\Zi) = d(z, Z\Zj) for J = K is always satisfied for some i G K since 
d(z, Z\Zk) = miiijfzK d(z, Z\Zj). This provides the contradiction and hence proves 
U K C W K - □ 

This lemma completes the proof that every weak additive fC has a tame shrinking. 



We will return to these ideas in Section 6.4 when discussing cobordisms. We end 



this section by Proposition 6.3.7 which constructs admissible metrics on certain tame 



shrinkings by pullback with the map in the following lemma. 

Lemma 6.3.6. Let tC' be a tame shrinking of a tame Kuranishi structure fC. Then 
the natural map i : \K'\ — > \K\ induced by the inclusion of domains ij : U' T — > Uj is 
injective. 

Proof. We write Ui, Uu for the domains of the charts and coordinate changes of fC and 
Uj, Ujj for those of K' , so that Uj C Uj, U'jj C Ujj for all /, J G I/c = I)C'- Suppose 
that 7T]c(I, x) = 7Tjc(J,y) where x G U'j,y G U'j. Then we must show that 7T)c'(I,x) 



tvk'(J, y). Since tC is tame, Lemma 6.2.12 (a) implies that there is w G C// n j such that 
(Inj)i( w ) is defined and equal to x. Hence x G sJ 1 (Ei n j) n Uj = 0(/nJ)/(^(j n j)/) 



by the tameness equation (6.2.7) for JC' . Therefore w G UL«j. Similarly, because 



4>(inJ)j( w ) is defined and equal to y, we have w G U'^ InJ ^j. Then by definition of 
we deduce tt^i (I, x) = ttic' {I H J, w) = tt/c(J, y) ■ 

In order to construct metric tame Kuranishi structures, we will find it useful to 
consider tame shrinkings fC s h of a weak Kuranishi structure /C that are obtained as 
shrinkings of an intermediate tame shrinking fC' of /C. For short we will call such IC s h 
a preshrunk tame shrinking of /C. 
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Proposition 6.3.7. Let K, be an additive weak Kuranishi structure. Then every 
preshrunk tame shrinking of fC is metrizable. In particular, K, has a metrizable tame 
shrinking. 



Proof. First use Proposition 6.3.4 to construct a tame shrinking KJ of JC with domains 
(U'j C Ui)i£z K , and then use this result again to construct a tame shrinking fC s h of fC' 
with domains (Uf h C U I )i e j K . We claim that JC s h is metrizable. 



u 



For that purpose we apply Proposition 6.2. 18| (iv) to the precompact subset A :- 



Ie z K Uf h of Obj B)c , to obtain a metric d! on tt)c(A) that induces the relative topology 

Further, since iT)C'(A) is 



on the subset irjc'(<A) of |/C'|, that is (tt)c (A) , d') 
compact, the metric d' must be bounded. Now, by Lemma 6.3.6 the natural map 
i : \tC 8 h\ — >• \fC'\ is injective, with image iTic ah (A), so that the pullback d := i*d' is a 
bounded metric on \K, s h\ that is compatible with the relative topology induced by \K'\\ 
in other words t : (|/C s /i|,g?) — > \\A\\ is an isometry. 

Next, note that the pullback metric dj on Uf h does give the usual topology since 

1T K sh 

Lemma 



jjsh 



jjsh 



6.3.6 



{Uf h ) C (\lC sh \,d) is a homeomorphism to its image. Indeed, by 



it can also be written as ir^s 



\Uf h 



1 o nfct o ij with the embedding lj 

U'j. Th e latter is a homeomorphism to its image, as is tx^qi : U'j — > njciUj) C \fC' 
by Proposition 6.2.13, and t~ 1 by the definition of the metric topology on |/C sft |. 



□ 



6.4. Cobordisms of Kuranishi structures. 



Since there are many choices involved in constructing a Kuranishi structure, and 
holomorphic curve moduli spaces in addition depend on the choice of an almost com- 
plex structure, it is important to have suitable notions of equivalence. Since we are only 
interested here in constructing the VMC as cobordism class, resp. the VFC as a ho- 
mology class, a notion of uniqueness up to cobordism will suffice for our purposes, and 
should e.g. arise from paths of almost complex structures. We will defer this general 
notion of cobordism to [McWT] and concentrate here on developing tools for construct- 
ing well defined VMC/ VFC for a fixed compact moduli space. This requires several 
types of results. Within the abstract theory, we firstly need to prove the uniqueness 



part of Theorem 6.2.6 saying that metric tame shrinkings of additive weak Kuranishi 



structures are unique up to a suitable notion of cobordism, which will be the content of 



this section. Secondly, we prove in Theorems 7.5.1 and 7.5.4 that cobordant Kuranishi 
structures induce the same VMC/ VFC. 

On the other hand, for any given holomorphic curve moduli space, we need to con- 
struct Kuranishi structures that are canonical up to a suitable notion of equivalence. 
Here the most natural notion of equivalence would be along the lines of Morita equiv- 
alence, cf. Remark 6.4.18 However, our constructions of Kuranishi structures for a 
fixed Gromov-Witten moduli space in [McW2j will depend on choices (in particular 
slicing conditions and obstruction spaces for the basic charts) only up to the following 
simpler notion of commensurability, in the sense that any two choices will yield Ku- 
ranishi structures that are both commensurate to a third. Finally, we require another 
abstract result to imply that commensurate Kuranishi structures induce the same VFC. 



SMOOTH KURANISHI STRUCTURES WITH TRIVIAL ISOTROPY 



97 



In this section we hence fix a compact metrizable space X and introduce the notions 
of commensurability and cobordism of Kuranishi structures on X. 

Definition 6.4.1. Two (weak) Kuranishi structures KP,K, 1 on the same compact space 
X are commensurate if there exists a common extension 1C 01 . This means that /C 01 
is a (weak) Kuranishi structure on X with basic charts (K-f) ( a ,i)eAf 01 > where 

A/" 01 := Af° \Jj\f 1 ; M a := {{a, i) | < i < N a }, 

and transition data (K^ 1 , < J ) ?j)/cA^ 01 ,/cj such that K^ 1 = K° and = ^fj whenever 
I, J C M a for fixed a = or a = 1. 

Moreover, if K^,K} are additive, we say they are additively commensurate if 
there exists a common extension fC 01 that in addition is additive. 

We will see that commensurability is stronger than cobordism, but note that it does 
not satisfy transitivity, hence is not an equivalence relation. In order to define the 
notion of cobordism such that it is transitive, we will need a special form of charts and 
coordinate changes at the boundary that allows for gluing of cobordisms. Here, in order 
to avoid having to deal with general Kuranishi structures with boundary, we restrict 
our work to a notion of cobordism of Kuranishi structures on the same space X, which 
involves Kuranishi structures on the space X x [0,1], whose "boundary" X x {0,1} 
has a natural collar structure. We deal with this boundary by requiring all charts and 
coordinate changes in a sufficiently small collar to be of product form as introduced 
below. These notions of collars and product forms will also be used for introducing a 
more general notion of "cobordism with Kuranishi structure" in [McWl] . 

Definition 6.4.2. • Let K a = (U a ,E a ,s a ,ip a ) be a Kuranishi chart on X, and let 
A C [0,1] be a relatively open interval. Then we define the product chart for 
X x [0, 1] with footprint Ff x A as 

K a x A := (U a x A,E a ,s a opr^,f x id A ). 

• A Kuranishi chart with collared boundary on X x [0, 1] is a tuple K = 
(U, E, s, ip) of domain, obstruction space, section, and footprint map as in Defini- 
tion \5. 1. 1\ with the following boundary variations and collar form requirement: 

(i) The footprint F = ■(/'(s -1 ^)) C X x [0, 1] intersects the boundary X x {0, 1}. 

(ii) The domain U is a smooth manifold whose boundary splits into two parts dU = 
d°U U d 1 U such that d a U is nonempty iff F intersects X x {a}. 

(hi) If d a U 7^ then there is a relatively open neighbourhood A a C [0,1] of a and 
an embedding L a : d a U x A a U onto a neighbourhood of d a U C U such that 

( d a U x A a , E , s o L a , ^ o i a ) = d a K x A a 

is the product of A a with some Kuranishi chart <9 a K for X with footprint F C X 
such that (X x A a ) n F = F x A a . 

• For any Kuranishi chart with collared boundary K on X x [0, 1] we call the uniquely 
determined Kuranishi charts <9 a K for X the restrictions of K to the boundary 
for a = 0,1. 
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We now define a coordinate change between charts on X x [0, 1] that may have 
boundary. Because in a Kuranishi structure there is a coordinate change K/ — > Kj 
only when Fj D Fj, we will restrict to this case here. (Definition 5.2.1 considered a 
more general scenario.) In other words, we need not consider coordinate changes from 
a chart without boundary to a chart with boundary. 

Definition 6.4.3. • Let <3?"j : — > K" be a coordinate change between Kuranishi 
charts for X, and let Aj, Aj C [0, 1] be relatively open intervals. Then the product 
coordinate change <I>°j x id^nAj : Kj x Aj — > K" x Aj is given by 

flj x id AinAj = Ufj x [Aj n Aj) -> UJ x Aj, ^ : Ef -> 

• Xe£ K/,Kj 6e Kuranishi charts on X x [0,1] suc/i i/iai on/?/ K/ or &oi/i K/,Kj 
/lave collared boundary. Then a coordinate change with collared boundary 

$/j : K/ — )• Kj is a tuple &u = (Ujj , 0jj , (f>ij) of domain and embeddings as in 
Definition 5.2.1, with the following boundary variations and collar form requirement: 

(i) The domain is a relatively open subset Ujj C Uj with boundary components 
d a u u := u u n d a Ui; 

(ii) If Fj n (X x {a}) ^ for a = or 1, there is a relatively open neighbourhood 
B a C [0, 1] of a such that 

{iJY l (Uu) n x B a ) = d a U u x B a , 

(tSr^im&j) n x B a ) = MVUu) x B a , 



and 



d a U u x £ Q , (lJ)- 1 o Ji7 otj^u) = d a $ u x id So 



where d a &u : <9 a K/ — > <9°Kj is a coordinate change. 
(iii) If d a Fj = ^ <9 a F 7 / /or a = or 1 t/iere is a neighbourhood B a C [0, 1] 
of a such that 

U IJ r\Lj{d a U I x B a ) =0. 

• For any coordinate change with collared boundary &jj on X x [0, 1] we call the 
uniquely determined coordinate changes d a ^jj for X the restrictions of <3?/j to 
the boundary for a = 0, 1. 

Definition 6.4.4. A (weak) Kuranishi cobordism on X x [0, 1] is a tuple 



£[o,i] = (K [o,i] 5 $[o,i]^ 



JeX K [o,i] 



of basic charts and transition data as in Definition 6.1.3 resp. 6.2.1, with the following 
boundary variations and collar form requirements: 

• The charts o/ZC' 0,1 ' are either Kuranishi charts with collared boundary or standard 
Kuranishi charts whose footprints are precompactly contained in X x (0, 1). 

• The coordinate changes $j} '■ K^ 0,1 ' — > Kj' 1 ' are either standard coordinate 
changes on X x (0, 1) between pairs of standard charts, or coordinate changes with 
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collared boundary between pairs of charts, of which at least the first has collared 
boundary. 

Moreover, we call /C' 0,1 ! additive resp. tame if it satisfies the additivity condition of 
Definition 6.2.2, resp. the additivity and tameness conditions of Definition 6.2.1. 

Remark 6.4.5. Any (weak) Kuranishi cobordism ZC^ 0,1 ! induces by restriction two 
(weak) Kuranishi structures d a K\ a ^ on X for a = 0, 1 with 

• basic charts <9 a Kj given by restriction of basic charts of K,^' 1 ^ with Fjfllx 
{a} / 0; 

• index set T daJC [ ,i] = {I G Z^io.i] | Fj n X x {a} / 0}; 

• transition charts <9 a K/ given by restriction of transition charts of /C^ ' 1 ]; 

• coordinate changes d a $>u given by restriction of coordinate changes of KP'^K 
jf /^[o,i] i s additive or tame, then so are the restrictions d a K\ 0,1 ^ . Finally, /C^ 0,1 j prov ides 



a cobordism from c^/Cl ' 1 ! to d l K^^ in the sense of the following Definition 6.4.6 



With this language in hand, we can now introduce the cobordism relation between 
Kuranishi structures. While such notions exist (and generally are equivalence relations) 
for all flavours of (additive/weak/tame) Kuranishi structures, we restrict ourselves here 
to the cobordism relation under which the VMC/VFC will be well defined, namely 
additive cobordism for weak structures. In contrast, it will be important to prove the 



existence of many kinds of cobordisms as in Propositions 6.4.17 and 7.1.11 



Definition 6.4.6. Two additive weak Kuranishi structures /C°, /C 1 on X are additively 

cobordant if there exists an additive weak Kuranishi cobordism /C^ ' 1 ! from fC° to K} . 
That is, K\ ^ is an additive weak Kuranishi cobordism on X x [0, 1], which restricts to 
0O£[o,i] =JC° onX x {0} and to d l l6 Q ^ = K 1 on X x {1}. More precisely, there are 
injections i a : T^a ^ X^o.i] for a = 0,1 such that im i a = Id a ic an d f or M I,J€. TK a 
we have 

In the following we will usually identify the index sets Tjqc of cobordant Kuranishi 
structures with the restricted index set Tga^ in the cobordism index set 2^[ ,i] , so that 
X^OjX^i C 2^-[o,i] are the not necessarily disjoint subsets of charts whose footprints 
intersect X x {0} resp. X x {!}. 

Example 6.4.7. Let K, = (K/, j g j K be an additive weak Kuranishi structure 

on X. Then the product Kuranishi cobordism fC x [0, 1] from K, to K, is the weak 
Kuranishi cobordism on X x [0, 1] consisting of the product charts K/ x [0, 1] and the 
product coordinate changes x id[ 0i i] for I, J & Ijc- Note that /C x [0,1] inherits 
additivity from fC. Similarly, if fC is tame, then so is /C x [0, 1]. 

If |/C| is a Kuranishi structure, so that the Kuranishi neighbourhood |/C| is defined, 
then there is a natural bijection from the quotient |/C x [0, 1]| to the product \fC\ x [0, 1]. 
This map is continuous. However, it is not clear that it is always a homeomorphism | 1 5 | 

15 At this time, we have neither a proof nor a counter example. We hope to resolve this question, 
but none of the following depends on this. 
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Further, when we come to put metrics on the product K, x [0, 1] we will certainly 
sometimes consider metrics that define a topology on |/C x [0, 1]| that is not a product. 
Nevertheless we will often denote the realization of IC x [0, 1] as |/C| x [0, 1] with the 
understanding that this is an equivalence of sets, not of topological spaces. 

In order to discuss further the collar structure near the boundary of Kuranishi cobor- 
disms, we denote for 1 > e > the collar neighbourhoods of 0, 1 G [0, 1] by 

(6.4.1) A° £ :=[0,e) and A\ := (1 - e, 1]. 

We will see that the footprints of the Kuranishi charts in a Kuranishi cobordism are 
collared in the following sense. 

Definition 6.4.8. We say that an open subset F C X x [0, 1] is collared if there is 
e > such that for a £ {0, 1} we have 

Fn(lx4 a )^i <=^> Fn (X x A«) = d a F x A°. 

Here we denote by 

d a F := pr x (Fn(X x {a})) 

the image of the intersection with the "boundary component" X x {a} under its pro- 
jection to X, noting that this is just a convenient notation, not a topological boundary. 



Remark 6.4.9. Since the index set Iwo.i] in Definition 6.4.4 is finite, there exists a 
uniform collar width e > such that all collar embeddings if are defined on A a = A%, 
all coordinate changes are of collar form on B a = A", and all charts without collared 
boundary have footprint contained in X x (e,l — e). In particular, all footprints are 
collared in the sense of Definition 16.4.81 

Remark 6.4.10. Let /d 01 ! be a Kuranishi cobordism from /C° to K, . Its associated 
categories B^o.rj , E^o.i] with projection, section, and footprint functor, as well as their 
realizations |/C' 0,1 '|, |E^[o,i]| are defined as for Kuranishi structures without boundary 
in Section 16.11 We will see that these also have collared boundaries with e > from 



Remark 6.4.9 (i). 

• We can think of the virtual neig hbourhood \)C^\ of X x [0,1] as a "cobordism" 
from \fC°\ to \K}\ in the following sense: There are natural functors B/o x Af — > 

B K [ ,i] given by the inclusions if : Uf X A® llf^ on objects and if : Ufj x 



A" =->■ C^jj 1 ^ on morphisms, where A® is defined in (6.4.1). The axioms on the 
interaction of the coordinate changes with the collar neighbourhoods then imply that 
the functors map to full subcategories that split B^o.i] in the sense that there are no 
morphisms between any other object and this subcategory. Hence they induce "collar 
neighbourhoods" of the "boundaries" |/C Q | on the topological realization |/C[ 0,1 ]|, i.e. 
topological embeddings 

p° : \K°\ x [0,e) ^ |/C [0 ' 1] |, p 1 : j/C 1 ) X (1 - e, 1] ^ |/C [0 ' 1] | 

such that for all < e' < e at a = (and similarly for a = 1) we have 

afl/ciMlVOK ! x [0,0)) =p°(|£°I x {£'»• 
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However, recall from Example 6.4.7 that the topology on the collars \3C\ x Af is the 
quotient topology from |/C x A"\ which may not be the product topology. In view of 
this remark, we shall write 

d a \)C [0 ' 1] \ := p a {\)C a \ x {a}) C |/C [0 ' 1] | 

for the a-boundary of the Kuranishi cobordism neighbourhood [/C^ ' 1 ^, which is 
homeomorphic to the Kuranishi neighbourhood \IC a \ of the boundary d a K^^ via 
p a (-,a). 

• The obstruction bundle "with boundary" |pr£[o,i]| : [E^oa]! — > l/C' ' 1 ^ can also be 
thought of as a "cobordism" between the obstruction bundles |pr^ a | : \'Efc° , \ — }■ \JC a \ 
in the sense that p a *|E JC [ 0; i] I = \^K a \ x A". 

• The embeddings p a extend the natural map between footprints 

iwr 1 ^) XxA a M -i {0)xA «. 

• The footprint functor to X x [0, 1] for induces a continuous surjection 

P r [o,i] ° ^[o,i] : ^fo,i](°) ->• A" x [0, 1] -> [0,1]. 

In general we do not assume that this extends to a functor B^o.i] — > [0, 1]. However, 
all the Kuranishi cobordisms that we construct explicitly do have this property. 

Lemma 6.4.11. Let be a tame Kuranishi cobordism. Then its realization [/C^ ' 1 !) 

has the Hausdorff, homeomorphism, and linearity properties stated in Theorem \6.2.6[ 

Proof. These properties are proven by precisely the same arguments as in Proposi- 
tion |6.2.T3 and Proposition 6.2.14 The fact that some charts have collared boundaries 



is irrelevant in this context. □ 
We now turn to the question of constructing additive cobordisms. As we saw, ad- 



ditivity is an essential hypothesis in Proposition 6.2.13, which establishes that \JC\ has 
the Hausdorff and homeomorphism properties. However, note that when manipulating 
charts other than by shrinking the domains, one may easily destroy this property. For 
example, when constructing cobordisms one must guard against taking two products 
of the same basic chart, e.g. Kj x [0, |) and Kj x (|, |)- The natural transition chart 
for the overlap of footprints F{ x (4,3) is Kj x (4,5), but it fails additivity since 
Ei ^ Ei x Ei unless the obstruction space is trivial. This means that in the following 
we have to construct cobordisms with great care. 

Lemma 6.4.12. (i) Additive cobordism is an equivalence relation on the set of 
additive weak Kuranishi structures on a fixed compact space X . 
(ii) Any two commensurate additive weak Kuranishi structures are additively cobor- 
dant. 

Proof. Given an additive weak Kuranishi structure K on I, the product structure 



/C x [0, 1] on X x [0, 1] of Example 6.4.7 is an additive weak Kuranishi cobordism from 



1C to KL. This shows that the cobordism relation is reflexive. 
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Next, suppose that /d ' 1 ! is an additive weak Kuranishi cobordism from /C to /C 1 
We may compose every footprint map ipf,' 1 ^ with the reflection 



6.4.6 



as in Definition 

X x [0, 1] — >■ X x [0, 1], (x,t) \-t (x, 1 — t) to define another additive weak Kuranishi 
structure for X x [0,1], which restricts to fC 1 near X x {0} and to JC near X x {1}, 
thus proving that the cobordism relation is symmetric. 

Similarly, given an additive weak Kuranishi cobordisms from /C 1 to /C 2 , we may 
compose the footprint maps with the shift X x [0, 1] — >• X x [1,2], (x, t) *— > (x, 1 + t) 
to construct an additive weak Kuranishi structure with boundary K\ 1 ^ for X x [1,2], 
which restricts to K, 1 on X x {1} and to /C 2 on X x {2}. We may concatenate this 
with any Kuranishi cobordism /C^ ' 1 ! from JC° to K, 1 to obtain a Kuranishi structure 
with boundary /C^ ' 2 ! on X x [0, 2], which restricts to K° near X x {0} and to K? near 
X x {2}. More precisely, we define /C^ 0,2 ! as follows. 

• The index set %o, 2 ] := 2[ 0) i) U X^i U J (1)2 ] is given by X [0) i) := l^q^i 1 (l K i) , 

%(l,2) '■= Z[l,2]' s > i i^K 1 )- 

• The charts are kJ ' 21 := Kj? ,1] for I G X [0jl) , and Kf' 2] := Kf ,2] for I G X {1>2] . For 
/ € denote by I 01 = G X^-[ 0l i], I 12 = t (-T) G X^[i,2] the labels of the charts 
that restrict to K/. In particular, this implies d 1 Up^ = Uj = d 1 U^^ ■ Then define 
the glued chart (possibly with collared boundary at X x {0} or X x {2}) 

(( [0,1] ,[0,1] rr[0,l]' 
..[0,1] T T [X,2] „i I s /oi > Vjoi on t>i 

Here the domain is the boundary connected sum 



if' 21 := U$$ U C/j^ 21 := ^ □ 



»Joi(*.l)~*Jia(*.l) Vael/^ 



Due to the collar requirements, this domain inherits a smooth structure with an 
embedded product Uj x (1 — e, 1 + e) for some e > 0. Moreover the sections and 
footprint maps fit smoothly since their pullbacks to this product agree on Uj x {1}. 

Finally, the bundles are identical Ef '^ = E\ = . 

» The coordinate changes are &ff^ : = 3>jj- for I, J G Xr 0) i), and := K^j 2 ^ for 

I, J G X( 12 ], and the following. 

- For I, J £ X K \ the coordinate charts corresponding to I, J 01 G X^p.i] , / 12 ,J 12 G 
2^[i,2] fit together to give a glued coordinate change (possibly with collared 
boundary at X x {0} or X x {2}) 

g[0,2] ,_ I ,,[0,1] . . ,,[1,2] J <tf ont/joijoil ^ 
V ^ l<P/i2 onJ7^j 12 l 
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Here the embeddings of domains fit smoothly since as before their pullbacks to 
the product Ujj x (1 — e, 1 + e) C uff^ agree onUjjX {1}. Moreover, the linear 

embeddings are identical ^o'i joi = 4>\ j = 0ji2 ji2 • 
- For J G Z[o,i) and / G l^i corresponding to J 01 G 2^[o,i] with I 01 C J the 
coordinate change 3>jr°j 2 ' := ®foi\ is well defined with domain uf '^j C C^jj 2 '; 
similarly for J G X(i,2]j ^ £ ^C 1 - 

Note that we need not construct coordinate changes from / G ^[0,1) ( or I G -^(1,2]) 
to J G Z^i since in these cases Fj is not a subset of Fj. Now we may define the basic 
charts in K,^^ to consist of the basic charts in Zjo,i) and Z( 12 ] whose footprints are 
disjoint from X x {1}, together with one glued chart for each basic chart in Z^i (which is 
constructed from a pair of charts in K\ Q ^ and /d 1 ' 2 ! with matching collared boundaries). 
The further charts and coordinate changes constructed above then cover exactly the 
overlaps of the new basic charts, since the charts from Z[o,i) have no overlap with those 
arising from X( X 2 ] ■ The weak cocycle condition for charts or coordinate changes in 
X[ ,i) u -^(i,2] then follows directly from the corresponding property of IC^ ' 1 ^ and /C^ 1 ' 2 !. 

Furthermore, for / G T K \ the glued chart K^ 0,2 ' = K^ 1 ' U K^f has restrictions (up 

K i 

to natural pullbacks) 

K [°' 2 ]| , , -K^h , , k^i , , -TC^h r , 

1 WjSi 11 ) - 1 01 Lt(uf^y 1 lmt(^ ] ) " K ' 12 Lt(u^y 

Kf\ }x{1 _ etl+e) =K}x(l-e,l + s). 

The cocycle condition for any tuple of coordinate changes can be checked separately 
for these restrictions (which cover the entire domain of K^ 0,2 ') and hence follow from 
the corresponding property of K\°< 1 \ K\ 1,2 \ and K. 1 . 

Similarly, the additivity condition for the charts in X[o,i) or 1(1,2] follows directly 

from the additivity of /C' 0,1 ' or /C' 1 ' 2 '. However, the additivity for a chart Kj ' 2 ' with 
/ G Ifci is a little more subtle in that it requires additivity of the obstruction bundle 
E® 2 with respect to all basic charts k[ ' 2 ' whose footprint contains f| ' 2 ' = FjQ^UFji^. 
However, note that these are exactly the glued basic charts corresponding to the basic 
charts K| whose footprint contains Fj. So additivity follows from additivity for K), 

E [ r ] = e}= = ?/k^°' 2] )- 

Thus /C[°' 2 l is an additive weak Kuranishi cobordism with restrictions 

a 0£[0,2] = QltfO,!] = ^ d 2 K %2] = d 2 K [l,2] = ^2_ 

Here we write d 2 for the restriction over X x {2} defined analogously to d°, d 1 . Finally, 
we compose the footprint maps of /C^ ' 2 ! with the rescaling X x [0, 2] — >■ X x [0, 1] , (x, t) >-> 
(x, \t) to obtain an additive weak Kuranishi cobordism from /C° to K? . 
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To prove (ii) consider additive weak Kuranishi structures JC° ,/C 1 and a common 
additive weak extension /C 01 . Then an additive weak Kuranishi cobordism JC^ ' 1 ^ from 
JC° to K, 1 is given by 

• index set %„,i] := T K oi = {I C A/" 01 | flie/^ 1 / 0}; 

• charts Kf' 11 := K? 1 x Aj with A/ = [0, §) for J C AA°, A/ = (§, 1] for / C TV 1 , 
and A/ = (g, |) otherwise; 

• coordinate changes Sj?} 1 ' := $°j x (A/ n Aj). 

This proves (ii) since additivity and weak cocycle conditions follow from the corre- 
sponding properties of /C 01 . In particular, note that additivity makes use of the fact 
that /Ct ' 1 ! has the same index set as the additive Kuranishi structure /C 01 . □ 



The final task in this section is to construct tame cobordisms between different tame 



shrinkings in order to establish the uniqueness claimed in Theorem 6.2.6 It will also 
be useful to have suitable metrics on these cobordisms, since they are used in the 
construction of perturbations. We therefore begin by discussing the notion of metric 
tame Kuranishi cobordism. One difficulty here is that we are dealing with an arbitrary 
distance function, not a length metric such as a Riemannian metric. Hence we must 
prove various elementary results that would be clear in the Riemannian case. 

Definition 6.4.13. A metric tame Kuranishi cobordism on X x [0, 1] is a tame 
Kuranishi cobordism IC^ ' 1 ^ equipped with a metric d^ on l/Cl ' 1 !! that satisfies the 



admissibility conditions of Definition 6.2.4 an d aas a metric collar as follows: 

There is e > such that for a = 0, 1 with K a := cP/C^ the collaring maps p" 



\K. a \ x A° — > l/Cl ' 1 !! of Remark 6.4-10 are defined and pull back d^ ' 1 ^ to the product 



metric 
(6.4.2) 



{p a )*d^((x,t),(x',t')) = d a (x,x') + \t' -t\ on \IC a \xA 



a 

£ 1 



where the metric d a on \KL a \ = \d a K\ a ' l \ is given by pullback of the restriction of d^ ' 1 ^ 
to d a \IC^ \ = p a (\IC a \ x {a}), which we denote by 

d a := ^li^Ml := P a (;aTd^. 

In addition, we require for all y G |/C[° ,1 I|\p Q! (|/C a | x A") 

(6.4.3) d [0 ' 1] (y,p a (x,a + t)) > e- \t\ V (x, a + t) G \)C a \ x Af. 

More generally, we call a metric on \JC^ 0,1 ^ \ admissible if it satisfies the conditions 
of Definition 6.2.4* and e-collared if it satisfies (6.4.2) and (6.4.3). 



Condition (6.4.3) controls the distance between points p a (x, a + t) in the collar and 
points y outside of the collar. In particular, if 5 < e — \t\, then the <5-ball around 
p a (x,a + t) is contained in the e-collar, while the 5-ball around y does not intersect 
the |t|-collar p Q (\IC a \ x Af t{ ). 
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Example 6.4.14. (i) Any admissible metric d on \IC\ for a Kuranishi structure K, 
induces an admissible collared metric d + d®. on \1C x [0, 1]| = |/C| x [0, 1], given by 

(d + dm) {(x,t), {x',t')) = d(x, x') + \t' - t\. 

For short, we call d + cZr a product metric. 

(ii) Let d be an admissible collared metric on \JC\ for a general Kuranishi cobordism fC, 
and let b be an upper bound of d a := ^Lga^i for a = 0, 1. Then we claim that for any 
k > b the truncated metric min(d, ft) given by (a;, y) i— > min(<i(x, y), k) is an admissible 
e'-collared metric for e' := min(e, n — b). Indeed, the metric min(d, k) is also admissible 
because it induces the same topology on each Ui as d. Further, the product form on 
the collar is preserved since 

(6.4.4) \t-t'\<K-b => d a (x,x') + \t-t'\ < b + \t-t'\ < k, 



and (6.4.3) holds since for (x, a + 1) G \d a K.\ x A^, we have 

— |*| > e 7 — |*| if V G |/C|\p Q (|5 a /C| x 
y -t| >e'-|i| ify = p Q (x , ,a + t') G /9 a (|f? a /C| x 



ii(y,p a (3;,a+t)) 



> 



by (6.4.3) for d resp. the product form of the metric on the e-collar, and moreover 
k > k — b — t > e' — t. Finally, the restrictions of this truncated metric are by k > b 

min(d, k) | ^g a ^ = min(<i a ,K) = d a for a = 0, 1. 

(iii) Let (/C, d) be a metric tame Kuranishi cobordism with collar width e > 0. Then for 
any < 5 < £ the ^-neighbourhood of the inclusion of the Kuranishi space X x [0, 1], 

(6.4.5) m := B s {l k {X x [0, 1])) = {y G \JC\ \ 3z G l k (X x [0, 1]) : d(y, z) < e} 

has collar form with collars of width e — 5, that is 

W s np a (\d a fC\ x A£_ s ) = P a {B s {i daK (X)) x Af_ s ). 

This holds because ( |6.4.3 ) implies that B${lic{X x ([0, 1]\j4"))) does not intersect the 
collar p a (d a JC x A°_ s ), and on the other hand B s (l k (X x Af))n P a (\d a IC\ x Afj has 
product form because the metric in the collar is a product metric. 

Recall that an admissible metric d on the virtual neighbourhood \tC\ of a Kuranishi 
cobordism has the property that its pullback to each chart C7j defines the given topology 
on that manifold. However, even if the metric is also collared, this implies little else 
about the induced topology on \JC\. For example, if we consider a product cobordism 
fC x [0,1], then an admissible (collared) metric d on \1C x [0,1] | need not define the 
product topology on \K x [0, 1]| = |/C| x [0, 1]; all we know is that the pullback metrics 
di on each domain Uj x [0, 1] give the product topology. The next lemma gives useful 
techniques for converting such a metric to one of product form in the collar, and for 



proving uniqueness of admissible metrics up to cobordism. Here, as in Lemma 6.4.12 



we will consider product Kuranishi structures /C x A for various intervals AcK, that is 
with domain category Obj B)C x A. Their virtual neighbourhoods \K x A\ are canonically 
identified with \fC\ x A by Remark 6.4.10 and hence have continuous injections |/C| x 
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B <—)■ \1C x A\ for any B C A with respect to the quotient topologies on the realizations 
of the categories Obj^ resp. Obj^ x A. However, for admissible metrics on \tC\ and 
\K x A\, we do not require these injections to remain continuous. 

Proposition 6.4.15. Let K be a metrizable tame Kuranishi structure. 

(i) Given any admissible metric d on \1C x [0,1] | and e > 0, there is another 
admissible metric D on |/C x [0, 1]| that restricts to d on |/C| x [e, 1 — e] and 
restricts to the product d a + g?r on \KL\ x Af, where d a is the restriction of d 
to \K,\ x {a} = \K,\. Moreover, D is e-collared in the sense of ( |6.4.3 ). 



(ii) Let d\ be an admissible metric on |/C|, and suppose for A = [0, 1], [1, 2] that dA 
are admissible metrics on |/C x A\ that for some k > restrict on \K\ x ([1 — 
K, 1 + k] D A) to the product metric d\ + c£r. Then there exists an admissible 
^-collared metric D on \K x [0, 2]| whose boundary restrictions are 

D \\K\x{0} =min ( (i [0,l]l|^|x{0}'f) and D \\K\x{2} =min ( (i [l,2]!|^| x{ 2}'f)- 

(hi) Suppose that d and d' are admissible metrics on \fC\, where d! is bounded by 1. 
Then, for any < e < \, there is an admissible e-collared metric D on |/C x 
[0, 1]| that restricts to d + d^ on \K.\ x [0, e] and to d + d' + (% on \ fC\ x [1 — e, 1]. 

(iv) If dP and d 1 are any two admissible metrics on \K\, then there exists an ad- 
missible collared metric D on |/C x [0,1] | with restrictions -D||A:x{a}| = d a at 
the boundaries d a \JC x [0, 1]| = \JC\ x {a} ^ \K\ for a = 0, 1. 

(v) Finally, suppose that /d - 1 ! is a Kuranishi cobordism and d is an admissible 
(not necessarily collared) metric on l/Ct ' 1 ^. Then there exists an admissible 
collared metric D on \K,P ,l ^\ with D^q^^o,^ = d||ga£[o,i]i for a = 0, 1. 

Proof. The metric required by (i) can be obtained by first rescaling the given admissible 
metric to \K\ x [e, 1 — e], and then making collaring constructions to extend it to 
\JC\ x [e, 1] and then to \JC\ x [0, 1]. We will moreover see that the collar width e plays 
no special role other than complicating the notation. So it suffices to consider a given 
admissible metric d on \K\ x [0, 1] and extend it by a collaring construction to a metric 
D on |/C| x [0, 2] that restricts to d\ + d^ on \K\ x [1, 2] with the metric d\ := d||x:|x{l} 



on \K\ x {1} ^ \K\ and satisfying ( |6.4.3[ ) with e = 1, that is D(y, (x, 2 - t)) > 1 - t for 
y G |/C| x [0, 1] and < t < 1. This metric can be constructed by symmetric extension 
of 

( d((x,t),(x',t')) iit,t' < 1, 

(6.4.6) D((x,t),(x',t')) := < di(x, x') + \t - t'\, iit,t'>l, 

{ d((x,t),(x',l)) + \t' - 1| if t < 1 < f. 

This is well defined, positive definite, and symmetric. The triangle inequality 

(6.4.7) D((x, t), (x", t")) < D{(x, t), (x', t')) + D((x', t'), (x" , t")) 
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directly follows from the construction in case t,t',t" < 1 or t,t',t" > 1. In the case 
t' < 1 < t, tf' it follows from the triangle inequalities for both d and d^, 

D{(x,t),(x",t")) = d{(x,l),(x",l)) + \t"-t\ 

< d((x, 1), (x',t')) + d((x', t'), (x", 1)) + \t - 1| + \t" - 1| 
= D{(x,t),(x',t'))+D((x',t'),(x",t")). 

Similarly, if t < 1 <t',t" we have 

D{(x,t),(x",t")) = d((x,t),(x",l))+\t"-l\ 

< d((x,t), (x', 1)) + d((x', 1), (x", 1)) + \t' - 1| + |t" - i'| 
= J D((x,t),(x',t / ))+^((^,0,(^",O)- 

In the case t, t" < 1 < t' the triangle inequality for d implies that for D, 

D{(x,t),(x",t")) = d{(x,t),(x",t")) 

< d((x, t), (x', 1)) + d((x', 1), (x", t")) + 2\t' - 1| 
= D{(x,t),(x',t'))+D{(x',t'),(x",t")). 

Finally, for t', t" < 1 < t we have 

Z>(CM), (*",*")) = d((x,l),(x",0) + l*-l| 

< d((x,l),(x',t')) +d((x',t , ),(^",i")) + 
= D((x,t),(x',t'))+ J D((x / ,t / ),(x ,/ ,t // ))- 

This proves that D is a well defined metric on |/C| x [0, 2] . Boundedness follows from that 
of d. We next check that the topology given by the pullbacks Dj of D to Ui x [0, 2] is 
the standard product topology. Since d pulls back to the product topology on Ui x [0, 1] 
by hypothesis, as does d\ + c% on Ui x [1,2], the topology given by Dj restricts to the 
product topology on both Uj x [0, 1] and on XJj x [1, 2]. On the other hand, the product 
topology on Ui x [0, 2] is the quotient topology obtained from the product topologies 
on the disjoint union Ui x [0, 1] U Ui x [1, 2] by identifying the two copies of U[ x {1}. 
Since this is precisely the topology given by Di, the metric D is admissible as claimed. 
Finally, the collaring requirement (6.4.3) holds since for y = (x,t) G |/C| x [0,1] and 
(x 1 , 2 - t) € \K\ x (1, 2] we have D(y~Jx' , 2 - t)) = d(y, (V, 1)) + |2 - t - 1| > 1 - t. 
This completes the proof of (i). 

To prove (ii), we first replace each metric dA by min(dA, § ) so that the metrics dA and 
d\ are bounded by |. We next replace each by the metric D' A constructed as in (i) 
that restricts to dA on |/C| x (A\[l — k, 1 + k]), and to d\ + d^ on |/C| x ([1 — k, l + /-c]n^4), 
and for A = [0, 1] (and similarly for A = [1,2]) satisfies 

D' A ((x,t), {x',t')) = d A {(x,t), (x,l- k)) + \t' - (1 - «)| Vt<l-ft<t'< 1. 
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Next we set Da '■= min(D^, k), which by Example 6.4.14 is still ^-collared. Finally, 
we claim that 

( D A ((x,t),(x',t')) iit,t'eA, 
D((x,t),(x',t')) := I min((ii(x,x / ) + \t-t'\ , k) if t, t' € [1 - k, 1 + as], 

k otherwise 

is the required metric on \JC x [0, 2]|. Indeed, D is well defined since Da restricts to 
min(di + d)R, «) on |/C| x ([l-K,l + /{]nij by construction. Further D has the required 
restrictions, and is symmetric, positive definite, and bounded by k. To see that it 
satisfies the triangle inequality ( |6.4.7 ) we need only check triples with D((x, t), (x', i')) + 



D((x' ,t'),(x" ,t")) < k, and (by symmetry) t < t". The proof of (i) shows that D 
satisfies ( |6.4.7[ ) whenever t,t',t" < 1 + k or t,t',t" > 1 — k. Otherwise at least one 
of t,t',t" is less than 1 — k while another is larger than 1 + k. This means that the 
points in at least one of the pairs {t,t'}, {t,t"}, and {t',t"} lie in different components 
of the complement of the interval [1 — K, 1 + k] , and thus the corresponding points in 



K, x [0, 2] | have distance k. In particular, (6.4.7) holds by the upper bound on D except 



in the second case. Assuming w.l.o.g. t < t" , this reduces our considerations to the 
case t < 1 — k < t' < I + k < t" when either \t' — (1 — k)\ > k or \t' — (1 + k)\ > k, 



and thus D((x,t), (x',t')) > k or D((x',t'), (x",t")^ > k, which again proves ( |6.4.7[ ). 
Thus in all cases D satisfies the triangle inequality, and so is a metric as claimed. 
Further, D is admissible because, by (i) its pullback induces the product topology on 
each Ui x [0, 1 + k] and Ui x [1 — k, 2], and hence on Uj x [0, 2]. This proves (ii). 

To prove (iii), we choose a smooth nondecreasing function (3 : [0, 1] — > [0, 1] such 
that /3|roe] = 0, /3|m_ E) i] = 1, and the derivative is bounded by sup/3' < 2. (At this 
point we need to know that (1 — e) — e > which holds by assumption e < \.) For 
r G [0, 1] we then obtain a metric d r on |/C| by 

d r (x, x') := d(x, x') + f3(r)d'(x, x') 

and note that d r (x, x') < d s (x, x') whenever r < s. Moreover, each d r is admissible on 
\1C\ since their pullback to the charts are analogous sums, and the sum of two metrics 
that induce the same topology also induces this topology. Now we claim that 

D((x, t), (x', t')) = d min(ttt/) (x, x') + \t- t'\ 

provides the required metric D on \ JC x [0, 1]|. This is evidently symmetric and positive 



definite, and by symmetry it suffices to check the triangle inequality (6.4.7) for t < t" . 
In the case t' < t < t" we use < f3(t) - /3{t') < 2(t - t') and d! < 1 to obtain 

D((x,t),(x',t'))+D((x',t'),(x",t")) 

= d(x, x') + d(x', x") + (3(t')d'(x, x') + (3{t')d'(x', x") + \t- t'\ + \t' - t"\ 

> d(x, x") + p(t')d'(x, x") + 2\t - t'\ 

> d{x,x") + f3(t)d'(x,x") = D((x,t),{x",t")). 

In the other cases t <tf < t" resp. t < t" < t' , we can use the monotonicity P(t') > j3(t) 



resp. /3(t") > (3(t) to check (6.4.7). Therefore D is a metric on the product virtual 
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neighbourhood. It is admissible because each d r is admissible on \ fC\ so that the pullback 
metric on each set Uj x [0, 1] induces the product topology. Finally it is e-collared by 
construction. In particular, it satisfies (6.4.3) due to the term \t — t'\ in its formula. 
This proves (iii). 

To prove (iv), let C > be a common upper bound for d° and d 1 and set k := g. 
By (iii) there is a K-collared metric dro^i on |/C| x [0,1] that equals ^d° + cfe on 
|/C| x [0, k] and ^j{d° + d 1 ) + d R on |/C| x [1 — k, 1]. Similarly, there is a K-collared 
metric dr lj2 i on |/C| x [1, 2] that equals g|,((i +d 1 )+(i]R on |/C| x [1, 1 + k] and ^d x +d^ on 
|/C| x [2 — k, 2]. These satisfy the assumptions of (ii), so that we obtain a collared metric 
D' on |/C| x [0, 2] that restricts to mm{^d° + d K , |} = ^d° + <i R on |/C| x [0, |] since 



< |. Similarly, it restricts to minj^d 1 + c£r, |} 



on |/C| x [2- 5,2]. 



I by (iii). Now define D on \fC\ x [0, 1] to 



Moreover, D' satisfies (6.4.3) with e 

be the pullback of ^D' by a rescaling map (x, t) i— >• (x, /3(i)) with /3(i) 
and /3(t) = 2 



^ for t near 

"^3^ for i near 1. Then D restricts to d° + cZr near \IC\ x {0} and to 
d 1 + cZjj near |/C| x {1}, and is collared by construction. Hence it provides the required 
metric tame cobordism (/C x [0, 1],D) from (/C,d°) to (/C,^ 1 ). 

To prove (v) let 2e > be the collar width of K. := /C^ 0,1 !. Then we first push forward 
the metric d on |/C| by the bijection 



F:|/C| 



l/CK 



(p°(|a°/C| x [0,e)) U p l {\d 1 K\ x (l-e,e])) 



given by F 



P°(x,t) 



H> p°(x,e + |t) and F : p l (x,l -t) H> p 1 (x, 1 - e - \t) for 



t E [0, 2e), and the identity on the complement of the 2e-collars. The push forward 
F*d is admissible since F pulls back to homeomorphisms supported in the collars of 
the domains f7j of K,. Next, let us denote d a := d|iga;q, such that do equals to the 
restriction (F*d)\ p onQQfc\ x s £ y\, pulled back via p (•,£), and similar for d\ via /? 1 (-, 1 — e). 
Then we apply the same collaring construction as in (i) to extend F*d to an admissible 
collared metric on |/C| given by symmetric extension of 



D(y,y' 



d{y,y') 

P?(d a + d R )(y,y') 
d(y,p a (x',e)) + \e-t'\ 
d(y,p 1 (x',l-e)) + |1 -e-t'\ 
d{p (x,s),p 1 (x>,l-s)) 
+\s- t\ + II -e- t'\ 



if y,y' G imF, 
if y,y' ep a (\d a lC\ xAf), 
if y G imF, y' = p°(x' , t'), 
if y G imi 7 , y' = p (x', i'), 
ify = p (x,t),y / = p 1 (^O- 



Viewing this as a two stage extension to p a (|<9 a /C| x A") for a = 0, 1, the proof of the 
triangle inequality and admissibility is the same as in (i), and the restrictions are p"d a 
on p a (\d a K,\ x {a}), as required. This finishes the proof. □ 



We are now in a position to prove the uniqueness part of Theorem 6.2.6, namely that 



different tame shrinkings of the same additive weak Kuranishi structure are cobordant. 
This is a crucial ingredient in establishing that the virtual fundamental class associated 
to a given Kuranishi structure is well defined. Since in practice one only associates a 
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well denned cobordism class of Kuranishi structures to a given moduli space, we need 
the full generality of the following result. For this, we must revisit the construction of 



shrinkings in the proof of Proposition 6.3.4 



Remark 6.4.16. In the case of shrinkings KP^K. 1 of a fixed Kuranishi structure /C 
there is an easier construction of a cobordism in one special case: If the shrinkings of 
the footprint covers (Ff) are compatible in the sense that their intersection (FjHFj) is 
also a shrinking (i.e. covers X and has the same index set of nonempty intersections of 
footprints), then by Remark 6.3.3 the intersection of domains UjjPiUjj defines another 
shrinking of /C. Thus one obtains an additive tame shrinking of the product Kuranishi 
cobordism K. x [0, 1] by 



U 



[o,i] ._ 



,„ - (uh x [o, §)) u ((uh n ujj) x [i, §]) u (ujj x (|, i]). 

Proposition 6.4.17. Let IC^' 1 ^ be an additive weak Kuranishi cobordism on X x [0, 1], 
and let K? sh ,K} sh be preshrunk tame shrinkings of <9°/C[ 0,1 ] and d 1 K,^ >,l \ that are hence 
metrizable as in Proposition 6.3.1. Then there is a preshrunk tame shrinking of fC^ ' 1 ^ 
that provides a metrizable tame Kuranishi cobordism from KP sh to K} sh . 

Proof. As in the proof of Proposition 6.3.7| we first construct a tame shrinking between 
any pair of tame shrinkings K° \K} oTWfC^^ and d l l&^. We will use this first to 
obtain a tame shrinking K! of fC^ ' 1 ^ with d a fC' = K a (the tame shrinkings of which IC" h 

are precompact shrinkings), and then to obtain a precompact tame shrinking /cj^ of 

supports an admissible metric 



K! with d a JC [ ^ 1] 



[0,1] 



JC^ h . This Kuranishi cobordism K sh 



d s h by the same argument as in Proposition 6.3.7 Finally we may arrange that it is 
collared by Proposition 6.4.15 (v). Hence it remains to carry out the first construction. 

We write the index set as the union Z^io.i] = IoUl(o,i) UZi of Z a := Iga^P.i] C Zy£[o,i] 
and 2^(o,i) := 2^[o,i] \(2o UXi). Since the footprint of a chart /d ' 1 ' might intersect both 
X x {0} and X x {1}, the sets Xq and X\ may not be disjoint, though they are both 
disjoint from Icqi), which indexes the charts with precompact footprint in X x (0, 1). 
We will denote the charts of the Kuranishi cobordism JC^ ' 1 ^ by K/ = (Uj, . . .), while 
KJ = (Uf,...) = <9 a K/|^ denotes the charts of the shrinking IC a of d a K\ '^ with 
domains Ufj C d a Uij. Recall moreover that by definition of a shrinking the index 
sets l/c<* = Xd a ic = %a coincide. We suppose that the charts and coordinate changes of 
/£[o>i] have uniform collar width 5e > as in Remark 6.4.9 Then the footprints have 
induced 5e-collars 

(X x A% £ ) n Fi = d a Fj x Ag with d a Fj = pi x (Ff n (X x {a})) . 

By construction of the shrinkings K. a of c^/Cl 0,1 !, we have precompact inclusions Ff C 
d a Fj. Now one can form a 3e-collared shrinking (F[ C Fi)j=i jv of the cover of 
X x [0, 1] by the footprints of the basic charts by first choosing an arbitrary shrinking 
(F") as in Definition 6.3.1 and then adding 3e-collars to the boundary charts. Namely, 
for i SloUli we define 

Ft := ( F 1 / U (Ff x AZS\ s ( (X^Ff) x A 
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By construction, these sets still cover X x A%., together with F[ := F" for i S 2T(o,i) 
cover X x (3e, 1 — 3e), and hence cover all of X x [0, 1]. Moreover, each F[ is open 
with 3e-collar F[ n (X x A^A = F" x A^ £ and has compact closure in Fj because F" 
does by construction and F" x A% £ C d a F; L x A^ £ C Fj. Next, the induced footprints 
F'j = f] ieI F- also have 3e-collars, and Fi / implies Fj / since either F/ n A£ e / 
so that / Ff x AJ £ C F;, or F/ C X x (5e, 1 - 5e) so that ^ F'{ C F' r Hence 
(Fj')i = i ... jy is a shrinking of the footprint cover with 3e-collars. 

We now carry through the proof of Proposition |6.3.4 in the k-th step choosing 

domains ufj C Ujj C Uij for J, J G 2^[o,i] satisfying the conditions (i'), (ii'),(iii') 
as well as the following collar requirement which ensures that the resulting shrinking 
of /Ct ' 1 ] is a Kuranishi cobordism between the given tame structures JC° and /C 1 : 



3.4.* 



<7 



Eft >< ^ 



Vae {0,1}, I cJ el a . 

r(o) 



5.1.6 



For fc = 0we first must choose precompact sets Uj n Uj satisfying the zero set condi- 
tion ( [6.3.2D , namely C/j 0) ns/^O) = ^(fj). For that purpose we apply Lemma 
to 

F'j n (X x (2e, 1 - 2e)) C ^/(sf^Ojs J i?(^xl«) 



o=0,l 



to find 



F; c C/> \ (Jt?(0 a tfj x Af) with [/; n sj 1 ^) = V'7 1 ( i? / n (X x (2e, 1 - 2e)). 



Then we add the image under lJ of the precompact subsets Uf X A^ E C d a UjxA2 £ C Uj, 
which have footprint F" x A^ £ = F[ n (X x A^), to obtain the required domains 

F{ 0) :=F; U (J t f(E7f X4) C C/ 7 
a=0,l 

with boundary d a uf^ = Uf and collar width e. Next, the domains f/jj for I C J are 



determined by (6.3.3) and satisfy (6.4.8) since both L/jj and f/j ' 1 , Fj '* have e-collars, 
and (/>/j has product form on the collar. For / 6 ^(o,i) these constructions also apply, 
and reproduce the construction without boundary, if we denote imt° := and recall 
that the footprints are contained in X x (5e, 1 — 5e). In the following we will use the 
same conventions and hence need not mention 2T(o,i) separately. 

Now in each iterative step for k > 1 there are two adjustments of the do mains. 

(k) 

First, in Step A the domains Uf J C Wk 1 for \I\ = k are chosen using Lemma 



6.3.5 



6.3.5 



where Wjc is given by (|6. 3.6[). In order to give these sets e-collars, we denote the sets 
provided by Lemma 



3.4.9) U 



(k) 
IK 



T/( fc ) I I TT< 

V IK u IK 



by V IK 

0,l,e 



C Wk 1 and define 



with U 



0,1,£ 



IK 



^{U^xAl) U l)(U} k xA\). 



This set is open and satisfies (6.4.8) because V}^ is a subset of U)^ K which by 
induction hypothesis has the required e-collar. We now show that (6.4.9) satisfies the 
requirements of Step A. 



r(*:-l) 
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(i') holds since Ujj ^ n (s/) 1 (Eh) C Vjj C C/"jj\ where the first inclusion holds 

(k) 

by construction of Vjj . 

(ii') holds since Vjf n Vjj^ = Vj(j UK ^ by construction and J7jj ,£ n t^j^' 6 = ^/(ju^n 
by the tameness of the collars, so 

u?) n u® = (v}f n v}§) u (u^ n v$) u (yg> n v%*) u (eft 1 * n u^) 

- V {k) U IT ' 1 ' 6 - U [k) 

~ V I(JUK) U u l(j\JK) ~ U I(JUK)- 

Here the two mixed intersections are subsets of the collar Ujj~' £ D t^/j^' 5 due to 

T/ (fc) r r(*-l) 

V Im L 

(iii") holds since V$ C (^j)-^^"^) by construction and C/°^ £ C {(t>fj ] )~ l {U j^ e ) 
by the tameness of the shrinkings U^,U^. 

(k) 

This completes Step A. In Step B the domains Uj^ for \J\ > k are constructed by 



(6.3.7), namely 

/cJ,|/|=fc 

We must check that this removes no points in the collars, i.e. 

But in this collar sj and (/>jj have product form induced from the corresponding maps 
in the Kuranishi structures K a , where tameness implies Uj K Pi (s'j)^ 1 (Ej) = cf)f j(Ufj). 

(k) 

Since the Ujj already have e-collar by construction, this guarantees the above inclusion. 
Thus, with these modifications, the fc-th step in the proof of Proposition 6.3.4| carries 



through. After a finite number of iterations, we find a tame shrinking KJ of /C' 0,1 ' with 
given restrictions d a K\ 0,1 ^ = K a for a = 0, 1. This completes the proof. □ 

Remark 6.4.18. In some sense, the "correct" notion of equivalence between Kuranishi 
structures should generalize that of Morita equivalence for groupoids. In other words, 
one should develop an appropriate notion of "refinement" of a Kuranishi structure (e.g. 
by replacing each chart by a tuple of charts obtained by restriction to a finite cover 
of its footprint) and then should say that two Kuranishi structures K, KJ on X are 
equivalent if there is a diagram 

A, i K, > A,, 

where K" is a "refinement" of K, and an arrow K 1 — > K? means (at a minimum) that 
there are functors B^i — > B^2 and E^i —> E^2, which commute with the section 
functors sx, a '■ ^K, a ^K, a and the footprint functors ipfc a ■ s^i(0) — > X. We do 
not pursue this formal line of reasoning here. However, it will be useful to develop 
the notion of a particular kind of refinement (called a reduction) in order to construct 



sections; see Proposition 7.1.15 
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7. From Kuranishi structures to the Virtual Fundamental Class 

In this section we assume that /C is an oriented, tame Kuranishi structure (as 
throughout with trivial isotropy, and with the notion of orientation to be defined) 
of dimension d on a compact metrizable space X, and construct the virtual moduli 
cycle (VMC) and virtual fundamental class (VFC). 



As a preliminary step, Section 7.1 provides reductions of the cover of the Kuranishi 
neighbourhood \K\ by the images of the domains 7T/c(Ui). The goal here is to obtain a 
cover by a partially ordered set of Kuranishi charts, with coordinate changes governed 
by the partial order. This will allow for an iterative construction of perturbations. In 
Section |7.2| we introduce the notion of transverse perturbations in a reduction, and 
- assuming their existence - construct the VMC as a closed manifold up to compact 
cobordism, so far unoriented, from the associated perturbed zero sets. One difficulty 
here is to ensure compactness of the zero set despite the fact that lk.(X) C |/C| may 
not have a precompact neighbourhood. Transverse perturbations are then constructed 



in Section 7.3, and orientations will be established in Section 7.4. Finally, we construct 



the virtual fundamental cycle in Section 7.5 



7.1. Reductions and Covers. 

The cover of X by the footprints {Fi)i^x k of all the Kuranishi charts (both the basic 
charts and those that are part of the transitional data) is closed under intersection. This 
makes it easy to express compatibility of the charts, since the overlap of footprints of 
any two charts K/ and Kj is covered by another chart K/yj. However, this yields so 
many compatibility conditions that a construction of compatible perturbations in the 
Kuranishi charts may not be possible. For example, a choice of perturbation in the 
chart K/ also fixes the perturbation in each chart Kj over 07(/uJ) m 0J(iuj)) C Uj, 
whenever IUJc I/c- Since we do not assume transversality of the coordinate changes, 
this subset of Uj need not be a submanifold, and hence the perturbation may not extend 
smoothly to Uj. We will avoid these difficulties, and also make a first step towards 
compactness, by reducing the domains of the Kuranishi charts to precompact subsets 
V[ [lUi such that all compatibility conditions between K/lv^ and Kj|y r are given by 



direct coordinate changes <3?/j or <1>j/. The left diagram in Figure 7.1.1 illustrates a 



typical family of sets Vi for I C {1,2,3} with the appropriate intersection properties. 



As we explain in Remark 7.1.1 this reduction process is analogous to replacing the 
star cover of a simplicial set by the star cover of its first barycentric subdivision. This 
method was used in the current context by Liu-Tian (LluTj. 



Remark 7.1.1. In algebraic topology it is often useful to consider the nerve M := N{U) 
of an open cover U := (Fi)i=i jy of a space X, namely the simplicial complex with 
one vertex for each open subset F{ and a A;-simplex for each nonempty intersection of 
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Figure 7.1.1. The right diagram shows the first barycentric subdi- 
vision of the triangle with vertices 1,2,3. It has three new vertices 
labelled ij at the barycenters of the three edges and one vertex labelled 
123 at the barycenter of the triangle. The left is a schematic picture of 



a reduction of the cover as in Lemma 7.1.7 The black sets are examples 
of multiple intersections of the new cover, which correspond to the sim- 
plices in the barycentric subdivision. E.g. Vi n V23 H Vnz corresponds 
to the triangle with vertices 2, 23, 123, whereas V\ n P123 corresponds to 
the edge between 1 and 123. 



k + 1 subsets|__j We denote its set of simplices by 

2^:={7C{1,...,JV}| n ieJ F^0}. 
This combinatorial object is often identified with its realization, the topological space 

W := iw> - *'"7„ 

where ~ is the equivalence relation under which the |/| codimension 1 faces of the 
simplex {/} x A^' -1 are identified with x A' 7 ' -2 for i 6 I. The realization |jV| 

has a natural open cover by the stars St(v) of its vertices v, where St(v) is the union 
of all (open) simplices whose closures contain v. Notice that the nerve of the star cover 
of \M\ can be identified with M. 

Next, let M\ := Mi(U) be the first barycentric subdivision of M. That is, Mi is a 
simplicial complex with one vertex vi at the barycenter of each simplex I 6 In and a 
k simplex for each chain Iq Ii C . . . C I k of simplices Jo,. . 6 1u- This linear 
order on each simplex is induced from the partial order on the set of vertices Xy given 
by the inclusion relation for subsets of {l,...,iV}. Further, the star St(vj) of the 

* A simplicial complex is defined in [H] §2.1] as a finite set of vertices (or O-simplices) V and a 
subset of the power set X C 2 V , whose (k + l)-element sets are called fe-simplices for k > 0. The only 
requirements are that any subset r C a of a simplex a G X is also a simplex r G X, and that each 
simplex is linearly ordered, compatible with a partial order on V . In our case the ordering is provided 
by the linear order on V = {1, . . . , iV}. Then the j-th face of a fc-simplex a := {io, . . . , ik}, where 
io < • • • < ik, is given by the subset of a obtained by omitting its ji-th vertex ij. This provides the 
order in which faces are identified when constructing the realization of the simplicial complex. 
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vertex vi in A/i is the union of all simplices given by chains that contain / as one of 
its elements. Hence two stars St(vi), St(vj) have nonempty intersection if and only if 
/ C J or J C /, because this is a necessary and sufficient condition for there to be a 



chain containing both / and J. For example in the right hand diagram in Figure 7.1.1 
the stars of the vertices V12 and 1*13 are disjoint, as are the stars of v\ and V2- As before 
the nerve of the star cover of \M\ | can be identified with A/i itself. In particular, each 
nonempty intersection of sets in the star cover of \N±\ corresponds to a simplex in |A/"i|, 
namely to a chain Jq C . . . C If. in the poset Fu- Therefore the indexing set for this 
cover is the set C of chains in Fy; cf. Hatcher [H, p.H9ff]. 

Now suppose that U = (-Fi)i=i,...,jv is the footprint cover provided by the basic 
charts of a tame Kuranishi structure. Then Fu = Ik is the index set of the Kuranishi 
structure. Hence tC consists of one basic chart for each vertex of the nerve N(JA) and 
one transition chart K/ for each simplex in N(U). We are aiming to construct from the 
original cover (Fi) of X a reduced cover (Zj)j^x u of X whose pattern of intersections 
mimics that of the star cover of \Af\(U)\. In particular, we will require Zj n Zj = 
unless I C J or J C I. Next, we will aim to construct corresponding subsets Vi C Ui 
with Vi n s7 1 (0) = ^J l {Zi) and njc(Vi) n tt k (Vj) = unless I C J or J C I. We 
will see in Proposition |7.1.15| that such a reduction gives rise to a Kuranishi structure 
)C V that has one basic chart for each vertex in A/"i(W), i.e. for each element in Fjc, and 
one transition chart for each simplex in J\fi(U), i.e. for each chain C of elements in the 
poset Zfc. 



We will prove the existence of the following type of reduction in Proposition 7.1.11 
below. As always, we denote the closure of a set Z C X by Z. 

Definition 7.1.2. A reduction of a tame Kuranishi structure K, is an open subset 
V = U/ex K Vi c Obj BK i.e. a tuple of (possibly empty) open subsets Vj C Ui, satisfying 
the following conditions: 

(i) Vi C Ui for all I G F K , and ifVi^Q then Vj n sJ^O) ^ 0; 

(ii) if 7r/c ( Vf ) n TTniVj) ± then I C J or J C I ; 

(hi) the zero set L)c(X) = |sa;| _1 (0) is contained in 7T/c(V) = U/ex^ ^(^r)- 
Given a reduction V, we define the reduced domain category Byc|v an d the reduced 
obstruction category E/c|y to be the full subcategories of and with objects 
(J/ex^e Vi resp. U/ex K x anc ^ denote by s|y : Byc|y — > E^y fie section given by 
restriction of sjc ■ 

Uniqueness of the VFC will be based on the following relative notion of reduction. 

Definition 7.1.3. Let K, be a tame Kuranishi cobordism. Then a cobordism reduc- 
tion of K, is an open subset V = U/gXk; ^ ^ ^^B^ that satisfies the conditions of 



Definition 7.1.2 and, in the notation of Section 6.4. has the following collar form: 
(iv) For each a G {0, 1} and I G Id a K. C F/c there exists e > and a subset 
d a Vi C d a Ui such that d a Vi ^ iff Vi D ^J 1 (d a Fi x {a}) ^ 0, and 

OiT 1 ^) n (9 Q ^/ x a?) = d a Vr x ^. 
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We call d a V := U/ e z a0)C d a Vi C Obj B9Q)c the restriction of V to d a JC. 

Remark 7.1.4. The restrictions d a V of a reduction V of a Kuranishi cobordism K, 
are reductions of the restricted Kuranishi structures d a KL for a = 0, 1. In particular 



condition (i) holds because part (iv) of Definition 7.1.3 implies that if d a Vj ^ then 
d a V I n^J 1 (d a F I ) / 

The notions of reductions make sense for general Kuranishi structures and cobor- 
disms, however we will throughout assume additivity and tameness. In some ways, the 
closest we come in this paper to constructing a "good cover" in the sense of \FO\ \J\ 
is the category B^|y. However, it is not a Kuranishi structure. For completeness, we 



show in Proposition 7.1.15 that there is an associated Kuranishi structure JC V together 
with a faithful functor i v : B^v —> Bjc|v that induces an injection |/C V | —> 7rjt(V) C \fC\. 
Since the extra structure in )C V has no real purpose for us, we use the simpler category 
B^lv instead. Its realization |Bjc|v| also injects into \JC\, with image |V| = 7Tk:(V) by a 
special case of the following result. In particular, this identifies the quotient topologies 
|V| = |Bjc|v| given by ir/c resp. generated by the morphisms of B^y. Here, as before, 
we define the realization |C| of a category C to be the quotient Obj c /~, where ~ is 
the equivalence relation generated by the morphisms in C. 

Lemma 7.1.5. Let K be a tame Kuranishi structure with reduction V , and suppose that 
C is a full subcategory of the reduced domain category B/c|y. Then the map |C| — > \1C\, 
induced by the inclusion of object spaces, is a continuous injection. In particular, the 
realization |C| is homeomorphic to its image |Objd = ^(Objc) with the quotient 



topology in the sense of Definition 6.2.16 



Proof. The map |C| — > |/C| is well defined because (I, x) ~c {J,y) implies (I, x) ~b,c 
(J, y) since the morphisms in C are a subset of those in B^:- In order for |C| — > |/C| 
to be injective we need to check the converse implication, that is we consider objects 
(I,x),(J,y) G Obj c , identify them with points x G Vj and y 6 Vj, and assume 
ttjc(I,x) = -Kfc(J,y). Then we have I C J or J C / by Definition |7.1.2 (ii), so that 



Lemma 6.2.12|(a) implies either y = <fiij(x) or x = <pji(y). Since C is a full subcategory 



of Byc|v and hence of B/c, the corresponding morphism (I,J,x) (or (J,I,y)) belongs 
to C. Hence (I, x) ~b k {J,y) implies (I, x) ~c (J,y), so that |C| — > |/C| is injective. 
In fact, this shows that the relations ~b k and ~c agree on Obj c C Obj B)C , and 
thus |C| — > |vr/c(Obj c )| is a homeomorphism with respect to the quotient topology on 



7r^(Obj c ). Finally, Proposition 6.2.18 (i) asserts that the identity map |7TA:(Obj c )| — >• 
||7i"A;(Obj c )|| C \K.\ is continuous from this quotient topology to the relative topology 
induced by \fC\, which finishes the proof. □ 

Example 7.1.6. The inclusion |C| > \JC\ does not hold for arbitrary full subcategories 
of B/c. For example, the full subcategory C with objects Uj=i n (the union of the 
domains of the basic charts) has only identity morphisms, so that |C| = Obj c equals 
|/C| only if there are no transition charts. 

In order to prove the existence and uniqueness up to cobordism of reductions, we start 
by analyzing the induced footprint cover of X. Since the induced vicinity contains the 
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zero set l/c(X), the further conditions on reductions imply that the reduced footprints 
Zj = ipiiVinsJ 1 ^)) for m a reduction of the footprint cover X = Uj=i n ^ n the 
sense of the following lemma. This lemma makes the first step towards existence of 
reductions by showing how to reduce the footprint cover. We will use the fact that every 
compact Hausdorff space is a shrinking space in the sense that every open cover has 
a precompact shrinking - in the sense of Definition 6.3.1 without requiring condition 
flfe| ). 

Lemma 7.1.7. For any finite open cover of a compact Hausdorff space X = (Ji=i n ^ 
there exists a cover reduction (Z/) /C | 1 N y in the following sense: The Zj C X are 
(possibly empty) open subsets satisfying 

(i) ^^fl^FJor all I; 

(ii) if Zi n Zj ^ then I C J or J C I; 

(iii) X = \J I Z I . 

Proof. Since X is compact Hausdorff, we may choose precompact open subsets Ff □ Fi 
that still cover X. Next, any choice of precompactly nested sets 

(7.1.1) F° C G\ C i^ 1 C G? C ... C if r = F i 

yields further open covers X = Ui=i n ^i" anci = Ui=i jv ^7 for ra = I, ■ ■ ■ ,N. 
Now we claim that the required cover reduction can be constructed by 



(7-1.2) Zj := (n^jxU^ 1 

To prove this we will use the following notation: Given any open cover X = (L=i at Hi 
of X, we denote the intersections of the covering sets by Hj := f] ieI Hi for all I C 
{1, . . . , N}. This convention will apply to define Fj resp. Gj from the F-* resp. G^, but 
it does not apply to the sets Zj constructed above, since in particular the Zi generally 
do not cover X. With this notation we have 



Zl := G 1 P x Utfi*f for all / C {1, . . . , N}. 

These sets are open since they are the complement of a finite union of closed sets in 
the open set G^p. The precompact inclusion Zj C Fj in (i) holds since G^' C Fj. 
To prove the covering in (iii) let x G X be given. Then we claim that x G Zj x for 

4:= U I C {1,...,JV}. 

/C{l,...,A r },a;eG^ 1 

Indeed, we have x G G^ x ' since i E I x implies x G g[ J ' for some |/| < 141, and hence 
x G G^'. since G^' C Gj . On the other hand, by definition for all j ^ I x we have 
x G" g\ L ^ 1 . However, x G G^' +1 by the nesting of the covers, so for every j ^ I x we 

obtain x G X\G\ Ixl+ \ which is a subset of XxFJ 7 *'. This proves x G Z^, and hence 
(iii). 
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To prove the intersection property (ii), suppose to the contrary that x G Zi C\ Zj 

where |/| < |J| but I\J / 0. Then given i G I\J, we have x G Z7 C G 1 / 1 C i^ |J| 

since |/| < |J|, which contradicts x G Zj C Xxi* 1 -' 1 ^'. Thus the sets Zj form a cover 
reduction. □ 

To construct cobordism reductions with given boundary restrictions we need the 
following notion of collared cobordism of cover reductions. 

Definition 7.1.8. Given a finite open cover X = |J?,=i n ^ °f a compact Hausdorff 
space, we say that two cover reductions (^/)jc{l,...,JV}) {^i)lc{l,—,N} are collared 
cobordant if there exists a family of open subsets Zj C Fj x [0, 1] satisfying conditions 
(i),(ii),(iii) in Lemma 7.1.7 for the cover X x [0,1] = (Ji=i Af x [0)1]? anc ^ 
addition are collared in 



the sense of Definition 6.4-S\ namely: 



(iv) There is e > sitc/i that Z ( n(lx A") = Zf x A™ for all I C {1, . . . , N} and 
a = 0,1. 

Lemma 7.1.9. The relation of collared cobordism for cover reductions is reflexive, 
symmetric, and transitive. 



Proof. The proof is similar to (but much easier than) that of Lemma 6.4.12 □ 



With these preparations we can prove uniqueness of cover reductions up to collared 
cobordism, and also provide reductions for footprint covers of Kuranishi cobordisms. 

Lemma 7.1.10. (i) Any cover X x [0, 1] = Ui=i n ^ by collared open sets Fi C 
X x [0, 1] has a cover reduction {Zi) Ic ri __ _ jN n by collared sets Zj C X x [0, 1]. 
(ii) Any two cover reductions {Z^)x(z{i,...,N}> {Z\)lc{l,...,N\ of an open cover X = 
U<=i n CLre collared cobordant. 

Proof. To prove (i) first note that any finite open cover X x [0, 1] = (L=i n F by 
sets with collar form near the boundary d a F x A e can be shrunk to sets F[ C Fi that 
also have collar form near the boundary. Indeed, taking a common e > 0, one can first 
choose a shrinking F-* □ d a Fi of the covers of the "boundary components" X x {a} 
and a general shrinking F-' C Fi, then the required shrinking is given by 

(7.1.3) Fl := Ff x [0, §) U F/x(l-|,l] U if n X x (f , 1 - f ). 

Hence we may choose nested covers as in (|7.1.1[) of X x [0, 1] 



that have collar form near the boundary. Then the sets (Zj) defined by intersections 



in (7.1.2) also have collar form near the boundary, and the arguments of Lemma 7.1.7 



prove (i). 



To prove (ii), we first transfer to the standard form constructed in Lemma 7.1.7 



Claim A: Any cover reduction (Zj) of a finite open cover X = IL-Fj is collared 
cobordant to a cover reduction constructed from nested covers if . . . if C G^ +l C . . . Fi 
by (17X21). 
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To prove this claim, choose a shrinking Zj C Zj such that X = (jj Zj. Then these 
covers induce precompactly nested open covers 

F^.= \J ieI Z j C F':={J teI Zj c F i = ]J ieI F I . 

As in (7.1.1) we can choose interpolating sets 



F u C . . . Ft C G* +1 C . . . C F 



r 2AT 



F' 



and let (Z\ := U ijW ^f') be the resulting cover reduction of F[ and hence of Fi . 

We claim that the union (Z'j := Zj U Zj) is a cover reduction of (Fi) as well. Since 
Zj \Z Zj \Z Fj we only have to check the mixed terms in the intersection axiom (iii) in 
Lemma 7.1.7 i.e. we need to verify 

J\//0, KJ^0) u^)n (2»U^) = 

Indeed, for j G JxJ we obtain C F° C fJ J| C so that Z° n Zj = 0. 

Conversely, n Z'j = follows from the existence of i £ I\J. Now we have a 
chain of inclusions between cover reductions of (Fi), namely Zj C Zj, Zj C Z" , and 
C Zj. We claim that this induces collared cobordisms (Zj) ~ (Zi), (Zj) ~ (Z"), 
and (Zj) ~ (Z"), so that Lemma 7.1.9 implies that (Zj) is collared cobordant to 
(Z'j), which is constructed by (7.1.2). To check this last claim, consider any two cover 
reductions Z'j C Z" of (Fi) and note that a collared cobordism is given by 

(Z'j x [0,1)) U (Z'j' x (1,1]) C XX [0,1]. 

Indeed, these open subsets are collared and form a cover reduction since each of 
(Z'j), (Z'j) satisfies the axioms (i),(ii), and the mixed intersection in (iii) is 

(^x[o,|])n(^x[|,i])c(^n^)x[|,|], 

which is empty unless I C J or J C I. This proves Claim A. 

Now to prove (ii) it suffices to consider cover reductions (ZJ) that are constructed 
from nested covers F i ' a . . .F i ,a C ,a C . . . d a Fi as in ( |7.1.1| ). We extend these to 
nested covers of the product cover X x [0, 1] = \J i Fi x [0, 1] by choosing constants 

3 = £2N <...<£o<5<<5o<---< $2N = § > 

and then setting 

1 - (f*' x [0,<S 2fc )) U (i^ 1 x ( £2fe ,l]) c Fi x [0,1], 



G* : = (Gf x [0, U (g^ 1 x (s 2k ^,l]) c ^ x [0,1]. 



Since these sets satisfy the nested property in (7.1.1) and have collar form near the 

in 

□ 



boundary given by the nested covers cover reduction (Zj) defined in 



(7.1.2) is a collared cobordism between the reductions (Zj) and (Zj). 
We now prove existence and uniqueness of reductions. 
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Proposition 7.1.11. (a) Every tame Kuranishi structure K, has a reduction V. 

(b) Every tame Kuranishi cobordism /C' 0,1 ! has a cobordism reduction V' 0,1 '. 

(c) Let V°, V 1 be reductions of a tame Kuranishi structure 1C. Then there exists a 
cobordism reduction V of /C x [0, 1] such that d a V = V a for a = 0, 1. 



Proof. For (a) we begin by using Lemma 7.1.7 to find a cover reduction (^/)/c{i,...,A r } 



of the footprint cover X = Uj=i N^i- Smce Zi C Fj = for / ^ Xjc, we can index 
the potentially nonempty sets in this cover reduction by (Z/)/ g j Jc . Then Lemma 5.1 
provides precompact open sets Wi C Uj for each / G Xjc with Zj / 0, satisfying 

(7.1.4) w I nsj 1 (o) = 4>i 1 (z I ), W I nsj 1 (o) = ^j 1 (z I ). 



The set V = (Wj)i^Xic now satisfies condition (iii) in Definition 7.1.2 , namely |Jj t^k(Wi) 
contains \J I 7T;c(ipJ 1 (Zi)), which covers ljc(X). We will construct the reduction by 
choosing Vi C Wi so that (ii) is satisfied, while the intersection with the zero set does 
not change, i.e. 

(7.1.5) v I nsj 1 (o) = ^j 1 (Zi), 

which guarantees (iii). Further, condition (i) holds automatically since Vi C Wj, and 
we define Vj := when Zj = 0. To begin the construction of the Vi, define 

C(I) := {J G J/c|I C J or J c /}, 

and for each J ^ C(I) define 

Yjj := Wj n n^ 1 (tt)c (WJ) ) = WnejiW), 



and note that ei(Wj) C Uj is closed by Lemma 6.2.12 (d). Now if J £ C(I), then using 
iq x (Zi) = ^(O) n W we obtain 

^(^)n% c ^j 1 (z~ I )nsj 1 (o)ne I (W) 
= ^Y 1 (z I )ne I (s: J 1 (o)nW7) 
= ^^©ne;^- 1 ^)) = ipy 1 (z I ~)niPY 1 (Zj') = 0, 

where the first equality holds because s is compatible with the coordinate changes. The 
inclusion Yjj C Wj \ZUi moreover ensures that Yjj is compact, so has a nonzero Haus- 
dorff distance from the closed set if)J 1 (Zi). Thus we can find closed neighbourhoods 
M(Yu) C Ui of Yu for each J g C(J) such that 

AA(y /J )nv^ 1 (^ : ) = 0- 

We now claim that we obtain a reduction by removing these neighbourhoods, 
(7.1.6) Vr := Wi ^l)jtc(i)M(Yu). 

Indeed, each V I C W> is open, and V^ns/^O) = ^ X (Zi) \ Uj^cm N(Yij) = i\)~f X (Zi) 
by construction of J\f(Yjj). Moreover, because Vj C for all /, we have for all 
J£C(I) 
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This completes the proof of a). 
To prove (b) we use Lemma 



7.1.10 



of the footprint cover of IC^ 0,1 \ which is collared by Remark 
for a) also show that /C^ ' 1 ] has a reduction (Vj)jez [0 1} ■ 



(i) to obtain a collared cover reduction (Z/)/ e x [0 x] 



6.4.9 



Then the arguments 
It remains to adjust it to 



achieve collar form near the boundary as in Definition 7.1.2 (iv). For that purpose 



note that the footprint of the reduction is given by the cover reduction, that is (7.1.5) 
provides the identity 

Vj n sj\o) = tPjHZj) vj e % ,i] • 

In particular, if d a Zj ^ then d a Vj ^ 0, though the converse may not hold. Now 
choose e > less or equal to half the collar width of K\ 0,1 ^ in Remark 6.4.9 and so that 
condition (iv) in Definition 7.1.8 holds with A9[ e for the footprint reduction ^ , 

in particular 

(7.1.7) ^J 1 (Z I )r\Lf(d a U I x A%) = ipJ l (d a Z I x 4°) VaG{0,l},/e%. 

Then we set Vj := Vj for interior charts J E Z^p.i] \ (J-£o Ulj^i). If J E l/c a for a = 
or a = 1 (or both) we define Vf C d a Uf so that, with eq := e and e\ := 1 — e, 

V/ n (a Q C// x {e Q }) if d a Zj + 0, 
if d a Z! = 0. 



^(Vf x 



Since (d a Zi)i^x K a is a cover reduction of the footprint cover of IC a , and 

V'J 1 ^/) n $(8*17! x K}) = ^j\d a z I x { ea }), 

this defines reductions (Vf)i(zz Ka of /C". With that, we obtain collared subsets of Ui 
for each I £ Z^o U Z^i by 



(7.1.8) 



o=0,l 



u 



U 



x 



a=0,l 



These are open subsets of f7j because, firstly, each d a Ui x A° is a relatively closed 
subset of the domain of the embedding if. Secondly, each point in the boundary 
of t,f[Vf xA%)cUi is of the form if(x,e a ) and, since the collar width is 2e, has 
neighbourhoods if(N x x (sa — £,£ a + e)) C Vj for any neighbourhood M x C V/ 1 of 
x. Moreover, V/ has the same footprint as Vj, since adjustment only happens on 
the collars if(d a Uj x Af), where the footprint is of product form, thus preserved 
by the construction. Therefore the sets (Vi) I&IC [o,i] satisfy conditions (i) and (iii) in 
Definition 7.1.2 They also satisfy (ii) because, in the notation of Remark |6.4.10 we can 
check this separately in the collars p a (\IC a \ xAf) of l/C' ' 1 ^ (where it holds because (Vj 1 ) 
is a reduction) and in their complements (where it holds because (Vj) is a reduction). 

Finally, condition (iv) in Definition 7.1.3 holds by construction, namely ('-/) _1 (V/) n 
(d a UjxA«) 
holds since d a Vj 
proof of (b). 



holds by construction, namely (if 

* Vi^i>J l {d a F I x{a}) ^0) 
implies d a Zi ^ by definition of Vf . This completes the 



Vf x A", and the condition ( d a Vi / 
V? + 
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To prove (c) we will use transitivity for cobordism reductions of the product cobor- 
dism fC x [0, 1]. More precisely, just as in the proof of Lemma 6.4.12, we can adjoin 
and rescale cobordism reductions within K, x [0,1]. In particular, given cobordism 
reductions V^ ' 1] C Obj Bx; x [0,1] and V [1 ' 2] C Obj B)c x [1,2] with identical collars 
0ly[o,i] _ 0iy[i,2] near Obj BK x {1}, we define a Kuranishi structure K, x [0,2] with 
domain category Obj B)c x [0, 2] as in that lemma. Then, extrapolating notation to the 
reduction vj ' 2 ^ := Vjo^ U Vpf^ C Uj x [0, 2] for / G Z^i defines a cobordism reduction 
V[°> 2 1 of K x [0, 2] with d°y[M = d°V^ and d 2 V^ = d 2 V^> 2 \ Just as in the proof 
of additivity in Le mma 6.4.12, the resulting sets satisfy the separation condition (ii) 
because the reductions VIM yM an d V 1 = d^ ^ = d^ 1 ^ do. 



7.1.2 



of Definition 

Now given two cobordism reductions V and V of K, x [0, 1] with d l V = <9°V we can 
shift V' in the domains to Obj B)C x [1,2], glue it to V as above, and rescale the result 
back to a reduction V" C Obj B)C x [0, 1] with d°V" = d°V and d l V" = dV. Similarly, 
we can apply the isomorphism on Obj B/c x [0, 1] that reverses the inverval [0, 1] to turn 
any cobordism reduction V of K. x [0, 1] into a cobordism reduction V' with d°V = d^V 
and d l V' = d°V. Based on this, we will prove (c) in several stages. 

Step 1: The result holds if V° C V 1 and V? n sj 1 ^) = V} n sj\0) for all I G 1 K . 

In this case the footprints Zj := tp^Vf n sj 1 ^)) are the same for a = 0, 1 by assump- 
tion. Hence the sets for / G Ik: 

Vj := {Vj° x [0, !)) U (Vj 1 x (|, 1]) c t// x [0, 1] 

form the required cobordism reduction. In particular, they satisfy the intersection 
condition (ii) over the interval (3, |) because Vf C V} for all /. Their footprints are 
Zi x [0,1] and so cover X x [0,1], and they satisfy the collar form requirement (iv) 
because Vj 7^ iff V} 7^ 0, and the latter implies Zi 7^ by condition (i) for V . 

Step 2: The result holds if all footprints coincide, i.e. Vj n s^ 1 (0) = Vj Pi sj 1 (0). 

Note that V 01 := U/ e :r,c ^° n V J is anotner reduction of K since it has the common 
footprints Zj as above, thus covers tjc(X). So Step 1 for V 01 C V a (together with re- 
flexivity for a = 0) provides cobordism reductions V and V' of K, x [0, 1] with <9°V = V°, 
9 X V = V 01 = d°V', and d l V' = V . Now transitivity provides the required reduction 
with boundaries V°, V . 

Step 3: The result holds for all reductions V°, V 1 C Obj B)C . 

First use Lemma 7.1.10 (ii) to obtain a family of collared sets Zi C Fj x [0, 1] for / G I/c 
that form a cover reduction of X x [0, 1] = IJi=i n x 1] anci restrict to the cover 
reductions d a Zj = ipj^fdsj 1 ^)) induced by the reductions V a for a = 0, 1. Next, as 
in the proof of (b), we construct a cobordism reduction V' of K, x [0, 1] with footprints 
Zi. Its restrictions d a V' are reductions of /C a with the same footprint d a Zj as V a for 
a = 0, 1. Now Step 2 provides further cobordism reductions V and V" with V° = d°V, 
d 1 V = d°V', d l V' = d°V", and d 1 V" = V 1 , so that another transitivity construction 
provides the required cobordism reduction with boundaries V°, V 1 . □ 
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Finally, we need to construct nested pairs of reductions C n V, where either C or 
V is given. Since these will be used extensively in the construction of perturbations 
towards the VMC, we introduce this notion formally. 

Definition 7.1.12. Let 1C be a Kuranishi structure (or cobordism). Then we call a pair 
of subsets C,V C Obj B)C a nested (cobordism) reduction if both are (cobordism) 
reductions of K, and C C V. 

In our later constructions, the roles of V and C will be quite different: we will 
define the perturbation v on the domains of V, while C will provide a precompact set 
nfc(C) C \K\ that will contain the perturbed zero set 7ryc((sv + ^) _1 (0)). As explained 
in Proposition 6.2.18, the subset Tt}c(C) C |/C| has two different topologies, its quotient 
topology and the subspace topology. If (fC, d) is metric, there might conceivably be 
a third topology, namely that induced by restriction of the metric. Although we will 
not use this explicitly, let us show that the metric topology on tt]c{C) agrees with the 
subspace topology, so that we only have two different topologies in play. 

Lemma 7.1.13. Let C be a reduction of a metric tame Kuranishi structure (IC,d). 
Then the metric topology on tt)c(C) equals the subspace topology. 

Proof. Since every reduction C C Obj B)c is precompact, the continuity of ~kjq : Obj Br — > 
\fC\ (to |/C| with its quotient topology) and of id|£| : |/C| — > (\fC\,d) from Lemma 6.2.5 
imply that ttic(C) C \K.\ is compact in both topologies. Thus the identity map id^^ : 
|/C| D vr/c(C) — > (iTK,{C),d) is a continuous bijection from the compact space vr/c(C) with 
the subspace topology to the Hausdorff space (7T/e(C), d) with the induced metric. But 
this implies that id^^ is a homeomorphism, see Remark 6.2.17, and hence restricts to 

a homeomorphism id nfC (c) '■ 1^-1 ^ kjc(C) ~ * (^(C), dj . Thus, the relative and metric 
topologies on ttic(C) agree. □ 

Lemma 7.1.14. LetV be a (cobordism) reduction of a metric Kuranishi structure (or 
cobordism) tC. 

(i) There exists 5 > such that V C U/ex K ^s^Yi) ^ a nested (cobordism) reduc- 
tion, and moreover 

Bs(MVl))^MMVj))^^ => LcJorJcL. 

(ii) If V is a reduction of a Kuranishi structure fC, then there exists a nested 
reduction C d V. 

(hi) IfV is a cobordism reduction of the Kuranishi cobordism fC, and if C a C d a V 
for a = 0, 1 are nested cobordism reductions of the boundary restrictions d a IC, 
then there is a nested cobordism reduction C C V such that d a C = C a for 
a = 0, 1. 

Proof. To prove (i) for a Kuranishi structure fC we need to find 5 > so that 

a) Bi(Vi) C Hi for all IeX K ; 

b) if Bslwctyi)) n Bs(-kk(Vj) + then / C J or J C /. 



124 



DUSA MCDUFF AND KATRIN WEHRHEIM 



The latter is a strengthened version of the separation condition (ii) in Definition 7.1.2 



due to the inclusion irjc(Bg(W)) C B$(ttjc(W)) by compatibility of the metrics for 
any W C Uj. The other conditions B|(Vr) n sj 1 ^) / and tjcPO C 7rx:(-4) for a 
reduction „4 := U/gx K Bg(Vi) [Z Obj B;c then follow directly from the inclusion V C A, 
and the latter is precompact since each component Vj C Bg(Vj) is precompact. In order 
to obtain cobordism reductions from this construction, recall that, by definition of a 
metric Kuranishi cobordism, it carries a product metric in the collar neighbourhoods 
if(d a Uj x A£) C Uj of the boundary, which ensures that for 5 < | the ^-neighbourhood 
of a collared set (i.e. with = d a Vj x A®) is collared. More precisely, with 

Bf \W) C d a Uj denoting neighbourhoods in the corresponding domain of d a K, we 
have 

Bg(Vi) n Lf(d a U! x Af) = Lf(Bf I (ff x Vi) xAf). 
So it remains to find 5 > satisfying a) and b) . Property a) for sufficiently small S > 



follows from the precompactness Vj C Uj in Definition 7.1.2 (i) and a covering argument 
based on the fact that, in the locally compact manifold Uj, every p 6 Vj has a comp act 
neighbourhood Bg (p) for some 5 P > 0. To check b) recall that by Definition 7.1.2 the 

subsets ttjc(Vi) and 7T)c(Vj) of \K\ are disjoint unless I C J or J C I. Since each iric\ui 
maps continuously to the quotien t topo logy on |/C|, and the identity to the metric 
topology is continuous by Lemma 



6.2.5 



the ttjc(Vi) are also compact subsets of the 
metric space \(fC, d)\. Hence b) is satisfied if we choose 5 > less than half the distance 
between each disjoint pair ttjc(Vi), 7T/c(Vj). 

For (ii) choose any shrinking (Zj)/ g j K of the footprint cover {z I = i; I (v I nsj 1 (o))) 
of V as in Definition |6.3.1 By Lemma 5.1.6| there are open subsets Cj C Vi such that 
Ci n sj 1 (0) = il)J l {Z' I ). This guarantees ijc(X) C njc(C), and since the (V7-) satisfy the 
separation condition (ii) in Definition 7.1.2, so do the sets (Cj). The same construction 



works if K, is a cobordism, but we also require that C be collared. For this we must start 
with a collared shrinking (Zj)i & z k °f the footprint cover [Zi = ipi(Vi n s^ 1 (0)) / ^ of 



the cobordism reduction V, which exists by Lemma 7.1.10 (i). Then we choose C\ C Vj 
such that n sj 1 ^) = tpJ 1 (Z' I ) as above. Finally we adjust each C\ to be a product 
in the collar by the method described in ( |7.1.8[ ). 

To prove (iii), we proceed as above, starting with a collared shrinking 
of the footprint cover [Zj = ipi(Vi n S J 1 (^)) j £ x K °^ ^ e c °bordism reduction V that 
extends the shrinkings at a 



construction (7.1.3) in the proof of Lemma 7.1.10 



0, 1 determined by the reductions C a . This exists by the 
Then choose collared open subsets 



Cj C Vj as above with Cj n sJ^O) = ^ X {Z\) for all J. Finally, let 2e > be less than 
the collar width of the sets Vi, Zj, and Cj, then we adjust C\ in these collars so that 
they have the needed restrictions by setting 



C 7 := fCj\i?(d a Vf x [0,2s] J U (lJ{C? x [0, 2e) U 5 Q (C7}) x (e,2e]) 
Note that because C a and d a C are both contained in d a V. their union is also a reduc- 



tion. The proof of openness is the same as for (7.1.8). 



□ 
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We end this subsection by showing that a reduction V of a tame Kuranishi struc- 
ture K, canonically induces a (generally neither additive nor tame) Kuranishi structure 
Ky whose realization \JC V \ maps bijectively to TT)c(V). This result is not used in the 
construction of the VMC or VFC. 



Proposition 7.1.15. Let V be a reduction of a tame Kuranishi structure tC. Then there 
exists a canonical Kuranishi structure )C V which satisfies the strong cocycle condition. 
Moreover, there exists a canonical faithful functor t v : B^v — > B^ which induces a 
continuous injection \)C V \ — > \IC\ with image 7r/c(V). 

Pro of. To begin the construction of )C V , note first that by condition (i) in Defini- 
tion 



7.1.2 



the footprint Zj := ipi(Vj D sj 1 ^)) is nonempty whenever Vj ^ 0. Further 
by (iii) the sets {Zi)i & x k cover X. Hence we can use the tuple of nontrivial reduced 
Kuranishi charts (i^-ilv^iei^yj^tD as the covering family of basic charts in )C V . Then 
the index set of the new Kuranishi structure is 



(7.1.9) 



Z K v = {CcZ K \Z c :={] IeC Z I ^®}. 



By Definition 7.1.2 (ii), each such subset C C Ijc that indexes basic charts with 
P) JgC Zi 7^ can be totally ordered into a chain I\ C I 2 . . . C I n of elements in 



I/c; cf. Figure 7.1.1 and Remark 7.1.1 Therefore X^v can be identified with the set 
C C 2 Xk of linearly ordered chains Cd K such that Z c ^ 0. For C = (if C 1% . . . C 



T c _. T c 

maximal element l£ av to the intersection of the domains of the chain: 



Jjjc = : /max) £ -^K v we define the transition chart by restriction of the chart for the 



(7.1.10) K 



K, 



Wo 



with Vc ■- 



n 

l<k<nc 



b T c T c (V T criU T c T c ) C Vjc . 

l h max v J fc i k max' ^max 

= ri/ec 7r 'c(^") an( ^ hence can be 



By Lemma 6.2.12 (a), this domain satisfies tvjc(Vc) 
expressed as 

(7.1.11) V C = f)iecticjVi) = Ujc^n^^iecMVi 

Next, coordinate changes are required only between C,D 6 T^y with C C D so that 
Zc D Zd / and, by the above, ttk.(Vc) C 7Tjc(Vd)- Since the inclusion C C D implies 
the inclusion of maximal elements i^ax -^max> we can define the coordinate change as 
the restriction 



v 

CD 



I c I D 

J max- 1 max 



K 



K 



i c 



j cd -max I Ve- 

in the sense of Lemma 15.2.31 with maximal domain 



"■D 



K, 



W D 



(7.1.12) 



TT V - 
U CD ■- 



v c n 



JjC JD 

max max 



)-\V D ) = V c ^^ 1 {ttk{Vd)). 



Using (7.1.11) and the fact that C C D we can also rewrite this domain as 



(7.1.13) 



U CD 



U. 



i c 

J max 
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Hence, again using Lemma 6.2.12 (a), the domain of the composed coordinate change 
&DE ° ®CD for C C D C E is 



u$ D n 



max max 



)-*( 



u v DE ) 



max 



17 

m; 

Ujc 



n 7r, 



K 

n vr f 1 

n 7r 



K 
-1 
AC 



tjc(Vd)) n 

7r/c(Vb)n7r/c(Vk)) 
T)c(Vk)), 



/C JO . 

max max 



which equals the domain of &ce- Now the strong cocycle co nditio n for /C v follows from 
the strong cocycle condition for K, which holds by Lemma 6.2.8 In particular, )C V is 
a Kuranishi structure. 

Next, the inclusions Vc ^ Ujc induce a continuous map on the object spaces 



Obj, 



Since Vc C Vjc^ for all C, this map has image U/ex K ^ * s g enerauv n °t injective. 
However, because the coordinate changes in are restrictions of those in /C, this map 
on object spaces extends to a functor l v : B r v — > B^. This shows that the induced 



map \l v \ : |/C V | — > \JC\ is continuous with image tt/c(V). Moreover, the functor t v is 
faithful, i.e. for each (C, x), (D,y) G Obj B ^ v the map 



Mor iC v((C, 



x 



,v 



(77,2/)) — ► Mor /c ( i v (C,x),. v ( J D,y)) 
is injective we need to show for x G Vc, y G Vb that 
~AC (7max>y) => (C,x) (7>,y). 



is injective. To prove that 

To see this, note that by assumption and ( jT.1.11 ) we have 7Tx;(Vr) 3 irtc(x) = 7r/c(y) G 
ttjc(Vj) for all 7 G C and J G 77. In particular, for each l£ £ C, if £ D the inter- 
section 7T/c(Vrc) ri7rx;(VrZ)) is nonempty. Hence, by Definition 7.1.2 (ii), the elements 

k £ 

7p, . . . , 7^ ax , 7f , . . . , 7^ ax of X/c can be ordered into a chain E := CV D (after removing 
repeated elements) with maximal element 7^ ax = 7^ ax or 7^ ax = 7^ ax , and such that 
7r/c(x) = njc(y) G ClieCvD^KiVi) = kk.(Vcvd)- In particular, Vcwd is nonempty, so 
we have E = C V D G X r v and x G Vc H 7iy (VrI d U t c t e lies in the domain 

/v *^ 'raax i max 

of ^C(CVD) = 
° f ^D(CVD) = 

implies </>£(CvD)0) = 
completes the proof. 



4>jc te , whereas y G Vb n tiv^Ve) C Utd te 

max max ^ x ' max m; 

rf>rD . Now Lemma 6.2.12 (a) for if" 

-'max-* max 



J D(CVD) 



(y). This proves (C,x) 



lies in the domain 
and T D r T E 

x ayLKX -'max ^— -'max 

-i^y (D, y) as required, and thus 

□ 



max max 

C I E 

max ^- - 1 max 



Remark 7.1.16. The resulting Kuranishi structure )C V is far from additive. In fact, 
the above proof shows that )C V has the property that for any two charts K^, with 
intersecting footprints ZcC\Zd ^ 0, we must have 7~L. C I^ax or ^max c -^max' though 



possibly neither C C D nor D C C. Assuming w.l.o.g. that 7^| ax C 7"^, there is a 
direct coordinate change 



max max 



IVfc 



K v 



K, 



\v D - 
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It embeds one of the obstruction bundles as a summand of the other; in this case 
Eq =jc & T c jd (En) C Ed = Ejd . Such a coordinate change is not explicitly 

J max J raax J max x J i max 

include d in the Kuranishi structure IC V unless C C D. It does however appear, as in 
Lemma 



6.2.12 



as the composite of a coordinate change — > K^ VD with the inverse 
of a coordinate change K^, — > K^ v£) . In this respect the subcategory B^y has much 
simpler structure, since the components Vi of its space of objects correspond to chains 
C = (I) with just one element. 

7.2. Perturbed zero sets. 

Throughout this section, K, is a fixed tame Kuranishi structure on a compact metriz- 
able space X or a Kuranishi cobordism on X x [0, 1]. We begin by introducing sections 
in a reduction and an infinitesimal version of an admissibility condition for sections in 
[FOOOJ A.1.21]Q 

Definition 7.2.1. A reduced section of JC is a smooth functor v : B/c|v — > ^K.\v 
between the reduced domain and obstruction categories of some reduction V ofK, such 
that pr^of is the identity functor. That is, v = {vi)i^i k is given by a family of smooth 
maps vj :Vj Ej such that for each I C J we have a commuting diagram 



(7.2.1) V I ^(j)-UVj)^^E I 



4>u 



4>u 



Vj Ej. 

We say that a reduced section v is an admissible perturbation of sjc\v if 

(7.2.2) d y uj(T y Vj) C im^j VIC J, y £ Vj D 4>u{Vi D U u ). 

Remark 7.2.2. (i) Each reduced section v : B/c|v ~~ > ^ic\v induces a continuous map 
\ v \ '• \V\ ~^ I-EacI such that |pr^| o \i/\ = id, where |pr^| is as in Theorem |6.2.6 Each 



such map has the further property that Ml^/y^) takes values in irjc(Uj x Ej). 

(ii) More generally, a section a of fC is a functor B/c — > Ex; that satisfies the condi- 
tions of Definition 7.2.1 with V replaced by Obj B;c . But these compatibility condi- 



tions are now much more onerous. For example, except in the most trivial cases, the 
set V12 H fli=i 2 4'i,i2(Ui > i2\^i) is nonempty, so that there is x G Vi% with ir;c(x) £ 
(n)c(Ui) U ttjc(U2)) \ (tt)c(Vi) U ttk.(V2)). A reduced section v could take any value 
vyi(%) £ E\2 = <i>\,vi{E\) © 4>2,u(E2)- On the other hand, a section a of K, would have 
cr(x) £ C\i=\2 ( t ) i,i2{Ei) = {0} since the compatibility conditions imply that v\2 | im & 12 

takes values in (f>i t i2(Ei). We cannot achieve transversality under such conditions, which 
explains why we consider reduced sections. 



In fact, even the canonical section (sj) may not satisfy an identity sj — <f>u{si) © id B 



in a tubular neighbourhood of <f>ij(Uij) C Uj identified with Uu x Ej / (f>u(E_ 
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Note that the zero section 0/c, given by Uj — > € Ei, restricts to an admissible 
perturbation Oy : Byc|v ~~ > ^K,\v m the sense of the above definition. Similarly, the 
canonical section s := s/c of the Kuranishi structure restricts to a section s|y : B/c|y ~~ * 
Ea:|v °f an y reduction. However, the canonical section is generally not admissible. In 
fact, as we saw in Lemma 5.2.2, for all y G Vj H 4>ij(Vj n Uu) the map 

P 4od, Sj : TyUj /TyfajtUjj)) ~> EJ Uij{Ej) 

is an isomorphism by the index condition (5.2.1), while for an admissible section it is 
identically zero. So for any reduction V and admissible perturbation v, the sum 

s + v := (si\ Vl + vi)iez K ■ Bk|v ->■ E/c|v 
is a reduced section that satisfies the index condition 

prkzodyisj+vj) : ^/tv^JjC^j)) A ^ I Hj[Ei) V y G 
We use this in the following lemma to show that transversality of the sections in Kuran- 
ishi charts is preserved under coordinate changes. However, admissibility only becomes 
essential in the discussion of orientations; cf. Proposition 7.4. 12| 

Lemma 7.2.3. Let V be a reduction of JC, and v an admissible perturbation of sjc\v- 
If z 6 Vi and w G Vj map to the same point in the virtual neighbourhood itjc(z) = 
irjc(w) £ \IC\, then z is a transverse zero of s/|vj + v i if and only if w is a transverse 
zero of sj\ Vj + vj. 

Proof. Note that, since the equivalence relation ~ on Objg^ is generated by ^ and its 
inverse y, it suffices to suppose that (I,z) if? (J,w), i.e. w = <pu{z). Now sj{w) = 
4>n{ s i( z )) = iff si(z) = since (f>u is injective. Next, z is a transverse zero of s|v + v 
exactly if d z (sj + vi) : T z lli — > Ej is surjective. On the other hand, we have splittings 
T w Uj ^ imd 2 fe -Za^ij and Ej ~ M E i) © with respect to which the 

differential at w has product form 

(7.2.3) d w (sj + vj) ^ ( 4>u o d 2 (s/ + vi) o (d z 0/j)" 1 , d w sj ) , 

by the admissibility condition on uj. Here the second factor is an isomorphism by the 
index condition (5.2.1). Since (j)u and (d 2 (/>/j) -1 are isomorphisms on the relevant 
domains, this proves equivalence of the transversality statements. □ 

Definition 7.2.4. A transverse perturbation of s/c\v is a reduced section v : 
Ba;|v — > E/c|v whose sum with the canonical section s|v is transverse to the zero 
section Oy , that is sj \ y t + vj iti for all I £ 2jc- 

Given a transverse perturbation v, we define the perturbed zero set \L V \ to be the 
realization of the full subcategory Z u of B^ with object space 

(s + v)- 1 ^) :=U/ 6 x K (s/|y, + ^) _1 (0) c Obj BK . 

That is, we equip 

\ Zu \ := \(s + v)-\0)\ = Uie^Wvr+^r 1 ^)/ 
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with the quotient topology generated by the morphisms ofRjc\v- By Lemma 7.1.5 this 
is equivalent to the quotient topology induced by ttjc, and the inclusion (s + ^) _i (0) C 
V = Obj Bjc | v induces a continuous injection, which we denote by 

(7.2.4) i v : \Z U \ — > \fC\. 

To see that the above is well defined, recall that the canonical section restricts to a 
reduced section s|y : B/c|v — > E/e|y, so that the sum s|y + is a reduced section as well, 
with a well defined zero set (s + z/) -1 (0). Moreover, since Z u is the realization of a full 
subcategory of B/e|y, Lemma 7.1.5 asserts that the map i v is a continuous injection to 
\JC\, and moreover a homoeomorphism from \Z U \ to 7r^;((s + z/) _1 (0)) = \{s + z^) -1 (0)| 
with respect to the quotient topology in the sense of Definition 6.2. 16| In particular, the 
continuous injection to the Hausdorff space |/C| implies Hausdorfihess of |Z„|. However, 
the image of i v is ttjc((s + ^) _1 (0)) with the relative topology induced by |/C|, that is 

i v (\Z v \) = \\(s + u)- 1 (0)\\. 

So the perturbed zero set is equipped with two Hausdorff topologies - the quotient 
topology on \Z U \ = \(s + z^) 1 (0) | and the relative topology on ||(s + z^) _1 (0)|| C |/C|. 
It remains to achieve local smoothness and compactness in one of the topologies. We 
will see below that local smoothness follows from transversality of the perturbation, 
though only in the topology of \Z U \, which may contain smaller neighbourhoods than 
||(s + i^) _1 (0)||. On the other hand, compactness of + z/) -1 (0)|| is easier to obtain 
than that of \ Z U \, which may have more open covers. For the first, one could use the fact 



that ||(s + z/) (0)|| C ||V|| is precompact in \JC\ by Proposition 6.2.18 (hi), so it would 
suffice to deduce closedness of || (s + ^) _1 (0) || C \JC\. This would follow if the continuous 
map |s + i^| : ||V|| —> | Eye | v I had a continuous extension to |/C| with no further zeros. 
However, such an extension may not exist. In fact, generally ||V|| C \JC\ fails to be open, 
i-lc(X) C |/C| does not have any precompact neighbourhoods (see Example 6.1.14), 
and even those assumptions would not guarantee the existence of an extension. So 
compactness of either ||(s + i/) _1 (0)|| or \Z U \ will not hold in general without further 
hypotheses on the perturbation that force its zero set to be "away from the boundary" 
of ||V|| in some appropriate sense. For that purpose we introduce the following extra 
assumption on the perturbed section that will directly imply compactness of \Z U \. 

Definition 7.2.5. A reduced section v : B/c|y — > E^y is said to be precompact if 

its domain is part of a nested reduction C C V such that tt^^(s + ^) _1 (0)) C 7r^(C). 

The smoothness properties follow more directly from transversality of the pertur- 
bation. The next lemma shows that for transverse perturbations the object space 
|J / (s/|y r + ^/) _1 (0) C Uj Vi of Z v is a smooth submanifold of dimension d := dim/C, 
and that the morphisms spaces are given by local diffeomorphisms. Hence the category 
Z„ can be extended to a groupoid by adding the inverses to the space of morphisms. 

Lemma 7.2.6. Let v : B^|y — > Eyc|y be a transverse perturbation of sic\v- Then the 
domains of the perturbed zero set (s/| V/ + 1 (0) C Vj are submanifolds for all I £ I/c; 
and for L C J the map (ftu induces a diffeomorphism from Vj n Uu n (si\vj + ^/) _1 (0) 
to an open subset of (s j\vj + ^j) _1 (0). 
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Proof. The submanifold structure of (sj\vj + ^/) _1 (0) C f7j follows from the transver- 
sality and the implicit function theorem, with the dimension given by the index d := 
dimUj — dim £7. For I C J the embedding : Ujj — > Uj then restricts to a smooth 
embedding 

(7.2.5) <Pu : U u n ( Sl \ Vl + ^) _1 (0) ->• (s/|v> + fj) -1 (0) 

by the functoriality of the perturbed sections. Since this restriction of 4>u to this 
solution set is an embedding from an open subset of a (i-dimensional manifold into a 
(i-dimensional manifold, it has open image and is a diffeomorphism to this image. □ 

Assuming for now that precompact transverse perturbations exist (as we will show in 



Proposition 7.3.5), we can now deduce smoothness and compactness of the perturbed 
zero set. 

Proposition 7.2.7. Let K, be a tame d- dimensional Kuranishi structure with a reduc- 
tion V C K., and suppose that v : B/c|v — > ~&k\v is a precompact transverse perturbation. 
Then \Z V \ = \(s + i/)~ 1 (0)| is a smooth closed d-dimensional manifold. Moreover, its 
quotient topology agrees with the subspace topology on \\(s + ^) _1 (0)|| C \JC\. 



Proof. By Lemma 7.2.6 the realization \7i u \ is made from the (disjoint) union Uta^-Hv/ ~ 



v l) °f d-dimensional manifolds via an equivalence relation given by the smooth 



local diffeomorphisms (7.2.5). From this we can deduce that |Z„| is second countable 
(i.e. its topology has a countable basis of neighbourhoods). Indeed, a basis is given by 
the projection of countable bases of each manifold (s/|vj + ^/)~ 1 (0) to the quotient. 
The images are open in the quotient space since the relation between different com- 
ponents of (s + i^) _1 (0) is given by local diffeomorphisms, taking open sets to open 
sets. In other words: The preimage of an open set in \Z U \ is a disjoint union of open 
subsets of (sj\vj + i^) -1 (0). This can be used to express any open set as a union of 
the basis elements. It also shows that \Z U \ is locally smooth, since any choice of lift 
x G (siWi + ^-f) _1 (0) °f a given point [x] G \Z U \ lies in some chart N )■ M d , where 
M C (sj\vj + ^/) _1 (0) is open; thus as above [A/] C \Z U \ is open and provides a local 
homeomorphism to ~R d near [x\. 



Moreover, as noted above, the continuous injection |Z^| — > \)C\ from Lemma 7.1.5 



transfers the Hausdorffness of |/C| from Proposition 6.2.13 to the realization |Z„|. Thus 
\Z U \ is a second countable Hausdorff space that is locally homeomorphic to a (f-manifold. 
Hence it is a d-manifold, where we understand all manifolds to have empty boundary 
since the charts are to open sets in M. d . 

In order to prove compactness, it now suffices to prove sequential compactness, since 
every manifold is metrizable. (In fact, second countability suffices for the equivalence 
of compactness and sequential compactness, see [Kj Theorem 5.5].) For that purpose 
recall that v is assumed to be precompact, in particular there exists a precompact 
subset C C V so that 



(7.2.6) ( S/ |y J +^)" 1 (0) C ^(f K (C))nV; VI el) 
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Now to prove sequential compactness, consider a sequence (pk)keN C \Z U \. In the 
following we will index all subsequences by k G N as well. By finiteness of I/c there is 
a subsequence of (p k ) that has lifts in (sj\vj + ^/) _1 (0) for a fixed / G I/c- In fact, by 



(7.2.6), and using the language of Definition 16.2.10 the subsequence lies in 



V/nvr^MC)) = VjHUj^ejiCj) C Uj. 

Here e/(Cj) = unless I C J or J C I, due to the intersection property (ii) of 
Definition |7.1.2 and the inclusion Cj C Vj. So we can choose another subsequence and 



lifts (x k ) k ^ C Vi with Tric(xk) = Pk such that either 

{x k ) k€N c Vi n (f>j}(Cj) or {x k ) keN c Vi n (\>ji{Cj n c/ J7 ) 

for some / C J or some J C I. In the first case, compatibility of the pertur- 



bations (7.2.1) implies that there are other lifts 4>ij(x k ) G (sj|vj + vj)~ l {§) n Cj, 
which by precompactness Cj C Vj have a convergent subsequence (ftu(x k ) — > yoo G 
( s j|uj + u j)~ 1 (^)- Thus we have found a limit point in the perturbed zero set p k = 
iVK,(4>Ij(xk)) — >• ftic(yoo) G |Z V |, as required for sequential compactness. 

In the second case we use the relative closeness of (fiji(Uji) = Sj 1 (Ei) C Ui and the 
precompactness Vi C Ui to find a convergent subsequence x k — > Xqo G Vi D 4>ji(Uji). 
Since </>j/ is a homeomorphism to its image, this implies convergence of the preimages 
Uk '■= ^jjC^fc) — ^ <frjj {xqc) =: yoo G C/j/. By construction and compatibility of the 



perturbations (7.2.1), this subsequence (y k ) of lifts of nic{yk) = Pk moreover lies in 
(sj\vj + vj) (0) n Cj. Now precompactness of Cj C Vj implies yoo G Vj, and 
continuity of the section implies yoo G (s j\vj + ^j) _1 (0). Thus we again have a limit 
point p k = ir/c(yk) — > ^/c(Uoo) G |Z„|. This proves that the perturbed zero set \Z U \ is 
sequentially compact, and hence compact. Therefore it is a closed manifold, as claimed. 



Finally, the map (7.2.4) now is a continuous bijection between the compact space 
\Z U \ and the Hausdorff space ||(s + ^) _1 (0)|| C |/C| with the relative topology induced 
by \K\. As such it is automatically a homeomorphism \7i U \ = \\(s + v)~ (0)||, see 
Remark [F£2T7] □ 

We now extend these results to a tame Kuranishi cobordism JC^ 0,1 ^ from /C° to K, 1 
with cobordism reduction V. Recall from Definition 17.1.31 that V induces reductions 
d a V := \Jj e x Ka d a Vi C Obj BjcQ of fC a for a = 0, 1, where we identify the index set 
TfQa = L a (Ifc a ) with a subset of 2^[o,i]- 

Definition 7.2.8. A reduced cobordism section of s^[o,i] |v is a reduced section 



v : B^[o,i] |v —> E^[o,i] |v as in Definition 7.2.1 that in addition has product form in a 



collar neighbourhood of the boundary. That is, for a = 0, 1 and I G I/c a c 2^[o,i] there 
is e > and a map uf : d a Vi —> Ej such that 

Vl (tf(x,t)) = uf(x) Vx G d a Vi, t G A". 

A precompact, transverse cobordism perturbation o/s^[o,i]|v is a reduced cobor- 
dism section v as above that satisfies the transversality condition s\y x + i>i iti on the 
interior of the domains Vj, and whose domain is part of a nested cobordism reduction 
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C C V su ch tha t tt^ ((s + ^) _1 (0)) C 7Tye(C). We moreover call such v admissible if it 



satisfies (7.2.2). 



The collar form ensures that the transversality of the perturbation extends to the 
boundary of the domains, as follows. 

Lemma 7.2.9. If v : B^[o,i]|v ~~ ► E^[o,i]|v * s a precompact, transverse cobordism per- 
turbation of Sfcfi.i] \y, then the restrictions v\q^v '■= {yfjigia f or « = 0, 1 are pre- 
compact, transverse perturbations of the restricted canonical sections sjca|a«v- If in 
addition v is admissible, then so are the restrictions v\d a v- 

Moreover, each perturbed section s|y 7 + vj : Vj — > Ej for I € X^o Ul^i C 2^[o,i] 
is transverse to as a map on a domain with boundary. That is, the kernel of its 
differential is transverse to the boundary dVi = U a =o l tf(d a Vi x {a}). 

Proof. Precompactness transfers to the restriction since the restrictions of the nested 
cobordism reduction are nested reductions d a C C d a V for a = 0, 1. Similarly, admis- 



sibility transfers immediately by pullback of (7.2.2) to the boundaries via if : d a Vj x 
{a} —> Vj- Transversality in a collar neighbourhood of the boundary if{d a V x A") C Vj 
is equivalent to transversality of the restriction s\qc Vi + vf fh since d(vj o lj\ = 
Odt + dvf. Moreover, transversality of s|v> + uj : Vj — >■ Ej at the boundary of Vj, as 
a map on a domain with boundary, is equivalent under pullback with the embeddings 
if to transversality of / := [s\vj + vA o if : d a Vi x A® — > Ej. For the latter, the 
kernel kerd SlX f = kerd x i^" x 1 is indeed transverse to the boundary T x d a Vi x { a } i n 
TsdPVi x R. □ 

With that, we can show that precompact transverse perturbations of the Kuranishi 
cobordism induce smooth cobordisms (up to orientations) between the perturbed zero 
sets of the restricted perturbations. 

Lemma 7.2.10. Let v : B^-p.rj |y[o,i] — > E^o.rj |y[o,i] be a precompact, transverse cobor- 



dism perturbation. Then \L V \, defined as in Definition 7.2.4, ^ s a compact manifold 
whose boundary d\Z u \ is diffeomorphic to the disjoint union of \Z u o\ and \L V \\, where 
v a := v\d a v are the restricted transverse perturbations of sjc°'\d a v f or a = 0, 1. 



Proof. The topological properties of \Z U \ follow from the arguments in Proposition 7.2.7 



and smoothness of the zero sets follows as in Lemma 7.2.6 However, the zero sets 
( s lWi + ^/) _1 (0) for / G l/c a C T^oa] are now submanifolds with boundary, by the 
implicit function theorem on the interior of Vj together with the smooth product struc- 
ture on the collar neighbourhoods if{d a Vi x Af) of the boundary. The latter follows 



from the smoothness of (silgayj + uf) 1 (0) from Lemma 7.2.6 and the embedding 

O/k + ^r'CO) n iJ{d a Vi x {a}) = if((s I \ daVl +uf)- 1 (0)x{a}). 

This gives (s + z^)~ 1 (0) the structure of a compact manifold with two disjoint boundary 
components for a = 0, 1 given by 

d a ((s + uy\o)) = u ^((^l^ + ^^xH), 
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which are diffeomorphic via d a V B (I, x) h-> lJ{x, a) to the submanifolds (s+v a ) 1 (0) C 
d a V given by the restricted perturbations v a = \ u i)j e x K a' ^ ^ e conar f° rm of the 
coordinate changes in /C' ' 1 ! this induces fully faithful functors j a from Z v a to the full 
subcategories of Z u with object s d a ((s + i>) -:l (0)). 

Moreover, as in Lemma 7.2,6[ the morphisms are given by restrictions of the embed- 



dings (fiu, which are in fact local diffeomorphisms, and hence can be inverted to give 
Z v the structure of a groupoid. Again using the collar form of the coordinate changes, 
there are no morphisms between <9 a ((s + z^)~ 1 (0)) and its complement in (s + z/) -1 (0), 
so the realization |Z„| inherits the structure of a compact manifold with boundary 
d\Z u \ = |J a =o i 5 a | Zjy| with two disjoint boundary components 

d a \Z u \ := d a \K,^\n\Z u \ = U i?((s/|a-V 7 +»fr 1 (0)x{a}) 

Since the fully faithful functors j a are diffeomorphisms between the object spaces, they 
then descend to diffeomorphisms to the boundary components, 



U (s? + v?)-\0) 



d a \Z v \ 



Thus \Z U \ is a (not yet oriented) cobordism between \Z u o\ and \Z u i\, as claimed. □ 

7.3. Construction of perturbations. 

In this section, we let (/C, d) be a metric tame Kuranishi structure (or cobordism) and 
V a (cobordism) reduction, and construct precompact transverse (cobordism) perturba- 
tions of the canonical section s^lv- In fact, we will construct a transverse perturbation 
with perturbed zero set contained in ttic(C) for any given nested (cobordism) reduc- 
tion C C V. This will be accomplished by an intricate construction that depends on 
the choice of two suitable constants 5, a > depending on C C V. Consequently, the 
corresponding uniqueness statement requires not only the construction of transverse 
cobordism perturbations v of s/c|v m a nested cobordism reduction C C V, and with 
given restrictions v\d a v^ but also an understanding of the dependence on the choice 
of constants 5, a > 0. We begin by describing the setup, which will be used to con- 
struct perturbations for both Kuranishi structures and Kuranishi cobordisms. It is 
important to have this in place before describing the iterative constructions because, 
firstly, the iteration depends on the above choice of constants, and secondly, even the 
statements about uniqueness and existence of perturbations in cobordisms need to take 
this intricate setup into consideration. 

First, we construct compatible norms on the obstruction spaces by using the addi- 



tivity isomorphisms given by Definition 6.2.2 



(7.3.1) ILe/ <t>il ■ ILe/ E { ^ Ej = ®iel<f>ii( E i), 

which gives a unique decomposition of any map // : dom(//) — > Ej into components 

(/) : dom(//) — > <f>ij (Ei)) . j determined by // = Yliei /}■ Now we choose norms || • || 
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on the basic obstruction spaces E{ for i 
spaces Ej by 



1, . . . N. and extend them to all obstruction 



max e,- 



Ve = ^2 i&I 4>u(ei) £ Ei. 



Here we chose the maximum norm on the Cartesian product since this guarantees es- 
timates of the components ||ej|| < ||e||. This construction guarantees that each embed- 
ding 4>u : (Ej, || • ||) — > (Ej, || • ||) is an isometry by the cocycle condition (fiijofin = cfiij. 
Moreover, we will throughout use the supremum norm for functions, that is for any 
// : dom(//) — > (Ei, || • ||) we denote 



l/i 



sup ||//(x)| 

a;£dom(//) 



sup max ||/)(x) || 

i£dom(/;) *^ 



= : max f}\ 



Next, recall from Lemma 6.2.5| (which holds in complete analogy for metric Kuranishi 
cobordisms) that the metric d on \fC\ induces metrics di on each domain Ui such 
that th e coord inate changes 4>u '■ (Uij,dj) — > (Uj,dj) are isometries. Moreover, 
Lemma 7.1.14 (i) provides 5 > so that B2s{Vi) C Ui for all / E ZJc 3 and B2s(TT/c(Vj))r\ 
B2s(^k(Vj)) = unless I C J or J C I, and hence the precompact neighbourhoods 



(7.3.2) 



V 



B^M) C Hi forA:>0 



form further (cobordism) reductions, all of which contain V. Here we chose separation 
distance 25 so that compatibility of the metrics ensures the strengthened version of the 
separation condition (ii) in Definition 7.1.2 for I (jL J and J (jL I, 

(7.3.3) Bg^TVjciVj')^ D Bg^TTjciVj)^ C -S ( 5+2-'=(j( 7r /c(Vf)) H ^^-^^(^^(Vj)) = 0. 
In case / C J, Lemma 6.2. 12| then gives the identities 



(7.3.4) 



Vj^^Mvh) = vfnfajtyfnuij) =■. n 



.a 



for the sets on which we will require compatibility of the perturbations vj and vj. The 
analogous identities hold for any combinations of the nested precompact open sets 

Ci c Vj c ...V? rz Vf... c V?, 

where k' > k > are any positive reals. For the sets Njj C Uj introduced in (7.3.4) 
above, note that by the compatibility of metrics we have inclusions for any H C J, 

*K{BHN) H )) C B 8 {* K (N k JH )) C B*(ir,c(&rj(V& n EThj))) c B s (n K (y£)). 

So ( |7.3.3 ) together with the injectivity of hk\uj implies for any H,I C J 

(7.3.5) fl/(^ H )nfl/(JV&)^0 HcIorlcH. 

Moreover, we have precompact inclusions for any k' > k > 



(7.3.6) 



A7 



*j n ^j(v/ n Cfo) c vj= n ^j(v? n U LJ ) 



N 



JIi 
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since (pu is an embedding to the relatively closed subset Sj (Ei) C Uj and thus 
faAVf'nUu) = 0ij{W nU u) c 0u(. y i k n Uu). Next, we abbreviate 

N k j := UjDiNh C V k , 

and will call the union iV^' the core of Vj J ^ , since it is the part of this set on which we 
will prescribe vj in an iteration by a compatibility condition with the vj for I C J. In 
this iteration we will be working with quarter integers between and 

M : = Mr := max lit 

and need to introduce another constant t]q > that controls the intersection with 
im0/j = 4>u(Uij) for all I C J as in Figure [7.3.1 

(7.3.7) imfenB J tl (NjJ*) c NjJ a V A; e {0,1,..., M}. 

2 S^q 

Since is an isometric embedding, this inclusion holds whenever 2~ k ~ 2?7o + 2~ fe_ 4<5 < 
2~ fc ~2<5 for all A;. To minimize the number of choices in the construction of perturba- 
tions, we may thus simply fix rjo in terms of 5 by 

(7.3.8) rjo := (l-2~l)5. 

Then we also have 2~ k r]o + 2~ k ~?5 < 2~ k 5, which provides the inclusions 

(7.3.9) B* h ( Vj H ) C Vj for k > 0, Vk := 2'%. 




Figure 7.3.1. This figure illustrates the nested sets V k+l C V k and 
N)'j C N)j C im(0 / j)ny 7 fc for jfe + 1 > A' = fe + | > A = k + \ > k, the 
shaded neighbourhood B^(Njj) for 77 = 2 _A ?7o, and the inclusion given 
by(p77|). 
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Continuing the preparations, let a nested (cobordism) reduction C C V be given. 
Then we denote the open subset contained in Uj n ^^(tt^C)) for J G 1^ by 

(7.3.10) Cj := UkdJ^Ck) C Uj. 

The assumption ifc{X) C vrx:(C) implies sJ^O) C tt^- 1 (7Tic(C)), and so by (7.3.4) the 



zero set Sj 1 (0) is contained in Cj U {Jj<zj4>ij(Ci HUtj), the union of an open set C j 
and a set in which the perturbed zero sets will be controlled by earlier iteration steps. 

Definition 7.3.1. Given a reduction V of a metric Kuranishi structure (or cobordism) 
(fC,d), we set 5y > to be the maximal constant such that any 25 < 25y satisfies the 
reduction properties of Lemma \7.1.14\ that is 

(7.3.11) B 2S (V I ) nUi VI € Ik, 

(7.3.12) B 26 (ttk(Vi)) n B2s(ttk(Vj)) ^ IcJorJcI. 

Given a nested reduction C C V o/ a metric Kuranishi structure (/C, d) an<i < <5 < <5y, 
we se£ »7|j|_i := 2~ |J|+ 5? ?0 = 2~ |J|+ 5(1 - 2^3)5 and 



(7(5, V,C) := mm inf{ \\sj(x)\\ | x G y] J| x (dj U UigjB^ (jvjj ' 



"2 



In this language, the previous development of setup in this section shows that for 
any metric Kuranishi structure or cobordism (JC, d) we have <5y > 0. We note some 
further properties of these constants. Note first that there is no general relation between 



fUMB^N 1 /;- 
with growing 5, and hence the domains of the infimum are not nested in either way. 



a(5, V, C) and a{5', V, C) for < 5' < 5 < S v since both VJ 1 and B J [Njj 3 ) grow 



Lemma 7.3.2. (i) Let C cV be a nested reduction of a metric Kuranishi struc- 
ture or cobordism, and let 5 < 6y, then we have a(5,V,C) > 0. 

(ii) For any reduction V of a metric Kuranishi structure we have 8y = £yx[o,l]- 

(iii) Given a metric Kuranishi cobordism (IC,d) we equip the Kuranishi structures 
d a JC for a = 0, 1 with the restricted metrics d\, QaK ,. Then for any cobordism 
reduction V we have 5ga V > <5y for a = 0, 1. 

(iv) In the setting of (iii), let e > be the collar width of (JC,d). Then the neigh- 
bourhood of radius r < e of any e- collared set W C Uj (i.e. withWDif(d a Ui x 
Af) = ij(d a W x Af) ) is (e - r)-collared, 

(7.3.13) B*(W) n ^(d a [/ 7 x A«_ r ) = Lf(B^' a {d a W) x A«_ r ), 

with d a B I (W) = Br ,a (d a W), where we denote by Br-' a the neighbourhoods in 
d a Ui induced by pullback of the metric dj with if : d a Uj x {a} — > Uj. 

(v) If in (iv) the collared sets W C Uj are obtained as products with [0,1] in a 



product Kuranishi cobordism K = K! X [0, 1], then (7.3.13) holds for any r > 
with e — r replaced by 1 . 
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Proof. To check statement (i) it suffices to fix J € I/c and consider the continuous 
function \\sj\\ over the compact set v\ A \ (Cj U Uicj- 8 ^ x { N n 4 ))- We claim 
that its infimum is positive since the domain is disjoint from Sj (0). Indeed, the 
reduction property i^pf) C tt^(C) implies Sj 1 (0) C CjU U/cj^-fj(^ ^ the 

intersections Vj J ' n <fiu(Ci n E/jj) are contained in iVj^ for any k < | J| since Vj J ' C Vj 
and C z c Vr C V/\ and we have C £^ for ife > -|J| + §. 

Statement (ii) holds since all sets and metrics involved are of product form. 

Statement (iii) follows by pullback with i^f\d a u I x{a} since the 2 _fc <5-neighbourhood 
(d a Vi) k of the boundary d a Vi within d a Uj is always contained in the boundary d a V k 
of the 2~ fc J-neighbourhood of the domain Vj. 

To check (iv) note in particular the product forms (i/) _1 (V}-) = d a Vi x A® and 
(ij)*di = df + c£r on the e-collars, where df denotes the metric on d a Uj induced from 
the restriction of the metric on \1C\ to |9 a /C|. Then for any d a W C d a Ui the product 
form of the metric implies product form of the r-neighbourhoods 

Bi{Lj{d a W x A^)) n imtj = ij{B I r ' a {d a W) x A"). 

Moreover, for any W' C (/;\im t" and r < e, the collaring condition (6.4.3) on the 
metric implies that 

(7.3.14) Bj.(W') n ^(d Q C/ 7 x A a e _ r ) = 0. 



The identity ( 7.3.13 ) now follows from applying the above identities with W = W\\m if. 

In the product case (v) , the complement of the (closed) collars is empty, so there is 
no need for the second identity and hence for the restriction r < e. □ 

In the case of a metric tame Kuranishi structure we will construct transverse per- 
turbations v = [yi : Vj — > Ejjj^j. by an iteration which constructs and controls each 

i>i over the larger set vj A . In order to prove uniqueness of the VMC, we will moreover 
need to interpolate between any two such perturbations by a similar iteration. We will 
use the following definition to keep track of the refined properties of the sections in this 
iteration. 

Definition 7.3.3. Given a nested reductionC C V of a metric tame Kuranishi structure 
(fC,d) and constants < 5 < Sy and < a < a(6,V,C), we say that a perturbation v 
°f s k\v is (V, C, 5, <r)-adapted if the sections vi : Vj —> Ej extend to sections overVj^ 
(also denoted vi ) so that the following conditions hold for every k = 1, . . . , M with 

M K := max|/|, Vk := 2~ k m = 2~ k {\ - 2"*)<J. 
a) The pertu rbation s are compatible in the sense that the commuting diagrams in 



Definition 7.2.1 hold on U|/|<fc^T> that is 



vi o 0H/|y* n ^(V*) = ^Hl ° "ff lv* n ^(V*) f or aU H £ 7 ' l 7 l ^ L 
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b) The perturbed sections are transverse, that is (si\ V k iti for each \I\ < k. 

c) The perturbations are strongly admissible with radius rjk, that is for all H C I 
and \I\ < k we have 

u^B^ (N? H )) c foi{E H ) with N^ H = Vj n <f> m (v]S n u m ). 



In particular, the perturbations are admissible along the core Nf, that is we 



have imd x ui C un^ui at all x 6 Nj H . 

d) The perturbed zero sets are contained in tt^- 1 (^(C)) ; more precisely 

(s^ + ujrHo) c vpn^Mc)) v|/| < k, 

or equivalently sj + i/j ^ on V^wr^ 1 (^(C)) . 

e) The perturbations are small, that is swp xeV k \\ui(x)\\ < a for \I\ < k. 

Given a metric Kuranishi structure (IC,d), we say that a perturbation v is adapted 
if it is a (V,C, 5, a) -adapted perturbation v of s/c\v for some choice of nested reduction 
C C V and constants < 5 < <5y and < a < a(5,V,C). 

Next, we note some simple properties of these notions; in particular the fact that 
adapted perturbations are automatically admissible, precompact, and transverse. 

Lemma 7.3.4. (i) Any (V,C, 5, a) -adapted perturbation v of sic\v is an admissi- 
ble, precompact, transverse perturbation with ttic{(s + z/) _1 (0)) C tt/c(C). 
(ii) If v is a (V ,C, 5, a) -adapted perturbation, then it is also (V,C,6' , a') -adapted 
for any 5' < 5 and a' S [a, a (5', V, C)) . 

Proof. To check statement (i), first note that v is an admissible reduced section in 
the sense of Definition 7.2. 1| by c) and d), and is transverse by b). Restriction of a) 



implies that it satisfies the zero set condition sj + z/j ^ on V/-\7Ty C 1 (7r/c(C)), and hence 
KK.({s + i / ) _1 (0)) C 7Tjc(C), which in particular implies precompactness in the sense of 
Definition [7X51 

Statement (ii) holds because the domains in a)-e) for 5' are included in those for 5, 
and a only appears in the inequality of e). □ 

Using these notions, we now prove a refined version of the existence of admissible, 
precompact, transverse perturbations in every metric tame Kuranishi structure. 

Proposition 7.3.5. Let (tC,d) be metric tame Kuranishi structure with nested re- 
duction C C V. Then for any < 5 < <5y and < a < a(5,V,C) there exists 
a (V,C, 5, a) -adapted perturbation u of s/c\v- ^ n particular, v is admissible, precom- 
pact, and transverse, and its perturbed zero set \L V \ = |(s + ^) _1 (0)| is compact with 
ft)c(( s + l/ ) _1 (0)) contained in tt/c(C). 

Proof. We will construct uj : vj — > Ej by an iteration over k = 0, . . . , M = max/gj^ |/| , 
where in step k we will define uj : Vp — > Ej for all |/| = k that, together with the 
vi\yh for |/| < k obtained by restriction from earlier steps, satisfy conditions a)-e) of 
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Definition 



7.3.3 



Restriction to Vi C vj 7 ' then yields a (V, C, 5, <r)-adapted perturba- 
tion v of sa:|V) which by Lemma 7.3.4 (i) is automatically an admissible, precompact, 
transverse perturbation with 7Tfc((s + u)" 1 (0)) C ttjc(C). Compactness of |(s + z^) _1 (0)| 
then follows from Proposition |7. 2 . 7\ So it remains to perform the iteration. 

For k = the conditions a)-e) are trivially satisfied since there are no index sets 
/ £ I/c with |/| < 0. Now suppose that (i// : Vj k -> Ei) I& . |/|<fc are constructed 
such that a)-e) hold. In the next step we can then construct v j independently for each 
J el/c with \J\ = k + 1, since for any two such J, J' we have ttjc(Vj +1 ) rnrjc{Vj, +1 ) = 
unless J = J' by (7.3.3), and so the constructions for J ^ J' are not related by the 
commuting diagrams in condition a). 

Construction for fixed | J| = k + 1: We begin by noting that a) requires for all / C J 



(7.3.15) 



Vj\ N k+l 



Vj\ v k+1 



hj ° vi o cpjj . 



To see that these conditions are compatible, we note that for H ^ I C J with <Phj(Yh^ 
Ujj) H fiijiyj* nUjj) / property (7.3.5) implies H C J or I C H. Assuming w.l.o.g. 
the first, we obtain compatibility from the strong cocycle condition (6.1.2 ) and property 
a) for H CI, 



h o (f> H ) o 7 ] 



<Phj o u h o P HJ \ V k n(j)IjiV k nUlj)n(f)Hj{V k nVHj) 
Here we checked compatibility on the domains Njj, thus defining a map 



(7.3.16) 



HJ ■ 



Ni 



4>IJ °VlO (pjj. 



Note moreover that by the compatible construction of norms on the obstruction spaces 
we have 



sup II/UJ 
yeN k j 



< SUp SUp < (7. 

IQJ xeVf 



The construction of i/j on V^' +1 then has three more steps. 

• Construction of extension: We construct an extension of the restriction of 
jxj from (7.3.16) to the enlarged core Nj 2 . More precisely, we construct a 

Ej that satisfies 



smooth map uj : Vj 



(7.3.17) 



V J\ 



N 



\yj\\ < WvjW < <r, 



and the strong admissibility condition on a larger domain than required in c) 
(7.3.18) pj{B j {N k jf*)) C MEj) V/CJ. 

In case k = 1 we achieve the analogous by setting uj := 0. 
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• Zero set condition: We show that (7.3.18) and the control over imply 
the strengthened control of d) over the zero set of sj + vj, in particular 

(^u+^^oivb; c dj. 

In case k = 1 this applies with the open set Cj = Cj C Uj. 

• Transversality: We make a final perturbation z/fti to obtain transversality for 
sj + vj + Vfa, while preserving conditions a),c),d), and then set vj := uj + u^. 
Moreover, taking < a — \\vj\\ ensures e). 

Construction of extensions: To construct vj in case k > 2 it suffices, in the notation 
of (7.3.1 ), to extend each component /jPj for fixed j 6 J. For that purpose we iteratively 
construct smooth maps JE : Wg — > <pjj(Ej) on the open sets 

(7.3.19) W t := \J IZ j, mi B J n {N^) = B J ri (U,cj,|/|<£ C Uj 

with the radii r£ := rjk — fzy(?7fc — Vk+±)' that satisfy the extended compatibility, 
admissibility, and smallness conditions 



(E:i) fc+ i = fc+ i for all I C J with |/| < £ and j € I; 

N J T N j j 



(E:ii) /HI fe ,i = for all 7 C J with 1/1 < t and j 4 I; 
(E:iii) < ||^||. 

Note here that the radii form a nested sequence rj^ = r_i > ro > ri . . . > = 
and that when £ = k the function ju{ will satisfy (E:i),(E:ii) for all 7 C J, and is 
defined on Wk = 1 (Nj 2 ) □ iVj 2 . So, after this iteration, we can define vj := 

PYlj^jWhi wnere '■ Uj — > [0,1] is a smooth cutoff function with (3\ fc+ i = 1 and 

TV 3 



k+- ~ 

supp/3 C (iV, 2 ), so that i/j extends trivially to f/j\Wfc. This has the required 



hound by (E:iii), satisfies (7.3.18) since Pj\ k+ i = for all j 4 I by (E:ii). 

B v, , i C^jz ) 

Finally, it has the required values on Nj 2 = (J/c j ^ji 2 since for each 7 C J the 
conditions (E:i), (E:ii) on iVj 7 2 together with the fact /ij(A r J/ 2 ) C <f>ij{E{) guarantee 

n ji n ji n ji n ji 

So it remains to perform the iteration over £, in which we now drop j from the notation. 
For i = the conditions are vacuous since Wq = 0. Now suppose that the construction 
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is given on We. Then we cover Wg + \ by the open sets 

B' L := W w n B J n i (Njp) for L C J, |£| = £ + 1, 



whose closures are pairwise disjoint by ( 7.3.5 ) with r^_i < 5, and an open set Ct+i C Uj 
covering the complement, 

k4- — kA-- 

C e+1 := W e+1 x U| LH+1 B^Njp) [j\L\=i + i K + S N Jl) =■■ Ce, 

which has a useful precompact inclusion into Ce, as defined above, by r^ +1 < r£. 

k+- 

This decomposition is chosen so that each B^ e+i (Nj L 2 ) for \L\ =1+1 (on which 

the conditions (E:i),(E:ii) for I = L are nontrivial) has disjoint closure from Ci + \ 
(a compact subset of the domain of Jti). Now pick a precompactly nested open set 

rri 

Q + i C C" C Q, in particular with C n B^ i+i {Nj[ 2 ) = for all |L| = £ + 1. Then 
we will obtain a smooth map : Wn + \ — >■ cpjj(Ej) by setting := /^|c f+1 

and separately constructing smooth maps jli+i : -B^ — )• 4>jj(Ej) for each |L| =1 + 1 
such that = on B' L n C". Indeed, this ensures equality of all derivatives on the 
intersection of the closures B' L n C^+i, since this set is contained in B' L n C", which is 
a subset of B' L n C" because C" is open, and by construction we will have Jte+i = Jj-e 
with all derivatives on B' L DC. So it remains to construct the extension for a 

fixed L C J. For that purpose note that the subset on which this is prescribed as Jig, 
can be simplified by the separation property (7.3.5), 



(7.3.20) B' L nC C [B^N^^B^N^)) n U;cX,(<^) C Wi. 
To ensure (E:i) and (E:ii) for |J| < ^+1 first note that /x^+i | C <+1 inherits these properties 
from /i^ because C^+i is disjoint from B^ e+i (Njj 2 ) for all |/| = 1 + 1. It remains to fix 

L C J with |L| = £ + 1 and construct the map ju^+i : — > (f)jj(Ej) as extension of 
aM-B' nC so that it satisfies properties (E:i)-(E:iii) for all \I\ < £ + 1. 

In case j ^ L we have ju^B^nC = by iteration hypothesis (E:ii) for each I C. J. So 
we obtain a smooth extension by Jj-e+i := 0, which satisfies (E:ii) and (Eaii), whereas 
(E:i) is not relevant. 

In case j £ L the conditions (E:i),(E:ii) only require consideration of / C L since 
otherwise B' L n B^(NjJ 2 ) = by ([7X5]). So we need to construct a bounded smooth 
map m+i : B L = We+l H B^. (N JL 2 ) — )• (f)jj(Ej) that satisfies 

(i) w+iI^+^mSI^+i; 



(i') W+i| fc+i = Mjl fc+i for all I C £ with j G I; 

At t r iV , 



(li) I ,. , i = for all I C L with 7 ^ /; 
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(iii) ||m€+i|| < ll/^jll; 

(iv) Jle+i\B> L nC' = V-t\B' L c\C'- 

Because every open cover of B' L has a locally finite subcovering, such extensions can be 
patched together by partitions of unity. Hence it suffices, for the given j 6 L C J, to 
construct smooth maps Jl z : B^ z (z) — > &jj(Ej) on some balls of positive radius r z > 
around each fixed z 6 B' L , that satisfy the above requirements. 

k+- j 

• For z G Wi*\.Nj L 2 we find r 2 > such that B^ z (z) C W^xiVj^ 2 lies in the domain 

of and the complement of N JL 2 , so that fj, z := Hi\bj ^ is well defined and satisfies 
all conditions with \\Ji z \\ < 

• For z G -B^\(VF^ U -Ajx 5 ), we claim that there is r z > such that B^ z (z) is dis- 

^IX 

joint from the closed subsets IJ/cL ^Ji 2 an< ^ C' C Ci C Wg. This holds because 

U /CL Njj 2 C by ( 7.3. 19[ ). Then fj, z := satisfies all conditions since its domain is 
in the complement of the domains on which (i), (i'), and (iv) are relevant. 

• Finally, for z G N JL 2 recall that N JL 2 C Nj L is a compact subset of the smooth 
submanifold Nj L = VjC\(f>Lj(V£nULj) C Aj. So we can choose r z > such that B^ z (z) 
lies in a submanifold chart for Nj L . Then we define Jl z by extending /j. J j\ b j ( z )nN h JL t° 

be constant in the normal directions. This guarantees (i) and \\J1 Z \\ < and we will 

choose r z sufficiently small to satisfy the further conditions. First, Nj L is disjoint from 
Cg □ C", so we can ensure that B^ z (z) lies in the complement of C", and hence condition 
(iv) does not apply. To address (i') and (ii) recall that for every / C L the strong 

k+- 

implies that Njj 2 C im <p jj = 4>lj{Ulj H im^Tx) is 



6.2.8 



cocycle condition of Lemma 
a submanifold of im 4>lj, and by assumption z lies in the open subset Nj L C im^^j. 

k-\-- 

In case j £ I and z G Njj 2 n N JL 2 , we can thus choose r z sufficiently small to 

k-\- — 

ensure that B^ z (z) HNjj 2 is contained in the open neighbourhood Nj L C imcpij of z. 
Then Jl z satisfies (i') by Jl z = /Jj on B J Tz (z) n Nj^ 2 . 

In case j I condition (ii) requires Jl z to vanish on B^ z (z) n B^ i+i (Nj^ 2 ). Here we 

k+- 

have ri + i < n < so if z ^ -B^ fc (./Vjj 2 ), then we can make this intersection empty by 
choice of r z . It remains to consider the case z G B^ k (Njj 2 ) n iVj^ 2 , where I C L C J 

k+- k 

as above. We pick xj G N JT 2 with dj(z, xj) < rjk, then we have xj = 4>u{xi) for some 
xj £ Vj 2 nUij. By tameness we also have xj G and compatibility of the metrics 



then implies d{zL,xi) = d{z,xj) < % for xl '■= 4>il{xi) and zl := 4>2j(z) G y L J 



This shows that xl lies in both ^il^Yi 2 H and B Vk (V L 2 ), where the latter 
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is a subset of V£ by (7.3.9), and hence we deduce xl G N£j. From that we obtain 
v l\b^(x l ) = by the induction hypothesis d), i.e. v L (B^(N^)) C MEj). This 
implies that the function jjj of (7.3.16) vanishes on 

<t>Lj{B^ k {x L ) n C/ LJ ) = b^xj) n <ALj(t/ij) 

Since xj) < r^ +1 < % this set contains z, and thus Bf (z) n <Plj{Ulj) for r 2 > 



sufficiently small. With that we have h 3 j\ B j 



(z)rw* 



and hence \i z = 0, so that (ii) 



is satisfied. This completes the construction of [i z in this last case, and hence of 
and thus by iteration finishes the construction of the extension Vj. 

Zero set condition: For the extended perturbation constructed above, we have 
< ll/vll < su P/c j sup^gT/fc < a by induction hypothesis e). We first 

consider the part of the perturbed zero set near the core, and then look at the "new 
part". By (7.3.18), the zero set near the core (sj + £'j)~ 1 (0) n B J {^jj 4 ) consists of 

points with sj(x) = —Vj(x) G (f)ij(Ej), so must lie within Sj 1 (6ij(Ei)\ = (j>u(Uu). 
Hence ( |7.3.7 ) implies for all / C J the inclusion 



(7.3.21) 



k+I ) c N^ 2 



Thus the inductive hypothesis d) together with the compatibility condition vj = [ij 
on Nj] 2 C 4>ij{Vf) from ( |7.3.17[ ), with /xj given by ( |7.3.16D , imply that sj + vj ^ 
on Nj^ 2 ^TT^-^/ciC)). Therefore 



(sj + ?j) _i (o) n B 

Next, by Definition |7. 3.1 we have 



N 



a < a(6,V,C) < \\sj(x)\\ V* G V* +1 x C, U Ujcj< xl (N 



hi 



Thus if x is in the complement in Vj +1 of the neighbourhoods B^ ± (-^Vj^ 4 ) which 

cover the core, then either x G Cj or ||sj(x)|| > o"j jr?fc+1 > In particular, we 

obtain the inclusion 



(7.3.22) 



From this we can deduce a slightly stronger version of a) at level k + 1, namely 
(s/l^+r + ^r^O) C Tr^WC)) V|J|<fc + l. 



Indeed, the zero set of (s + k+1 consists of an "old part" given by (7.3.21), which 

k+- J _ 

lies in the enlarged core Nj 2 , where by the above arguments we have s j + vj ^ on 
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Njj 2 \7r^ (7Tfc(C)). The "new part" given by (7.3.22) is in fact contained in the open 
part Cj C Uj of tt^V/cCC)). 

Transversality: Since the perturbation vj was constructed to be strongly admissible 
and hence admissible, the induction hypothesis b) together with Lemma 7.2.3 and 
(7.3.17) imply that the transversality condition is already satisfied on the enlarged 
core, (sj + vj)\ k+ i rtl 0. In addition, (17.3.21 ) also implies that the perturbed section 

N j 2 1 ' 

sj + uj has no zeros on B"L 1 [Njj 4 )\Njj 2 , so that we have transversality 



'k+ 

k-t-- t k-t-- 

on a neighbourhood B := Bjf (JV, 4 ) = U/cj (N// ) of the core iV := 

Nj +l = U/cj-^j/ 1 ' on w hich compatibility c) requires vj\n = ^j\n- In fact, B 
also precompactly contains the neighbourhood B' := B^ k+i (Nj +1 ) of N, so that strong 
admissibility c) can be satisfied by requiring vj\b' =^j\b'- 

To sum up, the smooth map vj : Vj +l —> Ej fully satisfies the compatibility a), 
strong admissibility c), and strengthened zero set condition d). Moreover, sj + Vj ex- 
tends to a smooth map on the compact closure Vj +l C Uj, where it satisfies transver- 
sality (sj + vj)\b rtl on the open set B C Vj +1 and the zero set condition from 
fl7.3.22| ), 

(sj + vj)- 1 (o)n(yp\B) c 0:=ypnCj. 

The latter can be phrased as \\sj + uj\\ > on (Vj +1 \B)\0, which is compact 
since O is relatively open in Vj 1 . Since z h-> +^j(^)|| is continuous, it remains 

nonvanishing on W\0 for some relatively open neig hbourhood W C Vj +1 of 
This extends the zero set condition to (sj + uj)~ 1 (0)n W C O. We can moreover choose 
W disjoint from the neighbourhood of the core B' C B. Now we wish to find a smooth 
perturbation : Vj +1 — > Ej supported in W that satisfies the following: 
(T:i) it provides transversality (sj + vj + i/(ti)|w rtl 0; 

(Tai) the perturbed zero set satisfies the inclusion (sj + v j + ) 1 ( ) n W C O; 
(Tdii) the perturbation is small: < cr — \\vj\\. 

To see that this exists, note that for = transversality holds outside the compact 
subset Vj +1 \B of W . Hence by the Transversality Extension theorem in |GP| Chap- 
ter 2.3] we can fix a nested open precompact subset Vj +1 \B C P C W and achieve 
transversality everywhere on W by adding an arbitrarily small perturbation supported 
in P. This immediately provides (T:i). Moreover, since \\sj + has a positive maxi- 
mum on the compact set PxO, we can choose sufficiently small to satisfy (T:ii) and 
(Tdii). Setting 

uj := vj + vfr : V* +1 -> Ej 
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then finishes the construction since the choice of ensures the zero set inclusion a) and 
transversality b) on W; the previous constructions for vj\ v k+i w = vj\ y k+i^ w ensure 

a), b), and d) on Vj +1 \W D B\ and compatibility c) on the core N C B' C Vj +l \W; 
and we achieve smallness e) by the triangle inequality 

IFj + ^rti|| < + cr - < H/vll < max||z//|| < a. 

This completes the iterative step and hence completes construction of the required 



(V, C, 5, cr)-adapted section. The last claim follows from Proposition 7.2.7 □ 



In order to prove uniqueness up to cobordism of the VMC, we moreover need to con- 
struct transverse cobordism perturbations with prescribed boundary values as in Defi- 



nition 7.2.8| We will perform this construction by an iteration as in Proposition 7.3.5 



with adjusted domains Vj obtained by replacing 5 with ^5. This is necessary since as 
before the construction of vj will proceed by extending the given perturbations from 
previous steps, hj, and now also the given boundary values vj, and then restricting to a 
precompact subset. However, the (V, C, 5, (j)-adapted boundary values Vj on d a Vj only 

extend to admissible, precompact, transverse perturbations in a collar of Vj J]{ . Hence 
the construction of vj by precompact restriction does not allow to define it on the whole 
of this collar. Instead, we do achieve this construction by restriction to c v\ J \ 



which by (7.3.2) is the analog of v\ J ^ when 5 is replaced by \5. This means that, firstly, 



we have to adjust the smallness condition for the iterative construction of perturbations 



by introducing a variation of the constant a(5,V,C) of Definition 7.3.3. Secondly, we 
need a further smallness condition on adapted perturbations if we wish to extend these 
to a Kuranishi cobordism. Fortunately, the latter construction will only be used on 
product Kuranishi cobordisms, which leads to the following definitions. 

Definition 7.3.6. (i) Let(JC,d) be a metric tame Kuranishi cobordism with nested 
cobordism reduction C C V, and let < 5 < mm{e,5v}, where e is the collar 
width of (JC,d) and the reductions C,V. Then we set 



a'(5,V,C) := min inf{ \\sj(x)\\ x € V l / l+1 x (Cj U U/ C X {n\^ 

JE-Lk v l J l+2 

a Ie x(S,V,C) := min{a{S,d°V,d°C), o-{8,d x V,d l C), a'{S,V,C)}. 

(ii) Given a metric Kuranishi structure (JC,d), we say that a perturbation v is 
strongly adapted if it is a (V,C, 5, a) -adapted perturbation v of s/c\v for 
some choice of nested reduction C C V and constants < 5 < <5y and 

< o- < a rcl (5,Vx [0,1], Cx [0,1]) = minja^, V,C), a'(6, V x [0, 1], C x [0, 1])}. 

Recalling the definition of a (5, V,C), and the product structure of all sets and maps 
involved in the definition of o~'(5, V x [0, 1], C x [0, 1]), we may rewrite the condition on 
a > in the definition of strong adaptivity as 



a < \\sj(x)\\ VxeV} fc \ {CjUU^jBj (Njj el K ,ke{\J\, I J\ + l} 
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Although the construction of transverse cobordism perturbations with fixed boundary 
values in part (ii) of the following Proposition will be used only on product cobor- 
disms, we state it here in generality, since we use it to construct transverse cobordism 
perturbations without fixed boundary values in part (i). 

Proposition 7.3.7. Let (/C, d) be a metric tame Kuranishi cobordism with nested cobor- 
dism reduction CcV, let < 5 < min{e, <5y}, where e is the collar width of (/C, d) and 
the reductions C,V. Then we have a re \(5,V,C) > and the following holds. 

(i) Given any < a < a Te i(S,V,C), there exists an admissible, precompact, trans- 
verse cobordism perturbation v of Sfc\v with iric({s + z^) -1 (0)) C iTfc(C), whose 
restrictions v\d a v f or a = 0, 1 are (d a V , d a C , S, a) -adapted perturbations of 
s d a K.\d a V- 

(ii) Given any perturbations v a of sgajc\d"V for a = 0, 1 that are (d a V, d a C, 5, a)- 
adapted with a < a re \(5,V,C), the perturbation v of sk\v ^ n (i) can be con- 
structed to have boundary values v\d a v = vOL f or a = 0, 1. 

(iii) In the case of a product cobordism K, x [0, 1] with product metric and product 
reductions Cx [0,1] C Vx [0)1]; both (i) and (ii) hold without requiring 5 to 
be bounded in terms of the collar width. 



Proof. Thepositivitya re i((5, V,C) > fol lows fr om a(S, d a V, d a C) > by Lemma[7A2](i), 



7.3.2 



applied to the shifted domains. 



and a' > by the arguments of Lemma 

Next, we reduce (i) for given < a < <r re i(<5, V, C) to (ii). For that purpose recall 
that 5 < 5d a v by Lemma 7.3.2 (iii) and a < a(S, d a V, d a C) by definition of a re \(S, V,C). 
Hence Proposition |7.3.5 provides (d a V, d a C, 5, cr)-adapted perturbations u a of s^Acla^v 
for a = 0,1. Now (ii) provides a cobordism perturbation v with the given restrictions 
v \d a v = v<X i which are (d a V, d a C, 5, cr)-adapted by construction. So (i) follows from (ii). 

To prove (ii) recall that, by assumption, the given perturbations v a of SQa^\ga V for 
a = 0, 1 extend to is*? : (d a Vi)^ — > Ej for all / E Zd a K. which satisfy conditions a)-e) 



of Definition 7.3.3| with the given constant a. Here by Lemma 7.3.2 (iv) the domains 



olvf are (<9 a V/)l 7 l 
have collars 



d a Vl 



U\ 



and these are the boundaries of the reductions Vj which 



e-2- 



t) 



ij{d c 



Vr X At 



-2- k 5> 



7.3.2 



for k > is ensured by the assumption 



where the requirement 2 5 < e of Lemma 
5 < e. In the case of a product cobordism with product reduction this holds for any 
5 > with e — 2~ k 5 replaced by e := 1. The same collar form holds for Ci C Vj, and 
hence for any set such as Njj or C\ constructed from these. Now 5 < e also ensures 
2~ k e <e- 2~ k 5 for k > 1, so that we may denote the 2 fc e-collar of Vj by 



N 



La 



L a {d a V? X A«_ ke ) C Vj 



and note the precompact inclusion Nf a C Nj for k' > k. 

We will no w cons truct the required cobordism perturbation v by an iteration as 
in Proposition 7.3.5 with adjusted domains obtained by replacing 5 with g<5. This is 
the given boundary value u a by assumption only extends to a map 



necessary since 



given boundary value v*j 
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Uj : Vj J]{ — > Ej, but as before the construction of uj will proceed by restriction to a 
precompact subset of the domain of an extension uj, where this agrees both with the 
push forward of previously defined {vi)iaj and with the given boundary perturbations 
Uj in collar neighbourhoods. We achieve this by restriction to V^' -1-1 c Vj J K That is, 
in the k-th step we construct vj : Vj +1 — > Ej for each \J\ = k that, together with the 

i>i\ k+i for III < k obtained by restriction from earlier steps, satisfies the following. 

i 

a) The perturbation is compatible with coordinate changes and collars, that is 
vj\ N up = %u o uj o <f>j}\ N %i on N^j 1 = V* +1 n (j)ij(V I k+1 n u u ) 
for all JC J, and for each a G {0, 1} with J G Id a K we have 

= WW on N k £ = L%d<*V* +1 xA«_ k _^, 

where we abuse notation by defining (ij)*z/j : ij(x,t) i— > Vj{x). 

b) The perturbed section is transverse, that is (sj\ v k+i + vj) iti 0. 

c) The perturbation is strongly admissible with radius r//c+i = 2 _fc_1 (l — 2~J) 5 

yj{B J m+i (Nif 1 )) <= Hj(Ei) V I c J. 

d) The perturbed zero set is contained in ir^ 1 (tt/c(C)) ; more precisely 

( Sj | v .j !+1 + I / 7 )- 1 (0) c v^nir^-faic)). 

e) The perturbation is small, that is sup^^k+i ||^j(x)|| < a. 

The final perturbation v = (V/lv^/ex^ °f s Jclv then has product form on collars of 
width 2~ AIfC e and thus is a cobordism perturbation, whose boundary restrictions are 
the given v a by construction. Moreover, v will be admissible by c), transverse by b), 
and precompact by d) with 7rjc((s + z/) _1 (0)) C tt/c(C). Compactness of |(s + z^) -1 (0)| 
then follows from Lemma l7.2.101 

For k = 0, there are no indices \J\ = to be considered. Now suppose that [yi : 

v\ I){+l — > Ej) Ie j; K <fc are constructed such that a)-e) hold. Then for the iteration step 
it suffices as before to construct vj for a fixed J G Zjc with \J\ = k. In the following 
three construction steps we then unify the cases of J G ^d a K for none, one, or both 
indices a by interpreting the collars Nj a as empty sets unless J G l-ga^. 

Construction of extension for fixed \J\ = k: For each k > 1 we will construct an 
extension of a restriction of 

Uj : Nj U 7V) >0 U JVji — ► £/, mjIat^ := ° f/ ° ^jj, M./U* a == (^j)^j, 

where A^j a = tj(e? a Vj x A^_ k ^ * s a couar °f ^j- More precisely, we construct a 
smooth map z?j : Vj — > Ej that satisfies 

(7.3.23) Uj\ N = »j\ N on N k+l := AT* +I U N^f U jv£* 
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the bound < ||mj|| < a i an d the strong admissibility condition 
(7.3.24) vj(B J {N k jf*)) C ^j(Ej) V/CJ. 



We proceed as in Proposition 7.3.5 for fixed j G J by iteratively constructing smooth 
maps Jl\ : — > (J)jj(Ej) for £ = 0, . . . , k — 1 on the adjusted open sets 

(7.3.25) W> := N% U JV* U [jjc m <g B^(Np) 

with := % — ^j^{f]k — Vk+±) ano ^ hp := k + ^jA, that satisfy the conditions 



(E:i) ^| fc+ i = //j) fc+ i for all 7 C J with |/| < £ and j € 7; 



(E:ii) ZSI fe ,i = for all 7 C J with 1/1 < £ and j ^ I; 
(Edii) ||^ || < H/4H; 

(E:iv) /2j = on N% a = L°j{d a V^ x A%_ k J for a E {0, 1} with J G Z^. 

These requirements make sense because < rg < % and B^ k (Nj +2 ) C Vj by 

(7.3.9), so that the domain in (E:ii) is included in Vj and is larger than that in (7.3.24). 
After this iteration, we then obtain the extension vj := fiYlj^jV'k-i by multiplication 

with a smooth cutoff function /3 : Vj — > [0, 1] with (3\n 1 = 1 and supp /3 C N JQ 3 U 

iVJJ 3 UB^ + j (iVj 2 ), where the latter contains the closure of JV fc+ i = N^ 2 UATJJ 2 U 

Nj +2 in Vj, so that z7j extends trivially to Vj\Wk-\- 

For the start of iteration at £ = 0, the domain is W^o = -^jo ^ -^Jl w hh &o = fc + 
Conditions (E:i) and (E:ii) are vacuous since there are no index sets with |7| < 0, and we 
can satisfy (Edii) and (E:iv), by setting JiQ(L a (x, t)) := h / j' J (x). Next, if the construction 

k+- 

is given on Wg, then we cover Wg + \ by the open sets B' L := Wg + \ D B^ e _ i (N JL 2 ) for 

L C J, |L| = £ + 1 and Ce+i C given below, and pick an open subset C C Vj such 
that 



k-\-- bA-- 

Cg +l := Wg +l x U, L | = , +1 B^Njp) nC C Wi n U|l M+ i ^ +1 (^jl 2 ) == 

As before, this guarantees that C" and B^ (N JL 2 ) have disjoint closures for all |L| = 
£ + 1. Then we set /J^+iIq+i := w|q +1 > which inherits properties (E:i)-(E:iv) from 

fig because Cg + \ is still disjoint from B^ e 1 (N JL 2 ) for any |7| = £ + 1, and we have 

Nj 1 ^ 1 C iV** . So it remains to construct Jlg+i : B' L — > (j)jj(Ej) for a fixed L C J, 
|7| = £ + 1 such that ju^+i = ^ on 7?^ n C. 
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In case j ^ L condition (E:iv) prescribes fjp. = (tj)* vf on the intersection 
Because r^_i < strong admissibility for on B^(d a Nj L ) implies that = 

k+- 

on this intersection. Moreover, B' L n C again is a subset of IJ/cz, -^rX^ji 2 )> where 
we have /j^|b> n cr/ = by iteration hypothesis (E:ii) for each I C J. Thus jit^+i := 
satisfies all extension properties (E:i)-(E:iv) in this case. 

In case j £ L we may again patch together extensions by partitions of unity, so that 
it suffices to construct smooth maps Ji z : B^ z (z) — > Qjj(Ej) on balls of positive radius 
r z > around each fixed z G B' L , that satisfy 



(i) Jl z = fij on B J Tz {z) n 7V J7 2 for all I C 1/ with j G I (including I = L); 
L 

(ifi) < IImjII; 

iv) & = (^)V^ 

(v) ^ = jit on 5 r J z (z) n n a. 



(ii) & = on n B J ri+i {N k jf*) for all J C L with j g /; 



(iv) % = {ifj*Vj' j on B J Tz (z) n iV^ 1 for a G {0, 1} with J £ Z^; 



For z G ^j^^j^q 1 ! this is accomplished by the same constructions as in Proposi- 



tion 



7.3.5 



by choosing r z > such that n ivjj 1 = 0. For z G Nj^ 1 C 7Vj Q 

we choose r z > such that B^(z) C -/Vj^. Then /I z := ^ satisfies (v) by 

construction and (i)-(iv) by iteration hypothesis. 

Zero set condition: For the extended perturbation constructed above, we have 
— max{max/cj \Wi\\, ll^jll} < & by induction hypothesis e). From (7.3.24) 

and ( 7.3. 7| ) we then obtain as in Proposition |7.3.5| 

(7.3.26) (8j\ v >+vj)-\0) n B J An**) c N k jf\ 



Next, recall that we allowed only a > such that 

3 



\J\- 

2 

Hence the same arguments as in the proof of Proposition |7.3.5 provide the inclusion 



a < inf{ \\sj(x)\\ | x G x (Cj U U/cj^ J|+1 TO ' : 



(7-3.27) [sj\^k+i + vj) 1 (0) \ U/cj-^+i ( N Ji Z ) C ^ 

Together with the induction hypothesis on uj = \ij = (fiu o p j o ^>Jj on Njj 2 this 
implies the zero set condition (sj\^t+t + vj)~ 1 (0) C (7T/c(C)). 
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Transversality: Admissibility together with induction hypothesis b) imply transver- 
sality (sj + Vj)\ k+ i rtl on the enlarged core. Together transversality of v'j and 



N, 



(7.3.26) we obtain transversality on the open set 
{sj + vj)\ b rtl 0, 



B := Bt 



UN*' 



Now B precompactly contains the neighbourhood B' 



V? of the core and collar N :- 



B J 

Vk+i 



N k j +1 U N^j 1 U iVft 1 , so that compatibility with the 



c Vj k . 



fc+i. 



rk+l 



coordinate changes and collars in a) and strong admissibility in d) can be satisfied 
by requiring vj\b> = vj\b>- In this abstract setting, we can finish the iterative step 



word by word as in Proposition 7.3.5 This completes the construction of the required 
perturbation in case (ii) and thus finishes the proof. □ 

7.4. Orientations. 

This section develops the theory of orientations of Kuranishi structures. We use 
the method of determinant line bundles as in e.g. |McSl App.A.2]. While the relevant 
bundles and sections could just be described as tuples of bundles and sections over 
the domains of the Kuranishi charts, related by lifts of the coordinate changes, we 
take this opportunity to develop a general framework of vector bundles over Kuranishi 
structures, which now no longer are assumed to be additive or tame. 

Definition 7.4.1. A vector bundle A = (A/, 4>u) j j 6 j k over a weak Kuranishi 

structure K, is a collection (A/ — > Uj)i^x k of vector bundles together with lifts [4>u : 
A 



I\U U 



Aj) ic j of the coordinate changes that are linear isomorphisms on each 

4>jk 4>u on (j>j}(Uj K ) n U IK for 



fiber and satisfy the weak cocycle condition 4>jk 
all triples I C J C K . 

A section of a bundle A over K, is a collection of smooth sections a 



(o-i : Ui 



A/) 



iex K 



that are compatible with the bundle maps (pu- In particular, for a vector 



bundle A with section a there are commutative diagrams for each I C J, 



A i\uu >■ A j 



C7 



Uu 



Uj 



Uj. 



The following notion of a product bundle will be the first example of a bundle over 
a Kuranishi cobordism. 

Definition 7.4.2. If A = (A/, cpu) I j 6 j k * s a bundle over K. and A C [0,1] is an 

interval, then the product bundle A x A over K. x A is the tuple (A/ x A, cftjj x 
Here and in the following we denote by Aj x A — >• Uj x A the pullback 



id A ) L 

bundle under the projection Ui x A^rUi. 
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Definition 7.4.3. A vector bundle over a weak Kuranishi cobordism K, a 

collection A = (A/, 4>u) l j e j K of vector bundles and bundle maps as in Definition 



74.1 



together with a choice of isomorphism from its restriction to a collar of the boundary to 
a product bundle. More precisely, this requires for a = 0, 1 the choice of a restricted 
vector bundle A^^ = (A" — > c? a [7/, <^jj)j jgz a a K over ^ a ^> an d> f or some e > 
less than the collar width of fC, a choice of lifts of the embeddings if for I £ 1d a K t° 
bundle isomorphisms If : A" x Af — > A/|i mt « such that, with A := A", the following 
diagrams commute 



Af 



x A 



A 



/ imi? 



Af\g aUlJ X A 



<j>f,xid A 



A 



lh?(d<*UuxA) 



d a U! x A 



4>u 



im if C Ui 



A 1 } x A 



■A 



J I im U 



J 



A section of a vector bundle A over a Kuranishi cobordism as ab ove is a compat- 
ible collection 



that in addition 
= 0,1 there is a 



[a I : Ui — > ^/)/ g j K °f sections as in Definition 7.4-1 
have product form in the collar. That is we require that for each a 
restricted section cr\gafc = [af : d a Ui —> Af )i^x g a K of A\qc]q such that for e > 
sufficiently small we have {If )*o~i = af x id^a . 

In Definition 



7.4.1 



we implicitly worked with an isomorphism (lf)j^x g a K , which sat- 
isfies all but the product structure requirements of the following notion of isomorphisms 
on Kuranishi cobordisms. 

Definition 7.4.4. An isomorphism ^ : A — > A' between vector bundles over K, is 
a collection (^ 1 : Aj — > A^/gj^ of bundle isomorphisms covering the identity on Uj, 
that intertwine the transition maps, i.e. (fi'jj o ^> I \ UlJ = o (ftuluu for all I C J. 

If K, is a Kuranishi cobordism then we additionally require to have product form 
in the collar. That is we require that for each a = 0, 1 there is a restricted isomorphism 



8 a K 



K from A\qc<iq to A'^^ such that for e > sufficiently 
small we have t'f o (tyf x idyi) = o 1^ on d a Uj x Af. 



Af 



A'/*)j e :z: a a 



Remark 7.4.5. In the newly available language, Definition |7.4.3 of a bundle on a 
Kuranishi cobordism requires isomorphisms (without product structure on the collar) 
for a = 0, 1 from the product bundle Alga^ x A" to the e-collar restriction (if)* A := 
((if)*Ai, (ij)* o (ftjj o (if)*) j j^Xga^ Si ven by the collection of pullback bundles and 
isomorphisms under the embeddings if : d a Uj x Af — > Uj. 

Note that, although the compatibility conditions are the same, the canonical section 
sjq = (si : Uj — > Ei)i£% K of a Kuranishi structure does not form a section of a vector 
bundle since the obstruction spaces Ej are in general not of the same dimension, hence 
no bundle isomorphisms as above exist. Nevertheless, we will see that, there is 
a natural bundle associated with the section sjq, namely its determinant line bundle, 
and that this line bundle is isomorphic to a bundle constructed by combining the 
determinant lines of the obstruction spaces Ej and the domains Ui. 
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Here and in the following we will exclusively work with finite dimensional vector 
spaces. First recall that the determinant line of a vector space V is its maximal exterior 
power A max V := A diraV V, with A {0} := M. More generally, the determinant line 
of a linear map D : V — > W is defined to be 

det(D) := A max ker D <g> (A max ( w / hnD ))*- 

In order to construct isomorphisms between determinant lines, we will need to fix 
various conventions, in particular pertaining to the ordering of factors in their domains 
and targets. We begin by noting that every isomorphism F : Y — > Z between finite 
dimensional vector spaces induces an isomorphism 

(7.4.1) A F : A max F A A max Z, y x A . . . A y k ^ F( yi ) A . . . A F(y k ). 

For example, if I C J and x £ Ujj, it follows from the index condition in Definition |5.2.1 
that the map for x £ Uu 

(7.4.2) Aij(x) := A Ax<t>IJ <g) (A^)* : det(d xSl ) -> det(d 0/j(;c) sj) 



is an isomorphism, induced by the isomorphisms d^/j : kerds/ — ?• kerdsj and [4>u] 

limdsj 'imdsj' 



El /imds ~^ E, /imds ' With this, we can define the determinant bundle det(sAc) of a 



Kuranishi structure. A second, isomorphic, determinant lin e bund 
A nmx T x U! (g> (A max ^ 7 )* will be constructed in Proposition |7.4. 12 



e det(/C) with fibers 



Definition 7.4.6. The determinant line bundle of a weak Kuranishi structure (or 
cobordism) K, is the vector bundle det(s/c) given by the line bundles 

det(dsj) := [j det(d a; sj) \Ji forlGl^, 



and the isomorphisms A/j(x) in (7.4.2) for I C J and x £ Uij. 

To show that det(s/c) is well defined, in particular that x i— > Au(x) is smooth, we 
introduce some further natura^] isomorphisms and fix various ordering conventions. 

• For any subspace V' C V the splitting isomorphism 

(7.4.3) A max V ^ A max V (8) A max ( v / v ,) 

is given by completing a basis v\ , . . . , v k of V' to a basis vi, . . . ,v n of V and mapping 
vi A . . . A v n ( Vl A . . . A v k ) <8> (bfc+i] A ... A [u n ]). 

• For each isomorphism i* 1 : Y ^> Z the contraction isomorphism 

(7.4.4) c F : A max Y ® (A max Z)* A R, 

is given by the map (yi A . . . A y k ) <8> r? r]{F{y 1 ) A ... A ^(yfc)) . 

Here a "natural" isomorphism is one that is functorial, i.e. it commutes with the action on both 
sides induced by a vector space isomorphism. 
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• For any space V we use the duality isomorphism 

(7.4.5) A max y * _^ (A max T/)*, vfA---Av* .— ► (vx A • • • A v n )*, 
which corresponds to the natural pairing 

n 

A max y ^ A max y* ^ (yx A ■ ■ ■ A V n ) ® (ll A ■ • ■ A Vn ) ^ JJ 

8=1 

via the general identification (which in the case of line bundles A, B maps ry ^ to 
a nonzero homomorphism, i.e. an isomorphism) 

(7.4.6) Hom(A®B,K) A Hom(B,.A*), H i — ► (b^ H(-®b)). 

Next, we combine the above isomorphisms to obtain a more elaborate contraction 
isomorphism. 

Lemma 7.4.7. Every linear map F : V ^ W together with an isomorphism (ft : K — >■ 
kerF induces an isomorphism 

(7.4.7) <4 : A max y® (A max W)* A A max K ® (A max { W / F(v) ))* 
given by 

(vx A . . .v n ) <g) (wi A . . . w m )* i — > A . . . 4>~ l {v k )) ® ([wx] A... [w m - n+k ])*, 

where vx, ■ ■ ■ , v n is a basis for V with span(t>i, . . . , vt) = ker F , and wx, ■ ■ ■ , w m is a 
basis for W whose last n — k vectors are w m -n+i = F(v%) for i = k + 1, . . . ,n. 

In particular, for every linear map D : V — >■ W we may pick (ft o,s the inclusion 
K = ker D <^-> V to obtain an isomorphism 

C D : A max V® (A max W)* A det(D). 

Proof. We will construct <tp by composition of several isomorphisms. As a first step let 
Fiy) 1 - C W* be the annihilator of F(V) in W* , then the splitting isomorphism (7.4.3) 
identifies A max W* with A max (F(F)- 1 ) ® A max ( W '/ F(v)± ). Next, we apply ( |7.41[ ) to 

the isomorphisms -F(y)- 1 - ( W /p^y)Y ano - ^Vf^v) 1 - -^X^O*' an< ^ a PPly the duality 
isomorphism (7.4.5) in all factors to obtain the isomorphism 

S w : (A max W)* A (A max (% (y) ))*® (A max F(y))* 

given by (wi A ... A ^ m )* h-> ([w\] A ... A [lo^])* <g) (u^+i A ... A w m )* for any basis 
wx, ■ ■ ■ , w m of W whose last elements W£ + i for i = 1, . . . ,m — £ = n— k span F(V). On 
the other hand, we apply the splitting isomorphism (7.4.3) for kerF C V and ( |7.4.1 ) 
for (ft~ l : ker F — > K to obtain an isomorphism 

S y : A max F A A max K ® A max 
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given by v\ A . . . A v n h-> ((f) 1 (vi) A ... A 1 (vk)) © (bfe+i] A ... A [v n ]) for any basis 
v\,...,v n of V such that . . . ,Vk spans ker F. Finally, note that F descends to an 
isomorphism [F] : /^x) ~~ ^ F(V), so we wish to apply the contraction isomorphism 

c [F] : A max { v / m) ) © (A^F(V)Y R 



from (7.4.4). Since these factors do not appear adjacent after applying Sy © S\y, 
we compose Sw with an additional reordering isomorphism - noting that we do not 
introduce signs in switching factors here 

R : A © B B® A, a © 6 i — > 6 © a. 

Finally, using the natural identification A max K ® K © (A max (% (F) ))* ^ A max K © 
(A max (^Tf^v))) we obtain an isomorphism 

(idA max K ® t[F] ® id( Am ax ( W 7 F(V) ))* ) ° (^V © (-R <SV)) . 

To see that it coincides with as described in the statement, note that - using the 
bases as above - it maps (v% A. . . f\v n ) <8> A . . . Aw m )* to A . . . A^ 1 ^)) © 

([w\] A ... A [W])* multiplied with the factor (we+i A ... A w m )* [Ftyk+i) A ... A F(v n )) , 
and that the latter equals 1 if we choose wi + i = F(vi) for i = 1, . . . , n — k. Note here 
that the existence of an isomorphism F implies m — £ = n — k, so that m — n = I + k, 
and hence w m _ n+fyk+ ^ = wt> +i . □ 

Proposition 7.4.8. For any weak Kuranishi structure, det(s/c) is a well defined line 
bundle over fC. Further, if fC is a weak Kuranishi cobordism, then det(s/c) can be 
given product form on the collar of K, with restrictions det(s^:)|a c, A: = det(sQa^) for 
a = 0,1. The required bundle isomorphisms from the product det(sga^) x A" to the 



e 

collar restriction (t")* det(s^:) are given in (7.4.13). 



Proof. To see that det(s/c) is a line bundle over /C, we first note that each topological 
bundle det(ds/) is a smooth line bundle, since it has compatible local trivializations 
det(ds/) = A max ker(ds/ © Ri) induced from constant linear injections Rj : M. N — > Ej 
which locally cover the cokernel, see e.g. [McS|. Appendix A. 2]. There are various ways 
to define these maps. However, it turned out that only one specific ordering provides 
all compatibilities that we will require in the process of th is section. At each point 



x £ Uj we will use the contraction map <tp of Lemma 7.4.7 for the linear map F x and 
isomorphism to its kernel <p x , where 

F x : ker(d x s/ © Ri) — > imRj C Ef, (v,r) \-¥ d x si(v), 

4> x : K := kerd^sj- ker(d x s/ © i?/) C T x Ui © R N , k^(k,0). 

Note here that ker(d x s/ © i?/) = {(v,r) G T x Ui ®R N | d 2 s/(u) = -R^r)}, so that F x 
indeed maps to im Rj with F x (v,r) = —Rj(r), and its image is imF x = im d x s / Him Rj . 
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If we restrict x to an open set O C Uj on which d x si © Rj is surjective, then the 
inclusion im Rj ^ Ej induces an isomorphism 

x ' 'im dxSjdim Ri 'imd x sj' 

Indeed, i x is surjective since Ej — iiu.d x sj-\-i'niR[ and injective by construction. Hence 
( |7.4.1 ) together with duahzation defines an isomorphism A*^ : {A max E '/ imd S/ ) ~~ ^ 
^imiiy_^^ sjTAmR i) ' which we invert and compose with the contraction isomorphism 
of Lemma |7.4.7| to obtain isomorphisms 

Tj, x := {id dxSl © (At)- 1 ) o 4* : A max ker(d x s 7 © fl,) © (A max imi?/)* 

(7.4.8) A A max kerd^/ ® (A max ( El / imdxSl )Y • 

Precomposing this with the isomorphism R = A max R N = A max imfij from ( ffXT] ), 
we obtain a trivialization of det(ds/)|o given by isomorphisms 

T hx : A max ker(d x s/© J R 7 ) A det(d a; s/) 

(7.4.9) V! A . . . A v n ■— > («i A . . . ® ([.ftj(ei)] A . . . [i?/(ejv_ n+fc )])*, 

where = rj) is a basis of ker(d x s/ © Ri) such that v\, . . . ,Vk span ker d x si (and 
hence ri = ... = = 0), and ei, . . . , ejv is a positively ordered normalized basis of 
1^ (that is ei A ...e N = 1 € K ^ A max R-^) such that ^/(ejv-n+i) = da-a/fa) for 
i = A; + 1, . . . , n. In particular, the last n — k vectors span im d x si n im -R/ C Ej, and 
thus the first N — n + k vectors [Rj(ei)], . . . , [i?/(ejv-n+fc)] span the cokernel El / irad s — 

im Rj I 

I im d^s/Dim i?/ ' 

Next, we show that these trivializations do not depend on the choice of injection 
Ri :R N -»• Ej. Indeed, given another injection R'j : — > Ej that also maps onto 
the cokernel of dsi, we can choose a third injection R" : M N " — > Ej that is surjective, 
and compare it to both of Ri, R'j. Hence it suffices to consider the 

following two cases: 

• N = N' and R I = R' I o L for a bijection i : R N % R N ' ; 

• N < N' and Rj = R'j o pr for the canonical projection pr : R^' ->l ff x {0} = R N . 

In the second case denote by i : M N —> M N x {0} C 1^' the canonical injection, then 
in both cases we have Rj = R'jO l, and thus id x t induces an injection ker(ds/ © Ri) —> 
ker(ds/©i?j) so that there is a well defined quotient bundle ker ^ ds/ ®^Vker(ds / e-R/) 

In case N < N' we claim that an appropriately scaled choice of local trivialization 
for this quotient over an open set O C Uj, on which both trivializations of det(dsj)|o 
are defined, induces a bundle isomorphism ^ : A max ker(ds/ffii?/)|o — > A max ker(ds/ffi 
R'j)\o that is compatible with the trivializations Tj and T'j : A max ker(ds/ © R'i)\o ~^ 
det(dsi-)|o constructed as in (7.4.9), that is Tj = T\ o ^ . 

To define ^, let n := dimker(ds/ © Rj) and fix a trivialization of the quotient, 
that is a family of smooth sections (yf = (vf , r f)) i=n+ ± n i °f ker(ds/ © Rj)\o with 
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n' := n + N' — N , that induces a basis for the quotient space at each point x £ 
O. Here we may want to rescale by a nonzero real, as discussed below. Then 

for fixed x £ O, any choice of basis (vi)i=i,.„ )n of ker(d x s/ © i?/) induces a basis 
(id x i)(vi), . . . , (id X l)(v 

n)j ^n+1' • • ■ ' ^n' ^ ker(dj;Sj © -R/)) and we define \E' by 

* 3 : «i A • • • A u n !->• (id x t)(ui) A • • • A (id x t)(v n ) A v% +1 (x) A ... A «*, (x), 

which varies smoothly with x £ O. It remains to show that, for appropriate choice 
of the sections vf , we have Tj jX = T' Ix o^ x for any fixed x £ O. For that purpose 



we express the trivializations Tj jX and T[ x as in (7.4.9). This construction begins by 
choosing a basis (ui)i=i 1 „.,n of ker(da;S/©i?/), where the first elements Vi = (vi, 0) span 
kerd^s/ x {0}. A compatible choice of basis iv'^i 

=i,...,n' for ker(d x si © R't) is given by 
:= (id x t)(vi) for i = 1, . . . , n, and := for i = n + 1, . . . , n'. Note here that v\ = 
Vi for i = 1, . . . , k. Next, one chooses a positively ordered normalized basis e±, . . . , ejy 
of such that Ri{eN- n +i) = d^s/^) for i = + 1, . . . , n. Then the first N — n + k 
vectors [-R/( e i)L • • • > [-R/(e7v_ n+fc )] coincide with [i?^(t(ei))], . . . , [i2^-(i(ejv'-n'+fc))] and 
span the cokernel El /- A , and the last n — k vectors span imd x s/ n imi?/ C Ej. So 

we obtain a corresponding basis e' 1: . . . , e' N , of R N ' by taking = tfe) for t = 1, . . . , N 
and e' N+i = (R'j)^ 1 [d x sj(v f +i (x)) for i = 1, . . . , N' — N = n' — n. To obtain the correct 
definition of T[ x , we then rescale by the reciprocal of 

A(a;) := t( ei ) A ... A t ( ejv ) A (i^)" 1 (d xSl (vf +1 (x))) A ... A (i^)- 1 ^,^*))) 
G A max R-^' ^ R, 

such that e' l5 . . . , e' N ,_ 1 , X(x)~ 1 e' N , becomes positively ordered and normalized. Note 
here that A : O — > R is a smooth nonvanishing function of x, depending only on 
the sections vf +1 (x), . . . , vf,{x) since t(ej) = (e,, 0) are a positively ordered normalized 
basis of M. N x {0} C M. N for all x £ O. Thus vf +1 (x), . . . , A(x) _1 v* (x) defines a smooth 

trivialization of the quotient bundle ker( ' dsiei?// Vker(ds / e-Ri) ~~ ^ ^' ^ or wn ^ cn * ne induced 
map \t now provides the claimed compatibility. Indeed, we have by construction 

(f' I>x o * x ) («! A • • • Av n ) = («i A • • • A 8) ([R'M)] A • • • A [i^AT'-n'+fc)])* 

= («! A • • • A v k ) <g> ([-Rj(ei)] A • • • A [i?j(ejv-n+ifc)])* 
(7.4.10) = f/, s (t?iA-Ac n ). 

In case N = N' we define an isomorphism ^ as above, which however does not 
depend on any choice of vectors vf . Then in the above calculation of Tj >x and Tj x , the 
factor A = i{e\) A ... A i(ejv) is constant (equal to the determinant of t = (R'j)" 1 o i?/), 
and hence A -1 ^ intertwines the trivializations Tj and Tj. This completes the proof that 
the local trivializations of det(dsj) do not depend on the choice of Ri. In particular, 
det(dsj) is a smooth line bundle over Uj for each / £ 1/c- 

To complete the proof that det(sfc) is a vector bundle we must check that the lifts 



A/j given in (7.4.2) of the coordinate changes 3>jj are smooth bundle isomorphisms. 



SMOOTH KURANISHI STRUCTURES WITH TRIVIAL ISOTROPY 



157 



Since the Ajj(x) are constructed to be fiberwise isomorphisms, and the weak cocycle 
condition for the coordinate changes transfers directly to these bundle maps, the non- 
trivial step is to check that Ajj(x) varies smoothly with x G Ujj. For that purpose 
note that any trivialization Tj near a given point xo G Uu using a choice of Ri as 
above, induces a trivialization Tj of det(dsj) near <Pij(xq) G Uj using the injection 
Rj := <Pij ° Rlt since by the index condition cpjj identifies the cokernels. We claim 
that these local trivializations transform Ajj(x) into the isomorphisms A^^jj^id N of 
(7.4.1) induced by the smooth family of isomorphisms 

dx^/jffiid R ]v : ker(d x sj © Rj) — > kev(d (f)Ij{x) sj © O/j o Rj)) . 

Note here that these embeddings are surjective since for (v, z) G TUj x R N with 
dsj(v) = —(f>u(Ri(z)) the tangent bundle condition imdsj nimcpu = dsj(imdcpjj) 
from Lemma |5.2.2[ the partial index condition kerdsj C imd^jj, and injectivity of 
4>u imply v G imds/ with dsi(v) = —Ri(z). Moreover, d x 4>u varies smoothly with 
x G Uu, and hence Ad a .</ )/J ©id ItJV varies smoothly with x « xq. So to prove smoothness 
of Au near xq it suffices to prove the transformation as claimed, i.e. at fixed x G Uu 

(7.4.11) Tj^ Ijix) oA Ax<t>IJ&A = A LJ (x)of ItX . 



For that purpose we may simply compare the explicit maps given in (7.4.9). So let 
Vi = (vi,ri) be a basis of ker(da;S/ © Ri) such that v\, . . . ,Vk span keid x sj. Then, 
correspondingly, v\ = (d x 4>u © id K jv)(?;i) ia a basis of ker(d ( j )IJ ^s j © Rj) such that 
v ■ = d x 0/j(uj) for i = 1, . . . , k span ker d^ /J ( x )Sj. Next, let e±, . . . , ejq be a positively 
ordered normalized basis of R such that Ri(eN- n +i) = d x .s/(t>j) for i = A; + 1, . . . , n. 
Then, correspondingly, we have 

Rj(e N - n+i ) = 4> I j{R I {e N - n+i )) = 4>u(d x s I (v i )) = d (j>IJ ^ x )S J (d x (j)ij(vi)) = dsj(u-). 

Using these bases in ( |7.4.9| ) we can now verify (7.4.11), 

(A/j(x)o2> ja .)(«iA...At;n) 
= A u (x) ((vi A ... A Vk) © {[Ri(ei)\ A ... A [Ri (eN-n+k)]) ) 
= (d^0/j(vi) A ... A d*0jj(« fc )) © ([0jj(i?j(ei))] A ... A [^(^/(ejv-n+fc))])*) 
= K A ... A u£) © ([Jij(ei)] A ... A [Rj(e N - n+k )])*) 

= Tjjjjfr)) [v'x A ... A u n ) = (f^„(a.) o (d(j>u(x) © id RJ v)) («i A . . . A v n ) . 

This finishes the construction of det(sjc) for a weak Kuranishi structure /C. 

In the case of a weak Kuranishi cobordism fC, we moreover have to construct bundle 
isomorphisms from collar restrictions to the product bundles det(sga^) x to prove 
that det(sjc) is a line bundle in the sense of Definition 7.4.1| with the claimed restrictions. 
That is, we have to construct bundle isomorphisms Vj : det(ds^) x A^ — y det(ds/)|i mt Q 
for a = 0, 1, I G Zg<*jc, and e > less than the collar width of /C, and check the 
identities Ajj o ZJ = o (AJj x id^«)- 
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For that purpose recall that (s, o if)(x, t) = sf(x) for (x, t) G d a Ui x A", so that we 
have a trivial identification id^ : imd^s" —> imd^^^sj of the images and an isomor- 
phism d(a; )t )4j : kerd^s" X R — >■ ker d^^^s/. The latter gives rise to an isomorphism 
given by wedging with the canonical positively oriented unit vector 1 G R = TtA", 

(7.4.12) Ai : A max kerd x s? -> A max (ker d^s? xR), r] h-> 1 A ry. 

Here and throughout we identify vectors r/j G ker ds" with (j# , 0) £ ker ds " x M and 
also abbreviate 1 := (0, 1) G kerds" x R. This map now composes with the induced 
isomorphism ., t <» from ( 7.4.1 ) and can be combined with the identity on the cokernel 
factor to obtain fiberwise isomorphisms 

(7.4.13) lf{x,t) := (A d(x t)L? o Ai) 8) (A idj5j )* : det(d x s?) x A% ->• det(d t?(:M) s 7 ). 

These isomorphisms vary smoothly with (ic, i) G <9 a C// x A" since the compatible local 
trivializations A max ker(ds? -R/) ->• det(ds^) and A max ker(ds/ -R/) -)• det(dsj) 
transform Vf(x,t) to Ad {:z . t) ^eid R]V ° Ai. Moreover, — >■ Zf(x,t) lifts t° and thus 

defines the required bundle isomorphism if : det(dsj) x A® — > det(ds/)|i mt « for each 
/ G Zd a ic- Finally, the isomorphisms (7.4.13) intertwine A/j = (g> (^r^ji-i) an d 

Afj = A.d(f>fj ® (-^Wjjl-i) by * ne P r °duct form of the coordinate changes 4>u ° £j = 
L J x id A«), an d b ecause d^^fa j maps d (a . )t) ^(l) to d^a j(a . )jt) ^(l), both of 
which are wedged on by (7.4.13) from the left hand side. (For an example of a detailed 
calculation see the end of the proof of Proposition |7.4. 13 ) This finishes the proof. □ 

We next use the determinant bundle det(s/c) to define the notion of an orientation 
of a Kuranishi structure. 

Definition 7.4.9. A weak Kuranishi structure or Kuranishi cobordism K, is orientable 
if there exists a nonvanishing section a of the bundle det(sfc) (i-e. with <r^ 1 (0) = for 
all I G Xjq). An orientation of fC is a choice of nonvanishing section a of det(s/c)- 
An oriented Kuranishi structure or cobordism is a pair (/C, a) consisting of a 
Kuranishi structure or cobordism and an orientation o~ of K,. 

For an oriented Kuranishi cobordism (/C,cr), the induced orientation of the 
boundary d a fC for a = resp. a = 1 is the orientation of d a fC, 



d a U!X{a} 



given by the isomorphism {Vi)i^i aaK in ( |7.4.13 ) between a collar neighbourhood of the 
boundary in fC and the product Kuranishi structure d a IC x Af, followed by restriction 
to the boundary d a fC = d a (d a K x Af), where we identify d a Ui x {a} = d a Ui. 

With that, we say that two oriented weak Kuranishi structures (JC°,a ) and (/C 1 ,^ 1 ) 
are oriented cobordant if there exists a weak Kuranishi cobordism /C^ '^ from KP to 
K} and a section a o/det(s^[o,i]) such that d a a = a a for a = 0,1. 

Remark 7.4.10. Here we have defined the induced orientation on the boundary d a IC 
of a cobordism so that it is completed to an orientation of the collar by adding the 
positive unit vector 1 along Af C R rather than the more usual outward normal vector. 
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Further, although we write the collar as Uf x A", formula (7.4.12) above shows that if 
7/i, . . . , r] n is a positively ordered basis for T x Uf then 1, r/i, . . . , r\ n is a positively ordered 
basis for T x (Uf x ^4" ). While the first convention merely simplifies notation, the second 
is necessary for compatibility checks in Proposition 7.4.8 as well as Proposition 7.4.13 (i) 
below; cf. the proof of (7.4.19) below. The alternative convention of adding the normal 
vector as last vector leads to sign ambiguities between det(s/c) and the determinant 
line bundle det(s|y + v) for a perturbation, since the dimensions of the kernels of dsi 
and dsj + vi need not be the same. 

Lemma 7.4.11. Let (IC,a) be an oriented weak Kuranishi structure or cobordism. 

(i) The orientation a induces a canonical orientation a\ic := (o'i\u' I )iex fC , on each 
shrinking IC' of K, with domains (U'j C ^i")j g j /' 

(ii) In the case of a Kuranishi cobordism IC, the restrictions to boundary and shrink- 
ing commute, that is (oijtOld^A:' = {o~\d a K)\d a K' ■ 

(iii) In the case of a weak Kuranishi structure IC, the orientation a on IC induces an 
orientation crM on IC x [0, 1], which induces the given orientation d a a^^ = a 
of the boundaries d a ()C x [0,1]) = K. for a = 0, 1. 

Proof. By definition, det(s£') is the line bundle over K 1 consisting of the bundles 
det(ds' 7 ) = det(ds/)|^ and the transition maps A' 7J = A/j^/ . The restricted sec- 
tions ctjIu^ of det(dsj) are hence compatible with the transition maps A'jj and have 
product form near the boundary in the case of a cobordism. Since they are nonvan- 
ishing, they define an orientation of IC' . Commutation of restrictions holds since both 
{°\K')\d a K' and ip\d a rc)\d a K.' are given by cr^gc^ with d a U'j = d a Ui n U'j. 

For part (iii) we consider an oriented, additive, weak Kuranishi structure (IC, a) and 
begin by constructing an induced orientation of the product cobordism IC x [0, 1]. For 
that purpose we use the bundle isomorphisms 

ii := Ai (8) (Aid Bj )* : det(dsj) x [0, 1] -> det(dsj) 

with s'j(x,t) = sj(x), covering lj = id[/ jX [ 0) i] • These coincide with the maps defined in 
( 7.4.13 ) for the interval [0, 1] instead of A", so the proof of Proposition 7.4.8| shows that 
they provide an isomorphism I from the product bundle det(sx:) x [0, 1] to the deter- 
minant bundle of the product det(s£ X [o,i])- Now an orientation a of fC determines an 
orientation a^ ' 1 ^ := t*cr of the product IC x [0, 1] given by (Z*cr)i(x, t) = Zi(x,t)(ai(x)). 
Further, using l a := I to define the collar structure on det(s£x[o,i])) the restrictions to 
both boundaries are d a (l^a) = a since lj 1 o (l^a)j o tf\u lX {a} = ^ 

The arguments of Proposition |7.4. 8 equally apply for any reduction V of a Kuranishi 
structure IC and an admissible perturbation v to define a line bundle det(s|y + v) ove r 
V (or more accurately over the Kuranishi structure )C V defined in Proposition 7.1.15). 
Instead of setting up a direct comparison between the bundles det(s|y + u) for different 
v, we will work with a "more universal" determinant bundle det(/C) over IC. This 
will allow us to obtain compatible orientations of the determinant bundles over the 
perturbed zero set det(s|y + ^)|( s + t ,)-i(o) f° r different transverse perturbations v. We 
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will construct the bundle det(/C) from the determinant bundles of the zero sections in 
each chart. However, since the zero section 0/c does not satisfy the index condition, we 
need to construct different transition maps for det(/C), which will now depend on the 



section sic- For this purpose, we again use contraction isomorphisms from Lemma 7.4.7 
On the one hand, this provides families of isomorphisms 

(7.4.14) £ dxSl : A max T x [/ 7 ® (A max £/)* A det(d x s 7 ) for x £ Uj. 

In fact, as we will see in the proof of Proposition |7.4.12| below, these maps are essentially 
the special cases of Tj tX in (7.4.8) in which Rj is surjective. On the other hand, recall 
that the tangent bundle condition ( 5.2.1[ ) implies that dsj restricts to an isomorphism 

lA x <j>u{T x Ui) ^ hu{Ei) IOT V 
bundle N n = \J xeUlJ N IJjX C 

subspaces d y sj(Njj jX ) (where we always denote y := 4>ij{x) and vary x £ Uij) form 

a smooth family of subspaces of Ej that are complements to (f>u(Ei). Hence letting 

P r iV/j( x ) : Fj — > d y sj(Njj jX ) C Ej be the smooth family of projections with kernel 

(fiij(Ej), we obtain a smooth family of linear maps 

F x := pv Nij (x) o dySj : T y Uj — > Ej for x £ Ujj, y = 4>u(x) 

with images imF x = d y sj(Njj tX ), and isomorphisms to their kernel 



fiuix)- Therefore, if we choose a smooth normal 
jjTUj to the submanifold im^/j C Uj, then the 



kei F x = d x (f>u(T x Ui) C T y Uj. 



By Lemma 7.4.7 these induce isomorphisms 



: A^T^Uj^iA^Ej) ^i, ^ujwy* y-/i m F x 



^ A max Ti[/j | A ma (EjJ.^ 

We may combine this with the dual of the isomorphism A max ( Ej / d Sj (at ij )) — A max Ej 



induced via (7.4.1) by prj^ (x) o <fiu : Ej — > Ej / c 



dySj(N IJtJ .) 



to obtain isomorphisms 



(7.4.15) <Lu{x) : A max T Mt) Uj ® (A max Ej)* ^ A max T X U T (A max Ej)* 
for x £ Ujj , given by C u {x) := {id A ^ Tx Ur ® A^ ^j^-i) &f x - 

Proposition 7.4.12. (i) Let K be a weak Kuranishi structure. Then there is 
a well defined line bundle det(/C) over K, given by the line bundles Af := 
A max T[// ® (A max S/)* ->■ t/> /or I £ T K and the transition maps £jj : 



A^ 



J I im <^>jj 



from (7.4.15) for I C J. In particular, the latter iso- 



me an 



morphisms are independent of the choice of normal bundle Njj. 

Furthermore, the contractions (2^j S/ : Af — > det(ds/) from (7.4.14) defir 
isomorphism V & SK := (^ds/) /6 j K from det(/C) to det(s^). 
(ii) IfK, is a weak Kuranishi cobordism, then the determinant bundle det(/C) defined 
as in (i) can be given a product structure on the collar such that its boundary 
restrictions are det(XT)|ga/c = det(d a lC) for a = 0, 1. 
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Further, the isomorphism *$> Slc : det(/C) — > det(s/c) defined as in (i) has 
product structure on the collar with restrictions ^ SK \d a K. = ^> S9aic for a = 0, 1. 

Proof. To begin, note that each Af = A max TC// ® (A max £/)* is a smooth line bundle 
over Ui, since it inherits local trivializations from the tangent bundle TUj — > Uj. 



Next, we will show that the isomorphisms d^s/ from (|7.4. 14 ) are smooth in this 



7.4.8 



trivialization, where det(ds/) is trivialized via the maps T^ x as in Proposition 
using an isomorphism Rj : M. N — > Ej. For that purpose we introduce the isomorphisms 

G x : T x Ui ker(d x si ® #/), v i-» (v, -Rj l (d x S!(v )) , 

and claim that the associated maps on determinant lines fit into a commutative diagram 
with £d x s! an d the version of the trivialization Tj tX from (7.4.8) 



(7.4.16) 



A G ._®id 



det(d x si) 
id 



Ti. 



(A max Ej)* in the second factor. Since 



A max ker(d a; s/e J R/)® (A 111 ^,)* — '^det(d xSl ). 

Here the trivialization T/ ;X of det(d x S7-) is given by precomposing Tj x with the x- 
independent isomorphism A* 1 : (A m£ 

G x varies smoothly with x in any trivialization of TU, this will prove that (t^ Sl is smooth 
with respect to the given trivializations. 

To prove (7.4.16) we use the explicit formulas from Lemma 7.4.7 and ( |7.4.9 ) at a 
fixed x S Ui. So let v%, . . . , v n be a basis for T x Ui with span(«i, . . . ,Vf.) = kerd^sj, 
and let w±, . . . , wn be a basis for Ej with wjy-n+i = dxSi(vi) for i = k + 1, . . . , n. Then 
Vi := G x (vi) = (yi, — Rj 1 (d x s i(vj)) is a corresponding basis of ker(d x s/ ® Ri). In this 
setting we can verify (7.4.16), 



£d xSl {(vi A . . . v n ) ® (wi A . . . w N )*) 



(vi A . . . v k ) (g> ([w%\ A... [itfjv-n+fc])* 
T I)X ((vi A . . . v n ) ® (w x A . . . W N f) 
T I>X (A Gx ( Vl A . . . v n ) ® (w x A . . . w N )*) . 



This proves the smoothness of the isomorphisms <tds r so that we can define preliminary 
transition maps 



(7.4.17) 



4>u ■-- 



A/jofds, : Af\ Uu 



A K j 



for I C J G 1, 



by the transition maps (|7.4.2[) of det(s/c) and the isomorphisms (7.4.14). These define 



a line bundle A^ := (A^ , 0/ j) j j € x K srnce the weak cocycle condition follows directly 
from that for the A/j. Moreover, this automatically makes the family of bundle isomor- 
phisms VP := (^dsj) j e j K an isomorphism from A^ to det(stc). It remains to see that 

A^ = det(/C) and = VP^, i.e. we claim equality of transition maps (f>u = £jj . This 
also shows that and thus det(/C) is independent of the choice of normal bundle Njj 
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in (7.4.15). So to finish the proof of (i), it suffices to establish the following commuting 
diagram at a fixed x G Ujj with y = (j)jj(x), 



(7.4.18) 



A max TxUi c 



(A max £/)* 



A max TyUj® (A max Ej)" 



- det(dj;S/) 

Au(x) 

Y 

det(d y sj). 



Using (|7.4.16|), for surjective maps Rj 

'■y 



p/V 



Ej, and the 

compatibility of the trivialization Tj )V with R'j := T' Jv arising from (fiu : R N — > Ej, 
we can expand this diagram to 

A Ga .(g>id 



Ej and Rj 



sJV' 



A max ker(d x s/ flj) ® (A max i?/)* 
A ma X ker(d J/ sj ® (A^imE'j 

J <J 

A max ker(d ?/ sj ® (A max 



A Gy ®id 



J" 

J J,v 



• det(da;S7 
A/./ 

I 

- det(d y sj 
id 

det(dySj 



A^TyUj ® (A max £j) a 

Here the upper right square commutes by ( 7.4. 11[ ). To make the lower right square 
precise, we note that Ej = d y sj + imR'j and d ?y sj(T 2y im0/j) C 4>ij{Ei) = imi?j, 
so that we can complete R'j(ei) for any normalized basis ei,...,ejv G by the 
vectors dj / sj(u* +1 ), . . . , d y sj(w*,) for a basis -u* +1 , . . . , t> G iV/j ia; of the normal 
space Njj iX C T y Uj to Tyim^/j, that was used to define €ij(x). We can use these to 
extend R'j to a bijection 



iN'—N 



Rj : K* ' X 

(r;rjv+i, • • • ,rjv) i — : 
This is constructed such that the e,- 



QuiEti ® dsyiNup) = Ej, 

<j>ij(Ri(r)) + E£v+i r i • d y sj(vf). 

= Rj 1 (d y sj(vf)) for » = N + 1,.. . AT' extend 

-ej) span the 



x {0} to a normalized basis of M N ' and u 



7* •- 



ei, . . .ejv G 

complement of the embedding t : ker(d y s j © ker(d J/ sj © Rj), (v,r) h-» (v,r, 0). 

Hence (7.4.10) (with A(x) = 0) shows that the isomorphism 



V y : A max 



ker(d 2/ s J © R'j) 
vi A . . . A v n 



> A max ker(d y sjffi#j), 

> iivi) A . . . t(u n ) A v% +1 A...V N > 

intertwines the trivializations T' Jy and Tj tV , that is the lower right square in the above 
diagram commutes. Now to prove that the entire diagram commutes it remains to 
identify Cjj(x) with the map given by composition of the other isomorphisms, which 
is the tensor product of A* , o A|j (composed via A max R N = R = A max R N ') on the 
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obstruction spaces with the inverse of 

A max T x Ui A A max T y Uj 
vi A . . . A v n i — > d x (j)u{vx) A... d x (f>ij(v n ) A vf +1 A...v%. 

Here we used the fact that to (d x ^/j©id K ]v) °G X = G y od x (j)ij and vf = G y (vf). Note 
moreover that we chose the vectors vf G T y Uj to span the complement of imd^/j, 
and hence d x (pu(vi), . . . , d x 4>u(v n ),vf ;+l , . . . , vfj, forms a basis of T y Uj. Moreover, 
note that Wi = Rj(ei) is a basis for Ej whose last N' — N vectors are Wi = d y sj(vf) G 



d y sj(Njj tX ) for i = N + 1, . . . , A/ 7 . In these bases the explicit formulas (7.4.15) and 



(7.4.7) give 



£jj(x) : (d^/jOi) A . . . d^jjK) A A . . . v%,) <g> (Rj{ei) A... Rj{e N >))* 
k> fa A ...«„) ® A* pr x^ ([0u(i?/(ei))] A . . . [0jj(12/(ejv))])* 

= fa A . . . v n ) <8> (J2j(ei) A . . . Ri{e N ))*. 

Here in the second factor we have A^-i (-R/fa) A . ..i?/(e/v)) = 1 G A max R Ar and 



Ajj-i (iJj(ei) A...Rj(e N >)) = 1 G A^R^', so this proves that ( |7.4.18| ) commutes. 

For part (ii) the same arguments apply to define a bundle det(/C) and isomorphism 
^f SK , for which it remains to establish the product structure on a collar. However, we 
may use the isomorphisms £ds 7 : AjF — > det(dsj) and £d Sl \ gau '■ Af"^ — > det(dsi\Qdu I ) 
to pull back the isomorphisms If : det(ds/)|i mi ,<* — > det(dsi\Qa Ul ) x from Proposi- 



tion 7.4.8 to isomorphisms 

{£ dsi{gaUi xid^r^oCd,, : A^| imt? A kf K xA«. 

This provides the product structure for det(/C), and moreover this construction was 
made such that $> SK has product form in the same collar, and the restrictions are, as 
claimed, given by pullback of the restrictions of det(s/c). This completes the proof. □ 

Proposition 7.4.13. (i) Let (JC,cr) be an oriented, tame Kuranishi structure with 
reduction V, and let v be an admissible, precompact, transverse perturbation 
of s K.\v- Then the zero set \Z U \ is an oriented closed manifold. 
(ii) Let {K\®' l \o) be an oriented, tame Kuranishi cobordism with reduction V and 
admissible, precompact, transverse perturbation v. Then the corresponding 
zero set \Z U \ is an oriented cobordism from \Z u o\ to |Z„i| for v a := v\d"V, with 
boundary orientations induced as in (i) by a a := d a o~ . 

Proof. We first show that the local zero sets Zj := (s\vj + 1 / ) _1 (0) C Vj have a natural 



orientation. By Lemma 7.2.6 they are submanifolds, and by transversality we have 
im (d z S! + d z vi) = Ej for each z G Z u and thus A max El / im{dzSl+dzUl) = A max {0} = R, 
so that we have a natural isomorphism between the orientation bundle of Zj and the 
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restriction of the determinant line bundle 



A max TZ/ = U ze ^A max ker(d a s / + d^ / ) 

- Uzezj AmaX ker(d 2 s 7 + d z ui) ® R = det(aj| Vz + 
Combining this with Proposition |7.4. 12] and Lemma |7.4.7| we obtain isomorphisms 



== Cd(« /+ ^) : det(ds/)| z — ► A max T 2 Z/ for z G Zj. 



To see that these are smooth, recall that smoothness of £d S/ was proven in Proposi- 
tion|7.4.12 The same arguments apply to €^f ai+I/J \. Further, for I C J and z £ ZiHUij 



these isomorphisms are intertwined by the transition maps 

A/j(2) = A-defcj ® ( A 0-i)* : det(d 2 s/) -> det(d^ j(z) sj) 

and Ad z<} i /J : A max T z Z/ — > A max T^jt^Zj. To see this, one combines the commuting 
diagram (7.4.18) with the analogous diagram over Zj n L/jj 



A max T[//® (A max £ 7 )* 



A max T[/j ^max E) 



*-d( SI + VI ) 



~ det(d(s/ + vi)) = A max TZi ® : 

A/j=A d ^, 7J (g)id K 

det(d(sj + vj)) = A max TZj (8) : 



The latter diagram commutes by the arguments in Proposition |7.4.12 applied to s, + v % 
because dsj and d(sj + vj) induce the same map £tj(z) for z G Vj n J7jj. Indeed, 
the admissibility of z/ implies that imd^^^j C </>ij(Ej) so that F z = pr NlJ (z) o 
d0 7J ( 2 )Sj = pr^ 7 (z)od0 7 in the construction of (tjj(z). Now the orientation 
(07 : Uj — > det(dsj)) IeT ^ of K, induces nonvanishing sections erf := <£f o aj : Zj — > 
A max TZj which, by the above discussion and the compatibility Ajj o 07 = erj are 
related by o erf = Oj, i.e. the orientations erf in the charts of \Z U \ are compatible 

with the transition maps cbulzjnUu- Hence this determines an orientation of \Z U \. 
This proves (i). 

For a Kuranishi cobordism, the above constructions provide an orientation \cr u \ : 
|Z;,| — > A max T|Z^| on the manifold with boundary |Z„|. Moreover, Lemma 7.2.10 

0,1 



provides diffeomorphisms to the boundary components for a 
iri = |Z„»| = 



U ( S / + ^)- 1 (o) 

which in the charts are given by jf := if(-,a) : Z" 
phisms of determinant line bundles 



d a \z u \ c d\z„\, 

Zj. The latter lift to isomor- 



Ji 



A dt? o Ai 



A max TZ a 



A max TZ 7 | 



given by the same expression as the restriction to Zf x {a} of the map (7.4.13) on 
det(ds") x A" in the case of trivial cokernel. These are the expressions in the charts 
of an isomorphism of determinant line bundles 



A, 



d|t«| A i : 



A L 



T Z a. 



A max T | Z 



l|i Q l(|Z„a|)' 



SMOOTH KURANISHI STRUCTURES WITH TRIVIAL ISOTROPY 



165 



which consists of the isomorphism induced by the collar neighbourhood embedding 
\t a \ : |Z„a| x Af — > \7i u \ given by tflzfxAf m t ne charts together with the canonical 
isomorphism between the determinant line bundle of the boundary and the boundary 
restriction of the determinant line bundle of the collar neighbourhood, 

Ai : A max T|Z^| -> A max T(|Z^|x^)| |z a|x{Q} = (A max T|Z„« |) xl, 77 ^ lAr/. 

Here, as before, we identify vectors 77^ G TlZ^cj with (r/i, 0) G T|Z„c*| xR and abbreviate 
1 := (0,1) G T|Z^q| x M. The latter corresponds to the exterior normal d|i |(0, 1) G 
X| 1 1 gi | Z 1 and the interior normal d|t°|(0, 1) G T|Z^|| 90 | Z ,. Hence the boundary 

orient ationgp^| d a \ a v | : \Z u a\ — y A max T|Z^a| induced from \a u \ on the two components 
for a = 0, 1 differ by a sign, 

0V1 := - \~f\- 1 o |^| o 1/1, aVl : = k"l \j l V 

On the other hand, the restricted orientations a a := d a a of IC a also induce orientations 
\<j Va \ of the boundary components \7j u a \ by the construction in (i). Now to prove the 
claim that |Z^| is an oriented cobordism from ((Z^o) , \ & u °\) to (|Z„i |, \a Ul |) , it remains to 
check that <9° | a v \ = -\a u °\ anddVl = W Ul \- This is equivalent to | cr^ | = \j a \' l o\a v \o 
\j a \ for both a = 0, 1. So, recalling the construction of d a ai = (ZJ)~ 1 o(j i olJ | Z c x | a } and 

a j = (tujoai\ Zi in local charts, we must show the following identity over Zf x {a} = Zf 
for all I G 1d a K 

(7.4.19) Q( W ) ^°(^" lo ^ 0t ") = Ofr^i^+^o^oa^ajf. 

We will check this at a fixed point 2 G in two steps. We first show that the 
contraction isomorphisms <£dsf( z ) an d ^dsj('-/ (-2) a )) intertwine the collar isomorphism 
If = (Ad t Q o Ai) <g) (A i( j B ^)* from det(ds") to det(ds/) with the analogous collar iso- 
morphism 

If ■= (A dt ? o Ai) <g> (A idB/ )* : A max T5 Q [// <g> (A max £/)* -> A max TC// (8) (A max £ 7 )*. 

Indeed, we can use the product form of sj in terms of sf to check the corresponding 
identity of maps A max Td a C// <g> (A max E T )* \ za -»• det(d«/)| iafza) at a fixed vector of 



7.4.10 



wc use a 



* Here, contrary to the special choice for Kuranishi cobordisms discussed in Remark ' 
more standard orientation convention for manifolds with boundary. Namely, a positively ordered basis 
rji, . . . ,r]k for the tangent space to the boundary is extended to a positively ordered basis r) ou t, rji, . . . ,r)u 
for the whole manifold by adjoining an outward unit vector r) out as its first element. 
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the form (r/ kcT A?u) ® (Ccoker A Cim) with r? ker 6 A max kerds? and Cim 6 (A max finds?)*: 

(ij O C ds a^ ((r/ kcr A 7?_l) (g (Ccokcr A Cim)) 

= ( c ds? {V±7 Cim ) • %cr ® Ccokcr J 

= C ds ^ (rj±, Cim ) • A dt « (1 A ??ker) <£> Ccoker 

= C ds/ (A dt? (17J_), Cim ) • A dt a (l A rj keT ) <g Ccoker 

= £ dsj nAdt«(l A ?7 ker ) A A dt «(r?±)) <g> (Ccoker A Cim)) 
= £ dsj fA dt a (l A ?7kcr A 77_|_) (g) (Ccoker A Cim )) 
= f £ dsj lf\ ( (r] kcr A 77j_) <g) (Ccoker A Cim ) J • 

Secondly we check that the contraction isomorphisms for the surjective maps d t a( z a ) (s/+ 

vj) and d 2 (s" + if) intertwine If(z) with the boundary isomorphism jf = A dt a o 
Ai from A max T2Z" to A max T^^ z ^Zj. For that purpose we also use the product 
form of vj in terms of vf to check the corresponding identity of maps A max TUi tg> 
(A max £7/)*| t „ (za) -> A max TZf at a fixed vector of the form (A dt? (lAr ?ker ) AA dt? (r/±))® 
C with ?? ker G A max kerd(s? + if): 

(j?)" 1 ° ((A dt? (l A ?? kcr ) A A dt? (r/ ± )) ® c) 

Cd( Sj +^)(Adi?(??-L),C) • 0?)~ 1 (A dt? (l A 7? ker )) 

c d(sf+uf){v±X) ■ Vker 
£d(s?+vf) ((%er A 7?_l) (g c) 
£d( s?+i , ? ) (^F)" 1 ) ((Ad t «(l A Vker) A A dt? (r?±)) ® C 



This proves (7.4.19) and hence finishes the proof. □ 
7.5. Construction of Virtual Moduli Cycle and Fundamental Class. 

We are finally in a position to prove Theorem B. We begin with its first part, which 
defines the virtual moduli cycle (VMC) as a cobordism class of closed oriented mani- 
folds. After a discussion of Cech homology, we then construct the virtual fundamental 
class (VFC) as Cech homology class. 

Theorem 7.5.1. Let X be a compact metrizable space. 

(i) Let fC be an oriented, additive weak Kuranishi structure of dimension D on X . 
Then there exists a preshrunk tame shrinking /C sri of K,, an admissible metric 
on |/C sri |, a reduction V of '/C sri , and a strongly adapted, admissible, precompact, 
transverse perturbation v of syc sh |v- 

(ii) For any choice of data as in (i), the perturbed zero set \Z U \ is an oriented 
compact manifold (without boundary) of dimension D. 
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(iii) Let KP,K, 1 be two oriented, additive weak Kuranishi structures on X that are 
oriented, additively cobordant. Then, for any choices of strongly adapted per- 
turbations v a as in (i) for a = 0,1, the perturbed zero sets are cobordant (as 
oriented closed manifolds), 



|Z,.o| 



Z„i I 



Proof. Proposition 6.3.4 provides a shrinking KJ of /C, which is a tame Kuranishi 
structure. Then Proposition |6.3,7 again using this theorem, provides a precompact 
tame shrinking /C s h of K! , in other words a preshrunk shrinking of /C, and equips 
it with an admissible metric. The orientation of JC then induces an orientation of 

Moreover, Proposition 7.1. 11| (a) provides a reduction V of 



ZC s h by Lemma |7.4,11 

^sh 

C 



and by Lemma 7.1.14 we find another reduction C with precompact inclusion 
C V, i.e. a nested reduction. Then we may apply Proposition |7.3.5 with a = 
cr re \(5, V x [0,1], C x [0,1]) to obtain a strongly adapted, admissible, transverse per- 
turbation v with 7T/c((s + C 7Tic(C). This proves (i). 

Part (ii) holds in this setting since Proposition 7.2.7 shows that |Z„| is a smooth 



closed D-dimensional manifold, which is oriented by Proposition 7.4.13| (i). 

To prove (iii) we will use transitivity of the cobordism relation for oriented closed 
manifolds to prove increasing independence of choices in the following Steps 1-4. 

Step 1: For a fixed oriented, metric, tame Kuranishi structure (JC,d), nested reductions 
C C V, and 0<5<5v,0<cr< cr TC i(S, V X [0, 1],C X [0, 1]), the cobordism class of \Z„\ 
is independent of the choice of (V, C, 5, o~)-adapted perturbation v . 

To prove this we fix (fC, d), C C V, 8, and a, consider two (V, C, 5, <r)-adapted pertur- 
bations and need to find an oriented cobordism |Z^o| ~ |Z^i|. For that purpose 
we apply Proposition |7.3.7 (ii) to the Kuranishi cobordism /C x [0, 1] with product 
metric and nested product reductions C x [0, 1] C V x [0, 1] to obtain an admissible, 
precompact, transverse cobordism perturbation u 01 of S/cx[o,i]lvx[o.i] with boundary 



restrictions v 



Oil 



IVx{a} 



for a = 0, 1. Here we use the fact that 5- 



Vx[0,l] 



5v > 5 by 



Lemma 7.3.2 (ii). Moreover, by Lemma 7.4.11 (iii) the orientation of K, induces an ori- 
entation of /C x [0, 1], whose restriction to the boundaries d a {JC x [0, 1]) = /C equals the 
given orientation on /C. Finally, Lemma 7.2.10| together with Proposition 7.4.13 (ii) 



imply that 
Z„oi 



^ 01 lvx{o}l 



to 



Z^oi | is the required oriented cobordism from 
lvx{i}l = l Z ^l" 

Step 2: For a fixed oriented, metric, tame Kuranishi structure (IC,d) and nested 
reductions C C V , the cobordism class of \Z U \ is independent of the choice of strongly 
adapted perturbation v with respect to C IZ V. 

To prove this we fix (IC,d) and C C V and consider two (V, C, 5 a , cr a )-adapted per- 
turbations u a for < 5 a < 6 V , < u a < a re i(5 a ,V x [0, 1],C x [0, 1]), and a = 0, 1. 
Then we need to find an oriented cobordism \Z u o\ ~ \Z u i\. To do this, first note that 
we evidently have 5 := max(J°, J 1 ) < 5y = <5vx[o,i] by Lemma 7.3.2 (ii) with respect to 
the product metric on |/C| x [0, 1]. Next, we have 5 = 5 a for some a £ {0, 1} and hence 
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a rc i(5,V x [0,1], C x [0,1]) = a m i(5 a ,V x [0,1], C x [0,1]) > a a > miinV , a 1 )- Now 
choose a < min{o" , cr 1 ,fj rc i((5,Vx [0, l],Cx [0,1])}. Then Proposition [ 
an admissible, precompact, transverse cobordism perturbation v m 



7.3.7 



(i) provides 
°f s >Cx[0,l]lvx[0,l]' 



whose restrictions v m \vx{a} f° r a = 0, 1 are (V,C, 8, <r)-adapted perturbations of s^|v- 
Since 5 a < 5 and a < a a < a re i{5 a ,V x [0,1], C x [0,1]), they are also (V, C, 5 a , a a )- 
adapted. Then, as in Step 1, the perturbed zero set |Z„oi| is an oriented cobordism 



from |Z 



,011 



^ 01 lvx{0} 



to Z 



^ 01 lvx{i}l- 



Moreover, for fixed a 6 {0, 1} both the restriction 



IVx 



| a } and the given perturbation v a are (V,C, S a , cr a )-adapted, so that Step 1 pro- 

By transitivity of the 



vides cobordisms |Zj,o| ~ |Z 
cobordism relation this proves 



^ 01 lvx{o} 



and | 
J |Z,,i| 



as claimed. 



Step 3: For a fixed oriented, tame Kuranishi structure K,, the cobordism class of |Z„ 
is independent of the choice of admissible metric and strongly adapted perturbation v. 



To prove this we fix fC and consider two (V a , C a , 5 a , <r Q )-adapted perturbations u a 
with respect to nested reductions C a C V a and constants < 5 a < (5y, < a a < 
a re i(5 a , V x [0, 1],C x [0, 1]) for a = 0, 1. To find an oriented cobordism | Z^o | ~ | Z^i | we 



begin by using Proposition 6.4.15 (iv) to find an admissible metric d on |/C x [0, 1]| with 
d l|/C| = |9 Q (/Cx[0,l])| 



d a . Next, we use Proposition 



7.1.11 



nested cobordism reduction C C V of fC x [0, 1] with d a C 



(c) and Lemma 
= C a and d a V = 



7.1.14| to find a 
= V a . If we now 



pick any < S < 5y smaller than the collar width of d, V, and C, then we automatically 



have S < <5ya Lemma 7.3.2 (iii). Then for any < a < a re \(5, V,C) Proposition 7.3.7 (i) 
provides an admissible, precompact, transverse cobordism perturbation u m of s^x[o,i]lv 
whose restrictions v 01 \d a v for a = 0, 1 are (V Q , C a , 5, o")-adapted perturbations of SA:|v a - 
As in Step 1, the perturbed zero set |Z„oi| is an oriented cobordism from | Z^oi | a0v I to 
|Z y oi| fil |. Moreover, we may pick a such that a < a Te \(5,V a x [0,1], C a x [0,1]) for 
a = 0, 1, then each v 01 \gu V is strongly adapted with respect to d a and C a \Z V a . Then 



Step 2 applies for a 



\8 a V 
as well as a 



1 to provide cobordisms 



Zj/)| 



and 



\Z V 01 



which proves the claim by transitivity. 



Step 4: Let /C 01 be an oriented, additive, weak Kuranishi cobordism, and for a = 0, 1 
let v a be strongly adapted perturbations of some preshrunk tame shrinking /C" h of d a JC m 
with respect to some choice of admissible metric on \d a lC 01 \. Then there is an oriented 
cobordism of compact manifolds \Zi u o \ ~ |Zj,i|. 



This is proven along the lines of (i) and (ii) by first using Proposition 6.4.17 to find 
a preshrunk tame shrinking /C s h of K, with d a JC s h = /C" h , and an admissible metric d 
on |/C s h|- If we equip /C s h with the orientation induced by /C, then by Lemma 7.4.11 
the induced boundary orientation on d a K, s ] 1 



„ sh agrees with that induced by shrink- 
ing from K, a . Next, Proposition 7.1.11 (c) provides a reduction V of /C s h, and by 



Lemma 7.1.14 (ii) we find a nested cobordism reduction C C V. Now we may apply 



Proposition 7.3.7 (i) with 



a = min{a rc i((5,c> Vx [0,l],d°Cx [0, 1]), a re i(5, x [0,1], ^Cx [0, l]),a re i(<5,V,C)} 



SMOOTH KURANISHI STRUCTURES WITH TRIVIAL ISOTROPY 



169 



to find an admissible, precompact, transverse cobordism perturbation v 01 of S£ Eh \v, 
whose restrictions |aay for a = 0, 1 are (d a V, d a C, 5, cr)-adapted perturbations of 
SK a \d a v- in particular, these are strongly adapted by the choice of a. Also, as in 
the previous steps, |Z„oi| is an oriented cobordism from |Z„| | to \Z u \ gl |. Finally, 
Step 3 applies to the fixed oriented, tame Kuranishi structures fC^ h for fixed a 6 {0, 1} 
to provide cobordisms \Z u o\ ~ | Zj,oi | goy | and iZ^oilgiyj ~ | Z^x | . By transitivity, this 



finishes the proof of Theorem 7.5.1 □ 



One possible definition of the virtual fundamental class (VFC) is as the cobordism 
class of the zero set \Z U \ constructed in the previous theorem. If we think of this as an 
abstract manifold and hence as representing an element in the D-dimensional oriented 
cobordism ring, it contains rather little information. These notions are barely sufficient 
for the basic constructions of e.g. Floer differentials &f from counts of moduli spaces 
with D = 0, and proofs of algebraic relations such as cV ° dp = by cobordisms with 
D = 1. However in the case of interest to us, in which X = M g ^{A, J) is the Gromov- 
Witten moduli space of J-holomorphic curves of genus g, homology class A, and with 
k > 1 marked points, we explained in Section [4] how to construct the domains Uj of 
the Kuranishi charts for X to have elements that are fc-pointed stable maps to (M, ui), 
so that there are evaluation maps ev/ : Uj — > M k . Further, the coordinate changes 
can be made compatible with these evaluation maps, and Kuranishi cobordisms can be 
constructed so that the evaluation maps extend over them. Hence, after shrinking to 
a tame Kuranishi structure (or cobordism) K. s h, there is a continuous evaluation map 

ev : \K sh \ -> M k 

both for the fixed tame shrinking used to define \Z V \ and for any shrinking of a weak 
Kuranishi cobordism compatible with evaluation maps. Therefore, for any admissible, 
precompact, transverse perturbation b>, the map ev : \Z^\ — y AI can be considered 
as a cycle (the virtual moduli cycle VMC) in the singular homology Hf)(M k ) of M k , 
or even as a cycle in the bordism theory of M k . Similarly, in this case a possible 
definition of the VFC is as the corresponding singular homology (or bordism) class in 
M k . Finally, we will explain how to interpret the VFC more intrinsically as an element 
in the rational Cech homology Hd(X;Q) of the compact metrizable space X, i.e. in 
the Gromov-Witten example the moduli space itself. As a first step, we associate to 
every oriented, metric, tame Kuranishi structure a D-dimensional homology class in 
any open neighbourhood W C |/C| of lk,{X) within the virtual neighbourhood. 



For that purpose recall from (7.2.4) that for any precompact, transverse perturbation 
v of s/c|v, the inclusion (s + z^) -1 (0) C V = Obj B)C | v induces a continuous injection 
i v : \Z U \ — > \fC\, which we now compose with the continuous bijection \fC\ — > (\K.\,d) 



from Lemma 6.2.5 to obtain a continuous injection 
(7.5.1) i v : |Z„| — > (\JC\,d). 

Since \Z U \ is compact and the restriction of the metric topology to the image i u (\Z u \) C 
(|/C|,d) is Hausdorff, this map is in fact a homeomorphism to its image; see Re- 
mark [6T2TTT , and compare with Proposition 7.2.7 which notes that i v : \Z U \ — > |/C| 
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is a homeomorphism to its image. If moreover |Z„| is oriented, then it has a funda- 
mental class [|Z„|] S ffodZ^I). Now we obtain a homology class by push forward into 
any appropriate subset of (|/C|,d), 

[lu] := (lu)*[\Z u \] eH D (W) for l„(\Z u \) C W C {\lC\,d). 

Analogously, any precompact, transverse perturbation u 01 of a metric, tame Kuranishi 
cobordism (/C 01 ,<i 01 ) gives rise to a topological embedding 

(7.5.2) ijn : \Z v oi\ — > (|/C 01 | , d 01 ) . 



Now by Lemma 7.2.10 the boundary of the cobordism \Z v oi\ has two disjoint (but not 
necessarily connected) components 

d\Z u oi\ = d°\Z u oi\ U d^Z^oil, d^Z^oil := d a \)C 01 \ n |Z v oi|. 

In fact, we also showed there that the embeddings J a := p a (-,a) : \d a IC m \ — > d a \IC m \ C 
|/C 01 | restrict to diffeomorphisms 

J a \\z va \ = \j Q \ ■ |Z^| — > cHZ,oi| with ^oi o = J a ov, 

where := z/ 01 |g a ^oi are the restricted perturbations of the Kuranishi structures 



d a lC 01 . Moreover, Proposition 7.4.13 (ii) asserts that the boundary orientations on 
9 Q |Z,/>i| (which are induced by the orientation of |Z„oi| arising from the orientation of 
/C 01 ) are related to the orientations of |Z„<*| (which are induced by the orientation of 
<9 Q /C 01 obtained by restriction from the orientation of /C 01 ) by 

: \Z u o\- A d°\Z u oi\ and (j 1 ] : \Z v i\ A d^Z^oi]. 
In terms of the fundamental classes this yields the identity 

lADM-lADM = [^iz^o + ^iz^i] 

= [d\Z u oi\] = 5[\Z v ox\) E H D {d\Z u ox\) 

for the boundary map 5 : H D +i([\Z v oi\],d[\Z v oi\]) -> H D (d\Z v oi\) that is part of the 
long exact sequence for 5|Z^oi| C |Z v oi|. Inclusion to \Z v oi \ now provides, by exactness 
of this sequence, Ij 1 )* [| Z^i | ] — | j ^ [|Z^o |] = 06 Hd(\Z v qi\). Finally, we can push this 
forward with l v oi to Hd(\1C 01 \) and use the fact that l u oi o \j a \ = J a o i v a to obtain 

o = (voO*b' 1 l*[|z I ,i|] -(v^l/Upz^l] 

= | J 1 !*^^)* [| Z^i | ] — | J°\*(l u o)* [I Z^o I ] = I J 1 )* — I J |* [i„o] • 

The same holds in H D (W m ) for any subset W 01 C (|/C 01 |, d m ) that contains i„oi {\Z v oi |), 
that is 



Oil 



(7.5.3) J°[v»] = ^[V] G ^d(W [0 ' 1] ) when v» (|Z„oi |) C W 01 C |/C 

This will be crucial for proving independence of the VFC from choices. 

In the case of a product cobordism /C 01 = K, X [0, 1] with product metric we can 



identify |/C U1 | ^ |/C| x [0, 1] so that (7.5.2) also induces a cycle 



(7.5.4) pr|xr|°Vn : \Z u oi\ — > ( |/C | , rf) , 
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whose boundary restrictions are i v a o \j a \ 1 , so that the above argument directly gives 

(7.5.5) [l v o] = [i v x] G H D (W) when t„oi (\Z v oi |) C W x [0, 1]. 

Now we can associate a well define virtual fundamental class to any choice of open 
neighbourhood W of X in the virtual neighbourhood induced by a fixed tame Kuranishi 
structure. 

Lemma 7.5.2. Let (IC,d) be an oriented, metric, tame Kuranishi structure and let 
W C \JC\ be an open subset with respect to the metric topology such that l/c(X) C W. 
Then there exists a strongly adapted perturbation v in a suitable reduction of K, such 
that ttic((s + j/) _1 (0)) C W. More precisely, there exists v adapted with respect to a 
nested reduction C C V such that ttic(C) C W. For any such perturbation, the inclusion 
of the perturbed zero set i v : \ r L v \ W C (\fC\, d) defines a singular homology class 

A^' d) := [t v : \Z V \ -+W] G H D (W) 
that is independent of the choice of reductions and perturbation. 

Proof. To see that the required perturbations exist, choose any nested reduction C C V 
of fC. Then we obtain a further precompact open set 

c w -.= cn^ h (W) H V 

which, after discarding components Cj D Kg 1 (Wk) that have empty intersection with 
sj 1 ^), forms another nested reduction since Lfc(X) C vta;(C) n W. Now Proposi- 



tion 7.3.5 guarantees the existence of a (V, C, 5, cr)-adapted perturbation v for suffi- 



ciently small 5, a > 0, and by choice of a we can ensure that v is also strongly adapted. 



By Proposition 7.2.7 and Proposition 7.4.13 (i) its perturbed zero set is an oriented man- 



ifold \L V \. Moreover, the image of i v : |Z„| ->• {\IC\,d) is ir/c ((s+^) _1 (0)) C ttk(C) C W, 
so that by the discussion above i v : |Z„| — > W defines a cycle G Hd{W). 

To prove independence of the choices, we need to show that [l u o~\ = [t^i] for any 
given (V a , C a , 5 a , cr a )-adapted perturbation v a of s/c|v a with iric(C a ) C W, by adapting 



Steps 1-3 in the proof of Theorem 7.5.1 so that the cycles l u qi : |Z^oi | — > |/Cx [0, 1]| given 
by (7.5.2) for the respective cobordism perturbations u 01 of s^ x [ 0j i]|v[o,i] take values in 
W x [0, 1] C |/C x [0, 1]|. Note that here we use the product metric on |/C| x [0, 1] so that 
W x [0, 1] is open. Then in each step the composite map pr^j ol v q\ : |Z„oi| — > \1C\ takes 
values in W, so that ( 7.5.5 ) applies to give ['w 01 ! [01] ] = [^-^oi | Ql v[0 i] ] e Hd{W)- By 
transitivity of equality in Hd(W), Steps 1-3 then prove [i u o] = [i u i] ■ 

In Steps 1 and 2, the required inclusion is automatic since the perturbations are 
constructed so that |(s + ^ 01 ) -1 (0)| C 7Tjcx[o,i](C x [0, 1]) C W x [0, 1], where the second 
inclusion follows from irtc(C) C W. In Step 3, we have a fixed metric d° = d 1 = d 
but are given nested reductions C a C V a for a = 0, 1 with TT/c(C a ) C W. Then 
we first equip |/C x [0, 1]| = |/C| x [0, 1] with the product metric and choose a nested 
cobordism reduction C V [0,11 such that d a C^ = C a and d a V [0 > 1] = V°, and 

then replace C^ ' 1 ' by C := C' 0,1 ' n ^x[o i]0^ x IP> ■'■])' discarding components C\ with 
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Cj Pi sj (0) = 0. Note that this construction preserves the collar boundary d a C = 
<9"(j[o,i] = C a since 7Tfc(C a ) C W. In fact, C C V^ ' 1 ^ is another nested cobordism 
reduction since Ljc X [o,i](X x [A 1]) C W x [0, 1]. Using the nested reduction C C V^ 0,1 ] 
in choosing the cobordism perturbation v then ensures that i v : \Z V \ — > |/C x [0, 1]| = 
\K\ x [0, 1] takes values in K)Cx[o,i](C') C W x [0, 1], as required to finish the proof. □ 

To construct the VFC as a homology class in tjt(X) for tame Kuranishi structures, 
and later in X, we use rational Cech homology, rather than integral Cech or singular 
homology, because it has the following continuity property. 

Remark 7.5.3. Let X be a compact subset of a metric space Y , and let (Wfc C l")fceN be 
a sequence of open subsets that is nested, Wk C Wk—i, such that X = f} keN Wk- Then 
the system of maps H n (X;Q) —> H n (Wk+i',Q) — > H n (Wk',Q) induces an isomorphism 

H n (X;Q) A limiT n (W fe ;Q). 

To see that singular homology does not have this property, let X C M 2 be the union 
of the line segment {0} x [—1, 1], the graph {(x, sin ^) | < x < 1}, and an embedded 
curve joining (0, 1) to (1,0) that is otherwise disjoint from the line segment and graph. 
Then H^ in9 (X;Q) = since it is the abelianization of the trivial fundamental group. 
However, X has arbitrarily small neighbourhoods [/cK 2 with H^ mg (U;Q) = Q- 

Note that we cannot work with integral Cech homology since it does not even satisfy 
the exactness axiom (long exact sequence for a pair), because of problems with the 
inverse limit operation; see the discussion of Cech cohomology in Hatcher [HJ, and [H, 
Proposition 3F.5] for properties of inverse limits. However, rational Cech homology 
does satisfy the exactness axiom, and because it is dual to Cech cohomology has the 
above stated continuity property by |Sp[ Ch.6 Exercises D]. 

Further, rational Cech homology equals rational singular homology for finite simpli- 
cial complexes. Hence the fundamental class of a closed oriented re-manifold M can 
be considered as an element [M] G H n (M;Q) in rational Cech homology and there- 
fore pushes forward under a continuous map / : M — )■ X to a well defined element 
f*([M]) £ H n (X;Q). Note finally that if one wants an integral theory with this con- 
tinuity property, the correct theory to use is the Steenrod homology theory developed 
in [Mi] . 

Using this continuity property of rational Cech homology, we can finish the proof of 
Theorem B. 

Theorem 7.5.4. Let tC be an oriented, additive weak Kuranishi structure of dimension 
D on a compact, metrizable space X. 

(i) Let ZC s h be a preshrunk tame shrinking of K, and d an admissible metric on 
|/C s h|. Then there exists a nested sequence of open sets Wk+i C Wk C (|/C s h|, d) 
such that flfceN ^ k = ^stC^O- Moreover, for any such sequence there is a 
sequence v k of strongly adapted perturbations of s/c sh with respect to nested 
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reductions Ck C Vk such that vr^(Cfc) C Wk for all k. Then the embeddings 

| ^ W fc c (|/C sh |,d) 
induce a Cech homology class 

lim[ H ] G ^( %sh (X);Q), 

/or i/ie subspace L/c Bh (X) = |s/c sh | _1 (0) of the metric space (|/C s h|,(i). 



(ii) T/ie bijection \i^/c sh \ = L ~ic '■ L fC Bh (X) — > X from Lemma 6.1.10 is a homeo- 
morphism with respect to the metric topology on t£ sh (X) so that we can define 
the virtual fundamental class of X as the pushforward 



[X] 



vir 
K 



\im[i Uk ]) G H D (X; 



It is independent of the choice of shrinkings, metric, nested open sets, reduc- 
tions, and perturbations in (i), and in fact depends on the weak Kuranishi 
structure 1C on X only up to oriented, additive cobordism. 



Proof. The existence of shrinkings and metric is guaranteed by Theorem 7.5.1 (i). We 
then obtain nested open sets converging to Ljc Bb (X) by e.g. taking the ^-neighbourhoods 
Wfc = Bi (tic sh (X)). Given any such nested open sets (Wk)keN, the existence of adapted 

k 

perturbations v\. with respect to some nested reductions Ck C Vk with n/c ah (Ck) C Wk 
is proven in Lemma 7.5.2. The latter also shows that the embeddings i Vk : |Z„ fe | — > Wk 



define homology classes A^ Bh ' d ^ 



G Hi)(Wk), which are independent of the choice 



of reductions Ck C Vk and adapted perturbations Vk- In particular, the push forward 



H D (W k 



+1) 



HoO^k) by inclusion X) 



■fc+i 



w k 



+i 



Wk maps A { ^' d) 



to 



,(/C sh ,d) 



v k+ i ~ L^fe+i 

since any adapted perturbation Vk+i with respect to a nested reduction Ck+i C 
Vk+i with Cfc + i C 7r^ (Wfe + i) can also be used as adapted perturbation i/j. := u^+x- 



Then we obtain t 



Xk 



-l ° ti/ fc+1 , and hence A Wfc 



(AT s h,cf) 



fc+1, 



This 



shows that the homology classes Ay^ ah ' d ' form an inverse system and thus have a well 
defined inverse limit, completing the proof of (i), 



A 



lim T , 

j. L 



G H D {L Ksh (X);i 



This defines A 



(IC sh ,d) 
(W fc ) fc€ 



as Cech homology class in the topological space (^ sh (X) , d) . 



6.1.10 



Lemma 



lows as in Remark 



Towards proving (ii), recall first that |^AC sh | : Lfc sh (X) — > X is a homeomorphism 
with respect to the relative topology induced from the inclusion L/c Bh (X) C |/C s h| by 
Th at the latter is equivalent to the metric topology on ijc sh (X) fol- 
.17 from the continuity of the identity map |/C s h| — > (|/C s h|,G?) 
(see Lemma 6.2.5), which restricts to a continuous bijection from the compact set 
Ljc Bh (X) C |/C s h| to the Hausdorff space (Lfc Bh (X), d) , and thus is a homeomorphism. 
To establish the independence of choices, we then argue as in Steps 2-4 in the proof of 
Theorem 7.5. 1| (iii), with Lemma 7. 5 .2| playing the role of Step 1. 
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Step 2: Let (fC,d) be an oriented, metric, tame Kuranishi structure, and let (VV^keN 
for a = 0, 1 be two nested sequences of open sets W^ +1 C Wj? C (|/C|,d) whose inter- 
section is HfceN ^fc = L )c{X)- Then we have Aj^f} = A^jQ , and hence 

A (K4) := A (K,^ e F D (^(X);Q) ; 

given by any choice of nested open sets (Wk)keN converging to l/c(X), is a well defined 
Cech homology class. 

To see this note that the intersection V\4 := Wj? fl WjJ is another nested sequence 
of open sets with f] keN Wk = i/c(X). Then we may choose a sequence of adapted 
perturbations with respect to nested reductions C with nic(Ck) C Wfc to 
define Ay^'^ = [f-^J. The perturbations z/fc then also fit the requirements for the larger 
open sets and hence the inclusions 1% : Wk — > push Ay£ = [i Uk ] G ^^(Wfc) 
forward to A-^a = [1% o i Uk ] G Hr>(W k ). Hence, by the definition of the inverse limit, 



we have equality 



Step 3: LetK, be an oriented, metrizable, tame Kuranishi structure with two admissible 
metrics dPjd 1 . Then we have A^' d °^ = A^ dl \ and hence 

[X\t := l^UA^'V G H D (X;Q), 

given by any choice of metric, is a well defined Cech homology class. 



As in Step 3 of Theorem 7.5.1 we find an admissible collared metric d on \K x [0, 1]| 
with ci||A:|x{a} = d a . Next, we proceed exactly as in the following Step 4 in the special 
case /C s h = K x [0,1] and fC® h = /Cg h = K, to find strongly admissible perturbations v% 
of (\IC\,d a ) that define the Cech homology classes A^' d ^ = lim [l^] G H d (l k {X)) 
and satisfy the identity 

J°(hmM) = Wlim[ V ]) G H D (i KBh (Xx[0,l])) 



with the topological embeddings J a = p a (-,a) : (\JC\,d a ) — > (|/C s h|,d). To proceed we 
claim that the push forwards by J a restrict to the same isomorphism 

(7.5.6) [J°l K(x) ), = ( jl L K( x))* : H d {lk,{X)) — > 6 D (i KxM (X x [0,1])) 

on the compact set ijc(X), on which the two metric topologies induced by d°,d l are 
the same, since they both agree with the relative topology from ljc(X) C \JC\. Indeed, 
the restrictions J a \ ifZ ^x) ^ or a = 0, 1 are homotopic via the continuous family of maps 
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J* : lk{X) — > i;c 3h (X x [0,1]) that arises from the continuous family of mapg^j P : 
X — y X X [0, 1], x \-t (x,t) by composition with the embeddings ljc and iK ah i i-e. 

J* : t(C (I)HlXlx[fl,l]^ t ,JIx[0,l]). 

These maps are continuous because ljc = \ipic\~ 1 and similarly ijc sh are homeomor- 
phisms to their image with respect to the metric topology by the argument at the 
beginning of the proof of (ii). Moreover, each P is a homotopy equivalence because, 



up to homeomorphisms, it equals to the homotopy equivalence P. This proves (7.5.6), 
which we can then use to deduce the claimed identity 

= lim[v>] = Hm[v] = G H d (l k (X)). 

i — L fc J i — L k J 

Step 4: Let /C 01 be an oriented, additive, weak Kuranishi cobordism, and let 1C°i be 
preshrunk tame shrinkings of d a KP l for a = 0, 1. Then we have 

rei = MEL- 



As in Step 4 of Theorem 7.5.1 we find a preshrunk tame shrinking /C s h of /C 01 with 
d a IC s h = /C" h , and an admissible collared metric d on |/C s h|- We denote its restrictions 

to I^Sil W da '■= d \\d")C Bh \- 

Next, we proceed as in Lemma 7.5.2| by choosing a nested cobordism reduction C C V 

of /C s h and constructing nested cobordism reductions Ck C V by 

C fc := Cn^Wf) C V with Wf :=fli(^(Xx[0,l])) C |/C sh |, 

in addition discarding components Ck C)Vj that have empty intersection with s^ 1 (0). 

with boundaries given 



6.4.14 



Indeed, each W^? 1 and hence is collared by Example 
by the ^-neighbourhoods cPWj? 1 = B'f (t,^(X)) C |/C" h | with respect to the metrics 

d a on |X^jJ. With that, Proposition 7.3. 7| (i) guarantees the existence of admissible, 
precompact, transverse cobordism perturbations v® 1 with |(s + i / ° 1 )~ 1 (0)| C Wj? 1 , and 



with boundary restrictions v? := 



,01 



gay that are strongly admissible perturbations 



of ()C" h ,d a ) for a = 0,1. Note here that these boundary restrictions satisfy the re- 

ijc^ (X), thus they define the Cech homology 

lim[^a] e H d (l k «(X);Q). 



quirements of (i) since Hfcei 
classes 



On the other hand, the homology classes </"['^] also form two inverse systems in 
-#£>(|£sh|)> and as in (7.5.3) the chains i (oi) : |Z 

V k 



(oi) 



W^ 1 induce identities in the 



20 



We pointed out after Example 



6.4.14 



that the metric topology on \K, x [0, 1]| may not be a product 
topology in the canonical identification with \K.\ x [0, 1]. In fact, the metrics d° and d 1 may well induce 
different topologies on \K\. We a void th ese issues by homotoping maps to X x [0, 1], which always has 
the product topology by Lemma 6.1.10 and the remarks just before Step 2. 
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singular homology of Wj? 1 , 

with the topological embeddings J a = p a (-,a) : (\lCf h \,d a ) — > (\K s h.\,d). Thus taking 
the inverse limit - which commutes with push forward - we obtain 

J°(lim[ M) ]) = j;(lky) G H D (L Ksh (Xx[Q,l})). 

So further push forward with the inverse (V'ACsJ of the homeomorphism t/c sh implies 

(l^ s JoJ ),(lirn[ ti/ o]) = (I^JoJ^^lim^]) G F fl (lx[0,l]), 

where the homeomorphism |^/>x; s J is related to the analogous IV^J : L/c a h {X) — > X by 
J a and the embedding I Q : X — > X x {a} by 

Now I® = I; : Hd{X) — > Hd{X x [0, 1]) are the same isomorphisms, because the two 
maps I®, I 1 are both homotopy equivalences and homotopic to each other. Hence the 
equality of /J?|?/Vo |* hni [t o] = illipic 1 |* lim [til in Hd(X x [0, 1]) implies as claimed 

sh i — L fc J sh i — L k J 

= |^o|,(hm[ M ,]) = = TCI- 

This proves Step 4. 

Finally, Step 4 implies uniqueness of the virtual fundamental cycle G Hd(X) 

for an oriented, additive weak Kuranishi structure /C, since for any two choices of 
preshrunk tame shrinkings /C" h of K, we can apply Step 4 to /C 01 = fC x [0, 1] to ob- 
tain [-X"]Po = • Moreover, given cobordant oriented, additive, weak Kuranishi 

A "sh ^sh 

structures K?,K, 1 there exists by assumption an oriented, additive, weak Kuranishi 
cobordism /C 01 with d a IC 01 = IC a . If we pick any preshrunk tame shrinkings /C" h of fC a 
to define [-X^a = pf]^, then Step 4 implies the claimed uniqueness under cobordism, 

TO = [X\% = = [x]jii 

sh sh 

This completes the proof of Theorem |7.5.4| □ 
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